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refinery efficiency. 
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electronic analog computers and to test equipment 
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problems were solved with PACE Analog Computers, 
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Conservation and Engineering 


I. Dreams and Reality 


We live in a dream world of sorts, a world in which 
the economists tell us that a 5% (or 3% or 7%, 
depending on the axe being ground) growth of pro- 
duction is required or is normal—or is essential to 
keep ahead of the Russians. We are bombarded with 
propaganda from Washington and from Wall Street 
purporting to demonstrate the wonder world of to- 
morrow when our population will have increased by 
50% (or 100%, again depending on the axe). It is 
supposed that this increased population will consume 
more, generating greater and greater profits and 
taxes, but the economic seers are strangely silent on 
the sources of the food and materials to be thus con- 
sumed. The simple facts of the matter are that these 
dreams of the future disregard some elemental con- 
siderations. Also they are based on a simple and 
childlike faith that science and engineering will pro- 
vide. Such faith, while flattering, has little foundation 
in fact. Technology can do a lot to help—indeed, 
the essence of this series of editorials will be to show 
many things which can be done—but technology 
has its limitations. 

Excessive population growth, such as is being 
experienced in many countries, including the United 
States, is no cause for joy. Growth rates leading to 
a double world population in the next 50 years or 
less are going to lead, also, to some very acute prob- 
lems with which more and more of us must concern 
ourselves. Billions of mouths to feed, bodies to clothe, 
and jobs to create are going to meet us head on just 
when another unhappy development may arise. 

That development is that our past and continuing 
abuses of the earth are beginning to catch up with 


A.1.Ch.E. Journal 


ALChE JOURNAL 


us. The future promises that we may have som- 
difficulty in providing food and materials for oue 
present peoples just about when the population exr 
plosion hits us. We cannot grow food on eroded land 
washing away to the sea, we cannot drink water 
from rivers converted to open sewers, and we cannot 
employ people in manufacturing when the raw ma- 
terials are gone. 

The Conservationists have been saying these 
things for years, and the interested student should 
acquaint himself with their literature. They have 
been almost alone; it is time that we engineers joined 
them. Everyone of ability and good will will be 
needed. 

The reality of this matter is that the two factors— 
population growth and the abuses of our earth—are 
leading us to a period of stresses and strains of con- 
siderable magnitude. The consequent sociological and 
political ramifications such as the spread of com- 
munism and the constant threat of war are accurately 
described by Huxley in ‘Brave New World Re- 
visited.” 

Our best hope of alleviating these problems is 
technology. Probably only alleviation is possible 
through technology unless and until other branches 
of human skills lead us to a cure for overpopulation. 
In the words of Harrison Brown, ‘‘Whether we like 
it or not, we have passed a major point-of-no-return 
and have become completely dependent on our 
science and technology for our personal and cultural 
survival.” 

Some specific cases in which technology can help 
will be described in later issues. 

H.B. 
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HEVI-DUTY 
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electric heat 


“Multiple Unit” 


MUFFLE FURNACE 
Temperatures to F. 


This furnace is a complete self-con- 
tained unit with the temperature 
indicating and controlling devices 
conveniently located in the pyram- 
idal base. Four interchangeable and 
reversible heating units of heavy 
gauge Nickel Chromium Wire in- 
stalled in grooved refractory plates 
completely surround the heating 
chamber. 


Write for Bulletin 849 for complete details. 


Type Watts W. Price 
051-PT 1150 5% 8 4 $ 145.00 
052-PT 1440 4\% 10 3 210.00 
054-PT 2070 5% 12 4 245.00 
056-PT 3400 7™% 14 5 315.00 
012148-PT* 6500 1% 14 8 1050.00 


Operating voltage either 115 or 230 volts A.C. only except 012148-PT is 230 volt only. 
t tic t 


ture control $230.00 additional. 


FOR GENERAL AND SPECIALIZED LABORATORY APPLICATIONS 


HEVI-DUTY ‘Multiple Unit” 
TUBE TYPE COMBUSTION FURNACES 
in Two Temperature Ranges, 1850° F. or 2200° F. 


Hevi-Duty Combustion Tube Fur- 
naces are available in either the 
split* (illustrated) or solid type 
and can be used horizontally or 
modified for vertical operation. 
Long-life “Multiple Unit” brand 
heating units offer fast heat-up 
because the heat is radiated direct- 
ly into the heating chamber. The 
heated length may be divided for 
zone temperature control which 
gives greater temperature uniform- 
ity over a specified length. A few 
of the standard furnaces are shown 
below. Many sizes are in stock. 
Special sizes with diameters up to 
16 inches can be built to your 
specifications. 

*5-in. and smaller diameiers are hinged. 


HINGED-TYPE TUBE FURNACE FOR 1850° F. 
CHAMBER RATING SHIPPING 

TYPE DIA. LENGTH watts WEIGHT PRICE 
70 1%” 12” 750 35 75.00 
M-2012 2%," 12” 1400 90 165.00 
M-3024 3 24" 3400 135 zone Write for Bulletin 552 
M-5036 5 36 7500 325 650.00 for complete details. 
M-8040 8” 40” 14500 520 $1180.00 


Milwaukee 1, Wisconsin 
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An Introduction to Chemical Engineering, C. E. 
Littlejohn and G. F. Meenaghan Reinhold Pub- 
lishing Corporation, New York (1959). 271 
pages. $6.50. 


Of the worthwhile texts available for 
first courses in chemical engineering, ‘An 
Introduction to Chemical Engineering’”’ 
merits a place by: performing the service 
of living up to its title—the student is 
introduced to the various facets of the 
profession of chemical engineering. The 
authors have kept in mind that there are 
many questions confronting chemical engi- 
neering students in dealing with the nature 
of the profession itself. These questions 
have as much to do with such topics as 
what does a chemical engineer do, as 
they do with the theories and computations 
which the student will meet in the years 
of his engineering career. As is pointed out, 
“, . all too often persons enter an aca- 
demic curriculum with only the haziest of 
notions as to their interest, the demands of 
the discipline, and what professionalism is.” 
From the first two chapters in this book, 
entitled ‘The Profession of Engineering” 
and ‘Sources of Information in Chemical 
Engineering,”’ the student should develop 
from the beginning a correct idea of what 
the profession of chemical engineering is, 
what it works on, and what it works with. 

The logical extension of the first part of 
the text is to turn to matters more tech- 
nical, and this is accomplished from simple 
graphical representation methods at the 
beginning to combined material and energy 
balances at the end. Among the material 
in the text which serves to convey the 
student between the aforementioned points 
are sections entitled ‘Process Variables,” 
“P-V-T Relations for Gases,’ ‘Mixtures 
of Vapors and Gases,” “Material Balances,” 
“Energy Balances,’ and ‘Equilibria in 
Chemical Systems.’”’ Among these topics 
there are several which deserve special 
mention. The difference between force and 
mass is clearly defined early in the text, 
and the proper use of these terms is re- 
tained throughout, as mentioned in a 
pointed footnote. The ideal-gas concept is 
well presented, and the authors have intro- 
duced material on equations of state and 
compressibility factors in such a manner 
that the student should obtain an idea as 
to the uses of the various P-V-7 computa- 
tion methods and their relationships to 
each other. Useful concepts for energy 
balances, such as enthalpy and _ specific 
heat, are developed from basic thermo- 
dynamic relationships before use of them 
is made in the text. Unfortunately corre- 
spondingly complete derivations of the 
over-all energy balance and the phase rule 
are not included. The material dealing 
with equilibria includes introductory ma- 
terial on reaction kinetics and chemical 
equilibria, as well as a discussion of phase 
equilibria in binary and ternary systems. 
Problems are included at the end of each 
chapter. 

In general the text is to be recommended, 
for it attains the stated goal of introducing 
the student to chemical engineering. 


JouN B. Butt 


(Continued on page 88.) 
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Rate Constants and Molecular Structure 


HAROLD S. JOHNSTON and KENNETH S. PITZER 


The methods of relating parameters in the Arrhenius rate equation to fundamental 
molecular properties are briefly reviewed. The limited applicability of purely theoretical 
methods is noted, the use and limitations of the standard semiemprical method are 
surveyed, and recent work based on empirical molecular structure and spectroscopy is 
described in detail. The recent method makes no attempt to calculate activation energy, 
but within a limited range of cases it does provide a reliable method of estimating the 
preexponential factor in the Arrhenius equation and calculating the kinetic isotope effect. 
In this way the method provides a check on the credibility of experimental data and on the 
assignment of mechnaism. If the mechanism is correct, it provides a method of estimating 
activation energy from rate data taken at only one temperature. Further developments 


of this method are anticipated. 


Although the equilibrium state of a 
chemical reaction 


A+B=C+D (1) 


does not depend on the mechanism or the 
rate of attainment of equilibrium, the 
rate may be of great practical importance 
as well as of theoretical interest. In 
Figure 1 there is proposed a mechanism 
for reaction [Equation (1)] involving eight 
rates and three structural intermediates, 
excited reactant pairs (A, B)*, excited 
product pairs (C, D)*, and the transition 
state, or activated complex (1). The acti- 
vated complex is some structure inter- 
mediate between excited reactants and 
excited products, processing the same 
energy. A unique specification of the 
activated complex is made possible from 
considerations of a reaction coordinate. 
The excited pair (A, B)* undergoes 
violent internal motions, vibrations, and 
internal rotations. A component of these 
motions is a change in atomic arrange- 
ments which causes (A, B)* to go over to 
(C, D)*. This structural rearrangement 
is opposed by a potential energy barrier 
which however eventually reaches a 
maximum and decreases toward the 
formation of (C, D)*. The distance along 
the path of lowest potential energy which 
effects this structural change is the 
reaction coordinate. The activated com- 
plex is the complex for which the reaction 
coordinate is localized as closely as 
possible above its maximum in potential 
energy, while the rest of the structure has 
any configuration open to it. Most of the 
excitation energy of (A, B)*, largely 
internal kinetic energy, has in the acti- 
vated complex gone into the potential 
energy of the reaction coordinate. Thus 
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the rest of the activated complex is 
typically not highly distorted or highly 
agitated; it is in fact largely like a normal 
molecule except for the reaction coordi- 
nate. 

A few examples of reaction coordinate 
will be given. For the reaction 


D+ H, = DH+H (2) 


the activated complex is linear; the 
reaction path is the simultaneous exten- 
sion of the H—H distance and the shorten- 
ing of the D-H distance; the reaction 
coordinate is the difference in D-H and 
H-H distances and very closely resembles 
the antisymmetric-stretching normal 
mode of the linear D-H-—H structure. For 
the reaction 


H, + I, = 2HI (3) 


the activated complex is planar, and the 
reaction path is a simultaneous stretching 
of H-H and I-I bonds with the shortening 
of two H-I distances. For substitution 
with inversion about a tetrahedral carbon 
atom 


X + H,CY = XCH; + Y (4) 


the reaction path is the shortening of the 
X-C distance, the lengthening of the 
C-Y bond, and the left-to-right advancing 
of the three hydrogen atoms. This 
illustrates that atoms may participate in 
the reaction coordinate, even though 
they are not directly involved in the 
bonds formed or broken. 


REVIEW OF CHEMICAL EQUILIBRIUM 


If reaction (1) is in chemical equili- 
brium, then every process and its exact 
reverse occur at the same average rate 
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and in terms of the mechanism of Figure 
R, = R, R; == Rs, R; = R. 
It is not necessary to measure or know 
these rates however to establish the 
existence of equilibrium; one uses the 
principle of approach from either side 
for the over-all reaction. The equilibrium 
state is given by the well-known relations 


(2) 


[C)[D] 
K = ©) 
= eh (6) 


where brackets refer to activity or con- 
centration for approximate considera- 
tions. 


Loe" 


If all reactants and products are 
isolatable chemical species, the entropy 
of each may be evaluated by the measure- 
ment of heat capacities from O0°K. to 
the temperature of interest, and the 
enthalpy of each relative to the elements 
in their standard state may be evaluated 
by calorimetric studies. From the thermal 
properties of A, B, C, and D one may 
bypass all mechanistic considerations, 
such as Figure 1, and evaluate the equi- 
librium constant from Equation (6). 

Also thermodynamic quantities can be 
related to the structures and mechanical 
properties of the reactants and products. 
For favorable cases the difference in 
standard enthalpy at absolute zero can 
be found from bond energies obtained by 
photochemical, electron-impact, and other 
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methods. The entropy of reactants and 
products can be calculated to various 
degrees of approximation from atomic 
weights, bond lengths, vibration fre- 
quencies, or force constants for stretching 
and bending of bonds, barriers hindering 
internal rotation, and electronic multi- 
licities. From these considerations, ap- 
plied to each reactant and to each product 
molecule, one can calculate the equi- 
librium constant from Equations (7) 
and (8). 

For certain species of interest, for 
example free radical reactants or products 
or high-temperature species, there may be 
no thermodynamic data and even no 
spectroscopic or structural data. Never- 
theless approximate values of the entropy 
can be found if the structural and 
mechanical properties of the molecules of 
interest can be predicted theoretically 
or from empirical rules of molecular 
structure and molecular spectroscopy. By 
analogy with similar stable molecules 
one could for a particular species predict 
the molecular shape, the bond lengths, 
force constants, barriers to internal 
rotation, and electronic ground state. 
In this case the quality of the entropy 
factor in the computed equilibrium 
constant depends exclusively on the 
accuracy with which structural and 
mechanical properties are assigned. To 
predict AH in Equation (7) one must 
make an accurate estimate of all bond 
energies in the labile reactants or prod- 
ucts; so far the prediction of enthalpies 
or bond energies has been much more 
difficult and less reliable than the pre- 
diction of entropies for such species. 


REVIEW OF THE RATE EXPRESSION 
FOR ELEMENTARY BIMOLECULAR REACTION 


For the initial rate of reaction (1) there 
are no products and no excited product 
pairs in terms of the mechanism in 
Figure 1. Even so the rate expression is 
particularly simple, provided that the 
reactants are essentially in equilibrium 
with excited reactant pairs. In terms of 
the mechanism of Figure 1 the require- 
ment is that Ri } R, or that R. > R;. 
If this condition is met, the rate constant 
given by 


Rate = —d[A]/dt = k[A][B] 9) 


has the simple well-known form (1) 


k kT /RT 


% (10) 


THE PROBLEM 


The problem of computing a rate 
constant from Equation (10) is very 
nearly the same as that of computing an 
equilibrium constant from Equation (7), 
for the case where a product or a reactant 
is a free radical or other reactive species 
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of unknown structure and unknown 
spectra. The structure, mechanical prop- 
erties, and energy of the labile reactants 
and products must somehow be esti- 
mated. Similar information for the 
activated complex must be estimated for 
rate calculations. 

Typically the kineticist reports his 
data in terms of the two parameters, 
A and E, of the Arrhenius equation 


k = Ae (11) 


Often the E term is regarded as purely 
empirical, and the A factor is related to 
the structural and mechanical properties 
of the activated complex. A small amount 
of numerical work with the rotational, 
vibrational, and internal rotational parti- 


* R3 Rs 
Ra Re 4 
Rel 


C+D 


Fig. 1. A mechanism for attainment of 
chemical equilibrium for the reaction 
A+Bz2=C+D.A +B represents the 
bulk normal state of the reactants; (A, B)* 
represents an excited, high-energy state 
for a pair of reactants; X represents an 
activated complex, the critical intermediate 
state between reactants and products; 
(C, D)* represents a pair of excited product 
molecules; and C + D represents normal 
product molecules. The vertical distance in 
the figures corresponds to an increase in 
energy; the transition between (A, B)* 
and (C, D)* is a constant energy path for 
the molecule pairs as a whole. R refers 
to rate. 


tion functions shows one that these 
functions are rather sensitive to bond 
distances, force constants, and barriers 
to internal rotation. If the kineticist 
takes the structure of the activated 
complex to be his adjustable parameter, 
then the theory is infinitely flexible; it can 
explain anything and predict nothing. 
If however one holds to the principle 
used in the derivation of Equation (10) 
that the activated complex is like a 
normal molecule aside from the single 
separable reaction coordinate, then one 
can appeal to the results of molecular 
theory, structure, and spectroscopy to 
determine the structure and properties of 
the activated complex. If these properties 
of the activated complex are fixed by 
considerations external to kinetics, then 
the predictions of A by means of the 
theory are precise to perhaps a factor of 
four and quite useful under certain cir- 
cumstances. To predict E by theoretical 
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methods or with empirical methods 
(with the empiricism in fields external to 
kinetics itself), one must make very 
accurate estimates of all bond energies 
in the activated complex; so far the 
prediction of E has been much more 
difficult and less reliable than the predic- 
tion of A in Equation (11). 


METHODS OF FIXING STRUCTURE AND 
PROPERTIES OF ACTIVITATED COMPLEXES 


Theoretical Methods 


Purely theoretical methods have been 
limited to the simplest of all chemical 
reactions with the H; activated complex, 
reaction (2) for example, or ortho-para 
hydrogen conversion represented by 


H+H,=H,+H (12) 


London (3), discussing this problem in 
terms of quantum mechanics, showed 
that a linear complex was the one of 
lowest energy. Such a complex may be 
regarded as a superposition of three 
diatomic molecules 


< Z > 


XS 


To a rather gross approximation the 
energies of these diatomic molecules are 


Ata 
k,=B+8 (14) 
E,=C+y 


To the same rough approximation the 
energy of the complex in (18) is 


E=A+B+C+ — BY 
+ (8 — + (y — 


As in (14), each integral is a function of 
interatomic distance. Upon evaluation 
of the integrals one finds from Equation 
(14) for the dissociation energy of H:: 
calculated, 53 keal.; observed, 103 kcal.; 
for activation energy based on (15) calcu- 
lated, 19 kcal.; observed, 6 kcal. 

Some of the crude approximations of 
this theory can be modified by the addi- 
tion of extra terms to the functions used. 
Hirschfelder (4) made an _ extensive 
study of this type; however the accurately 
convergent method which gives the cor- 
rect properties (6) for hydrogen is so 
complicated that it has not yet been 
applied to the H; complex. By the most 
advanced method which he used Hirsch- 
felder concluded that the activated com- 
plex was symmetrical, r, = 7,, and there 
is no tendency toward the formation of a 
stable or metastable H; complex; that is, 
there is no potential energy well in the 
top of the pass. From the value of the 
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distance. which gives the maximum 
energy along the reaction coordinate, the 
size and thus moments of inertia of the 
complex are obtained. By variation of 
both distances around the value which 
gives the lowest maximum energy along 
the reaction coordinate, the force constant 
for the symmetrical stretching vibration 
is obtained. By repeating the calculation 
for slight bending of the linear complex, 
one can obtain the force constant for 
bending. From vibration frequencies of 
the complex and of He, zero-point energy 
corrections and therefore activation 
energy are calculated. Thus a completely 
theoretical evaluation of all parameters 
(aside from x, which is about unity) in 
Equation (10) is carried out. Results are 
about as good or as poor as those for H. 
itself by the same method: dissociation 
of H:, 67 calculated, 103 observed; 
activation energy, 25 calculated, 6 
observed. Other calculated quantities are 
given in Table 2. These computations are 
highly instructive; the structural and 
mechanical quantities are presumably 
quite good; and the energies are far too 
inaccurate to be useful. 

Recently Barker and Eyring (6) have 
been active in further refinements of the 
purely quantum mechanical treatment of 
H;, but this work remains unfinished. 

A somewhat different approach to the 
problem has been made by the molecular 
orbital-approximation method (7). A 
general qualitative conclusion based on 
considerations of H; and H, is that the 
activation energy for radical-radical reac- 
tions should be low, for radical-molecule 
reactions medium, and for molecule- 
molecule reactions relatively high, where 
unsaturated molecuies are excluded. For 
H; it is concluded that the activated 
complex is symmetrical. A very tedious 
single computation gives 8 kcal. for the 
activation energy, 6 observed. These 
computations are too complicated to 
permit, so far, variation of distances to 
give vibration frequencies. An attempt to 
produce a simple, tractable molecular- 
orbital method of computation gave 
highly inaccurate energies. 


Semiempirical Method 


Eyring and coworkers (1, 8) have 
developed and extensively used a method 
of computing the energies of H; and H, 
as a function of distances which is rela- 
tively simple to apply and gives results 
which are qualitatively instructive and 
quantitatively useful in certain cases. 
The method is based on Equations (14) 
and (15). In Equation (14) A is assumed 
at all distances to be a constant fraction 
of E,; the fraction is taken to be some- 
thing between about 0.10 and 0.20. For 
H, the fraction varies slowly, 0:10 to 0.14, 
with distance (at large distances, 1.5 to 
5A.), but it changes very rapidly, 0.10 
to 0, at distances between 1.5 and about 
0.8 A. Since E, as a function of distance 
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can be observed spectroscopically and ex- 


pressed conveniently as the Morse 
function, one can thus evaluate A anda as 
a function of distance; similarly B and 8, 
C and y can be found. These values are 
substituted into Equation (15) to give the 
total energy of H;. A three-dimensional 
plot of potential energy against r, and r, 
reveals the reaction coordinate as a 
conspicuous canyon (Figure 2). The 
floor of the canyon goes through a maxi- 
mum energy at easily determined dis- 
tances in terms of r, and r,; thus activa- 
tion energy and the size of the activated 
complex are given. Variations of distances 
around the saddle point of the complex 
give force constants and thus vibration 


E = [2E, + E,] 
— — + 


The first term in brackets in Equation 
(16) is sum of the energy of three diatomic 
molecules, and the second term is an 
additive correction based on the London 
theory with its order of magnitude held 
strictly in check by spectroscopic param- 
eters. Upon purely theoretical evaluation 
of terms in (15) itself, extremely large 
errors can accumulate within a minor 
range of permissible assumptions (9). 
On the other hand the semiempirical 
method seems to be subject to a major 
qualitative error. Hirschfelder’s (4) im- 


(16) 


V(r, = 


Fig. 2 Potential-energy surface for the reaction H + H: = H:+ H, 
represented by contours of constant potential energy. 


frequencies. The application of this 
method to chemical problems and to cases 
much more complicated than hydrogen 
systems has been given in detail by 
Glasstone, Laidler, and Eyring (1). 

This method gives results which are 
surprisingly good (9) in view of the 
crudeness of Equations (14) and (15). 
To some extent success is due to the 
sensitivity of the calculated activation 
energy to the fitted parameter, f = A/E,, 
which becomes three fitted parameters if 
the atoms X-Y-Z are different. To a 
greater extent success arises from the 
fact that use of spectroscopic values of 
E,, E,, and E, automatically keeps 
dominant quantities to the correct order 
of magnitude, and the crude London 
theory gives in essence a correction term 
to the simple sum of energies from the 
three diatomic molecules. For the sym- 
metric activated complex shown in (18) 
the energy is 
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proved theoretical treatment showed no 
well in the top of the energy maximum, 
that is, no tendency toward metastable 
H;. The semiempirical method does find 
such a shallow well for H; and much 
deeper wells for certain other cases. 
In terms of the London theory itself 
f = A/E, is roughly constant at large 
distances for H. but decreases rapidly 
at small distances. The assumption about 
constancy of f is worst at short distances 
corresponding to the activated complex 
itself. In view of this one should distrust 
detailed shapes and curvatures (and thus 
force constants) of the potential-energy 
surface in the close vicinity of the acti- 
vated complex itself. One can vary f to 
give the observed activation energy; the 
resultant potential-energy surface iden- 
tifies the reaction coordinate and estab- 
lishes the essential geometry of the 
activated complex. It probably fails to 
give good values of vibration frequencies, 
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and thus the semiempirical method is not 
necessarily a very good way to test or 
use Equation (10). 


Empirical Methods 


In view of the considerable body of 
knowledge and techniques accumulated 
in the fields of molecular structure and 
molecular spectroscopy, it has seemed 
worthwhile to try completely different 
methods of fixing the structure and 
mechanics of the activated complex 
(10 to 18). These data would determine 
the A factor in Equation (11); the 
activation energy is then taken from 
measured rates. There are several differ- 
ent approaches to this problem, some 
being simpler than others, some more 
precise (that is less dependent on the 
investigator’s judgment). In view of the 
uncertainties in experimental A factors, 
an order of magnitude or more in many 
cases, it is not necessary for the model 
used to be particularly refined. Several 
recent approaches of this type will be 
reviewed. 

These methods will be illustrated with 
reference to three examples 


H+H,=H,+H (17) 
+ NO =0,+ NO, (18) 


(CH;);CH + Cl 
= (CH;),C + HCl 


The general shape of the activated 
complex is determined by the rule of 
equivalence with respect to reactants 
and products and by use of the principle 
that the purely s type of bond has no 
directional properties, and p or sp 
hydrides are directional in character. Thus 
reaction (17) has a linear symmetrical 
activated complex; that for reaction 
(18) may be taken as planar (for mole- 
cules or complexes with free internal 
rotations the simplest structure may be 
taken as reference model) 


(19) 


N 
(20) 
Oo O 


and the complex for (19) is 


(21) 


The bond orders are fixed by assigning 
reasonable valence-bond structures to the 
complexes. The H; complex is given the 
structures 


H:HH (22) 


which means that each bond is to be 
regarded as half order. For the complex 
of reaction (18) (when one ignores angles 
for the sake of more clearly showing 
electron-dot structures) the following 
structures are approximately equal in 
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energy: 

:6::0: O: N: O: 

O: O: N::0: 
indicating that the bonds may be regarded 
as of the order 3/2, 1, 1, 3/2. Other 
electron-dot structures could be con- 
sidered; the single electron could be 
permuted among the atoms, and no-bond 
structures adjacent to the transferred 
atoms could be invoked. Orders such as 
13/8, 7/8, 7/8, 13/8, or other sequences 
could be justified. Differences of this 
magnitude have negligible effect on the 
computed A factors; the important point 
here is to utilize some consideration of 
molecular structure to avoid gross errors 
in assigning bond distances. For reaction 
(19) the bonds in the activated complex 
may be regarded as the same as those in 
the reactant except for those adjacent 
to the transferred hydrogen atom. The 
C-H and H-Cl bonds there may be 
taken as half order in each case; con- 
siderations of electronegativity and bond 
strength might lead to slightly different 
orders, say 0.4, 0.6, but again such 
differences are inconsequential to this 
discussion. 

There are empirical rules, based on the 
structure of molecules, which give bond 
lengths in terms of bond order. Pauling 
(14) gives a table of normal covalent 
radii for single, double, and triple bonds. 
Also Pauling (15) has given an empirical 
formula for correcting integral-order bond 
lengths to lengths for fractional bonds; 
for example half-order bonds are 0.18 A. 
longer than single bonds, and _three- 
halves-order bonds are the geometric 
mean of single and double bond lengths. 
For these examples the bond lengths in 
Angstroms in the activated complex 
would be 0.92, 0.92 for (17); 1.20, 1.32, 
1.36, 1.25 for (18); and 1.25, 1.47 for (19). 

The assignment of bond angles is more 
arbitrary than that of bond lengths. The 
important decision is between linear or 
bent configurations, and considerations 
of s or p orbitals usually gives the clue 
here. For bent bonds it is convenient to 
assume 120-deg. angles, in the absence 
of any definite information. 

Badger (16) has proposed an empirical 
rule which relates the stretching-force 
constant to bond distance: 


k, = 1.86 X 10°/(r — d;,)* dynes/em. 
(24) 


For the bond between hydrogen and an 
atom of the first row of the periodic 
table, dg, = 0.34. Other values are 
dy, = 0,59, dz, = 0.65, di = 0.68, 
dy, = 0.90, and d» = 1.18. Stretching- 
force constants for H-H and C-H half 
bonds happen to be equal and are, for 
example, 2.6 10° dynes/cm. 
Bending-force constants may be as- 
signed by comparison with roughly 
equivalent stable molecules. For bending 


(23) 
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about X-H-X half bonds the force 
constant derived from hydrogen-borided 
systems was assigned (1/1) as 0.16 X 10-" 
erg./radian.2 By the fitting of force 
constants to the kinetic data for the 
reaction H, + Cl = H+ HCl, the value 
for bending of H-H-Cl was assigned (13) 
the value 0.046 X 10-" erg./radian?. 
Angular force constants are often divided 
by the product of the two included bond 
lengths to give force constants in units 
of dynes/cm. A few values of this sort 
taken from more extensive tables (17, 18) 
include H-O-H, 0.69 * 105; H-C-H in 
CH,, 0.30 X 105; F-C-F in CF,, 0.71 X 
105. 

For exact partition-function calcula- 
tions one needs vibration frequencies, 
not force constants, for the activated 
complex. However the force constants 
suffice for the classical partition function, 
which is discussed in a later section and 
yields a satisfactory approximation in 
some cases. For the activated complex 
of reaction (17) it is easy to carry out a 
complete vibrational analysis (11), inelud- 
ing the introduction of a cross-product 
potential-energy term which reduces to 
zero the vibration frequency of the anti- 
symmetric stretching mode and thus 
converts it very naturally to the reaction 
coordinate. By modifying the activated 
complex of reaction (18) in the direction 
of greater symmetry, that is, treating 
the nitrogen atom as if it were an oxygen 
atom, one can easily solve the vibrational 
problem here, finding six in-plane normal- 
mode frequencies plus one reaction 
coordinate (10, 12). Alternatively the 
frequencies for this complex may be 
transferred directly from corresponding 
motions in similar stable molecules, 
NO:, N2O., and O;, after they are 
classified as three stretching modes, one 
reaction coordinate, and three bending 
modes. This classification could be 
arrived at from general symmetry con- 
siderations (1/0), or more simply the 
complex may be regarded as a_ bent 
triatomic molecule 


O 


with one stretching mode, one bending 
mode, and one reaction coordinate, with 
the addition of the end atoms giving 
rise to four vibrations, symmetric and 
antisymmetric stretching and bending. 
Thus reaction (18) can be subjected 
to a relatively rigorous vibrational 
analysis or treated by the more empirical 
methods used for more complicated 
activated complexes. For reaction (19) 
the activated complex is so large that a 
detailed vibrational analysis is hopelessly 
complicated and unnecessary. For the 
activated complex in (19) there will be 
extensive duplication of frequencies be- 
tween the complex and the hydrocarbon 
reactant. In Equation (10) these identical 
vibration frequencies give rise to identical 
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terms in the numerator and denominator 
and hence cancel. It is preferable to 
cancel in advance all equivalent vibration 
frequencies (and methyl-group internal 
rotations) rather than to evaluate each 
set for reactant and complex and then 
to cancel them in the calculations. All 
vibrations and methyl-group internal 
rotations of the (CH;);C group may be 
taken as the same in reactant and acti- 
vated complex; these may be canceled 
without being evaluated, and in subse- 
quent considerations the (CH;);C group 
is to be regarded as a rigid body, not as 
a mass point. Thus the vibration problem 
for the reactant is reduced to the three 
vibrations (one stretch, two bends) of the 
hydrogen atom against the massive rigid 
body. The vibration problem for the 
activated complex is reduced to that of a 
linear triatomic molecule (symmetric 
stretch, reaction coordinate, and two 
bends which are largely motions of 
hydrogen) plus two wagging motions of 
the rigid body against the rest of the 
molecule. For the vibration frequencies 
of the three-body problem one may make 
use of the convenient formulas collected 
by Herzberg (19); for the wagging 
vibrations one may use the approximate 
relation 


= 4.1 X 10°(k,/I)'”? (25) 


A corresponding expression holds for 
bending at right angles to this axis. 

Equation (25) is a valid approximation 
only if the moment of inertia of the 
wagging group is small as compared with 
the molecule about a_ parallel axis. 
If the two moments are of comparable 
size, a better approximation is obtained 
by use of the reduced moment in Equation 
(25) 


[= + (26) 


This treatment for reaction (19) can 
be extended to any type of atom transfer 
process 


@ 


where the complex may be linear or 
bent. Considerable cancellation can be 
expected between X in the reactant and 
in the complex when these are compli- 
cated groups. After the exploitation 
(without computation) of this cancella- 
tion the group so treated is regarded as 
rigid. The degrees of freedom which must 
be considered in a_ partition-function 
calculation for various cases are listed in 
Table 1. In all cases vibration frequencies 
for the three-atom problem can be found 
from Herzberg’s relations (19), the wag- 
ging vibrations can be treated as simple 
separate problems depending on moments 
of inertia of the wagging groups and 
bending force constants, and the internal 
rotations can be treated by the following 
simple method. 

Internal rotations are characterized by 
reduced moments of inertia and barriers 
to internal rotation. The reduced moment 
of inertia is given by Equation (26), 
which was introduced above for wagging 
motions. J, and J, are moments of inertia 
of the two groups about axes parallel to 
the axis of internal rotation and passing 
through the center of gravity of each 
group. For coaxial symmetric tops this 
treatment is exact; J; is simply the 
moment of inertia of one group about the 
common axis, and J, is the moment of 
inertia of the second group about the 
axis. For less symmetrical internal 
rotations the exact treatment of internal 
rotation becomes more complex (20a). 
However a simple approximate method 


TABLE 1. DEGREES OF FREEDOM IN AToM TRANSFER Reactions Wuicu Do Nor Canceu 
AND Must BE ConsIDERED IN PartitTIon-FuUNCTION CALCULATIONS FOR Xy + Z = X + yZ 


Noneanceling degrees of freedom 


Sym. Antisym. 


Model* str. 
Zz 3 

3 3 

x—y 3 2 1 
X-y 3 3 1 
Xx—-y-Z 

linear 3 2 1 
x-y-4Z 

bent 3 3 1 
X-y-z 

linear 3 3 1 
X-y-z 

bent 3 3 1 1! 
X-y-Z 

linear 3 3 1 1 
X-y-Z 

bent 3 3 2 1 


Vibrations 
Total number 


str. Bend wag External Internal 


3 
6 
5 1 
2t 6 
It 2 5 4 
1} 1 6 3 
it 2t 2 6 6 
It 1 2 6 6 
it 2t 4 6 9 
it 1 4 6 9 


*Lower case x, y, or z stands for atoms; upper case X or Z stands for complex groups regarded as rigid bodies, 


+The reaction coordinate. 


tTo a fair approximation, especially for light y, these bending frequencies are the same in reactant and 


complex. 
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(10) may be used in connection with 
Equation (26). If an internal rotation is 
about some bond, one should imagine 
the bond to be cut, thus separating the 
molecule into two pieces; find the center 
of mass of one piece; pass a line through 
this point parallel to the severed bond; 
and compute J; as the moment of inertia 
about this line. Next one should find the 
center of mass of the second piece, pass a 
line through this point parallel to the 
severed bond, and compute J, as the 
moment of inertia about this second line. 

Unless there is conspicuous steric 
hindrance, internal rotation about frac- 
tional bonds in the activated complex is 
usually regarded as essentially free. In 
case there is conspicuous evidence for a 
barrier, each case must be considered 
separately (20b). 

The electronic multiplicity of the 
activated complex can be _ predicted, 
subject to some uncertainty, from the 
rules for stable molecules. If there are an 
even number of electrons, the multi- 
plicity is usually one. The molecule O: 
is anomalous in having a multiplicity 
of three. This sort of anomaly, which is 
understood in terms of advanced quantum 
theories of valence, is possible only for 
certain highly symmetrical systems. It is 
usually safe to predict an electronic 
multiplicity of one for activated com- 
plexes. 

If there are an odd number of electrons, 
the electronic multiplicity must be at 
least two, and it usually is two for systems 
of low symmetry. However in highly 
symmetrical systems orbital degeneracy 
may be present in addition to the spin 
degeneracy of two. Thus the Cl atom 
has a 2P3,2 ground state with a multi- 
plicity of four, and NO has a ground 
state (?11,2) of multiplicity two but a 
low energy-excited state (273,2) of multi- 
plicity four. The less symmetrical mole- 
cule NO, has multiplicity two. Thus one 
can usually predict the correct multi- 
plicity, but in exceptional cases there 
may be an uncertainty of not more than 
a factor of three. 

These considerations (all outside the 
field of kinetics itself) establish, with the 
uncertainties as pointed out, all the 
structural and mechanical features of the 
activated complex. 


Comparisons of the Methods in Establishing 
the Properties of the Complex Hs. 


It is only for reaction (17) with the H; 
complex that fairly detailed, even though 
still highly approximate, quantum mecha- 
nical computations have been carried out. 
This complex also has been extensively 
examined by the semiempirical method. 
It is one of the cases treated by the 
empirical method described above. Also 
recent, carefully obtained kinetic data 
(21) on this reaction have been so 
extensive and so precise that the activa- 
tion energy and vibration frequencies 
could be found solely as a best fit to 
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TABLE 2, STRUCTURE AND PROPERTIES OF THE H; CoMPLEX AS OBTAINED BY THEORETICAL 
SEMIEMPIRICAL, AND EmpraicaL METHODS 


Bond 
distance, A 
Theoretical 0.96 
Semiempirical (f = 0.14) 0.88 
Empirical 0.92 
Kinetic tT 


Vibration frequencies, sec.-! 10718 


Stretch Bend Ref. 
9.5 3.3 4 
1 
8.8 3.6 11 
9.6 3.6 21 


*The approximation of constant f breaks down badly at small distances. The shape of the potential energy 
function at the top of the pass is too uncertain to justify evaluation of the stretching frequencies. 

y7An unsymmetrical complex was taken from the potential energy surface which shows a small, false (4) 
well in the top of the pass. Distances of 0.85 and 1.25 A. were used in the computation of vibration frequencies. 


the experimental data, within the frame- 
work of the general activated-complex 
theory. In Table 2 there is a comparison 
of bond distance, frequency of symmetric 
stretching vibration, and frequency of 
the bending vibrations for the four 
methods mentioned above: theoretical, 
semiempirical, empirical, and kinetic. 
All these methods for this reaction agree 
as to the structure and mechanical 
properties of the activated complex. 


CALCULATION OF A FACTORS FOR 
BIMOXECULAR REACTIONS 


Evaluatioiw, of Separated Partition Functions 

Experimental rate data are usually 
reported in terms of the Arrhenius equa- 
tion 


k = A exp (—E/RT) (11) 


whereas theoretical rate expressions take 
the form 


k = B(T) exp(--W/RT) (28) 


The relations between these two quan- 
tities are 


E=W+ oR? (29) 


A = Bexp 0 (30) 
where the quantity @ is given by 
6 = Td ln B/dT (31) 


In terms of the activated complex thecry 
discussed here the rate factor A in units 
of cc.(mole-) is 


A = 3.41 X 10 «T7,A, (32) 


where x is the transmission coefficient 
taken as unity in the absence of more 
detailed information (22), and 7A, is the 
product of partition functions for all 
kinds of energy, each of the form 


A, = exp (6,)Q°/Q:Q (33) 


The product includes translational, rota- 
tional vibrational, internal rotational, and 
electronic degrees of freedom. 

In c.g.s. units translational partition 
functions per cc. are given by 
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Q., = 1.88 X 10°(MT)*” (34) 


1, = 3/2 (35) 


The translational A factor, including the 
term in 8, is 


= 1.18 


(36) 
x 10°?(M* /M,M,T)*” 
Rotational partition functions for linear 
(gram-molecular weight and Angstrom 
units) molecules of moment of inertia 
are given by 


Q,” = 0.0412 IT/o (37) 


6,” =1 (38) 


and for a nonlinear molecule with three 
principal moments of inertia, J;, Is, Iz, are 


Q.” = (39) 


0,” = 3/2 (40) 


It is not necessary to evaluate the in- 
dividual moments of inertia; their product 
can be found much more simply (23) by 
means of any Cartesian coordinate 
system with the center of mass as the 
origin by means of 


—TI,, 
—I,, +I,, —I,, (41) 
—I,, —TI,, 


where I,, = m(y,? + 2%), = 
ete. 

For each free internal rotation the 
vartition function is 


Qsir = 0.360 (IT)'?/a 


‘he effect of symmetry numbers may 
be evaluated in either of two ways: (1) 
the rotational symmetry number may 
be found for each reactant, for the acti- 
vated complex, and for each internal 
rotation of both reactants and complex 
and (2) on the other hand, one may 
forget about symmetry numbers; omit 
them from Equations (87), (39), and 
(42); and find the integral value of the 
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product 


(43) 


simply by inspection. The product in 
Equation (43) is the number of equivalent 
reaction coordinates, if one permutes 
both reactants about all equivalent 
modes of attack. For example for the 
reaction 


CH, + Cl— H,C — H — Cl 
— CH; + HCl 


the symmetry number of methane is 
twelve, Cl is one, and the complex is 
three. The ratio (12)(1)/3 is equal to 
four, the number of equivalent hydrogen 
atoms in methane. For calculations based 
on one structure the symmetry numbers 
in the rotational and internal rotational 
partition functions automatically account 
for this multiplicity of identical reaction 
sites. One must be careful not to apply 
this factor twice or to be inconsistent 
between reactants and complex. 

Vibrational partition functions in terms 
of normal mode frequencies in cm.~! 
are given by 


Q, = 1 — exp (—1.44»/T)" (45) 


1.44y/T 
exp (1.44»/T) — 1 (46) 


When 1.44y < T, the vibrational parti- 
tion functions take on their classical value 


=T/1.44, (47) 


Electronic partition functions are based 
simply on the fundamental definition 


Q. = gi exp (—e:/kT) 


(44) 


6. = Tdi Q,/dT (49) 


Often the sum in (48) is only the single 
term, the ground-state multiplicity. For 
nitric oxide at ordinary temperatures it 
is a sum of two terms. For reactions at 
high temperatures, say above 2,000°K., 
the higher terms in the sum over electronic 
states may become very important. 


Evaluation of Partition Functions by Classical 
Mechanics (13) 


Up to this point partition functions on 
the basis of the quantum energy levels 
of each system have been discussed. For 
many molecular motions however the 
separation of the energy levels is less than 
kT at temperatures of practical interest, 
and in such cases the partition function 
may be evaluated by classical mechanics. 
This method is advantageous because 
less detailed information is required. In 
particular one does not have to solve the 
dynamical-vibration problem; knowledge 
of the potential-energy function suffices. 

Rotational and translational motions 
may always be treated classically; hence 
the criterion of validity of the classical 
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method lies in the treatment of vibration. 
If one.arbitrarily selects 0.2 cal./deg. 
mole as 2 maximum error in the entropy 
of vibration (or 10% in the rate), then 
the classical method is valid for fre- 
quencies (in em.~!) such that v < 1.1T, 
where the temperature is in °K. While 
many vibrations in stable molecules lie 
above this boundary, most of these 
vibrations are essentially unchanged in 
the activated complex and hence may be 
canceled. The key decision concerns the 
new motions which arise in the activated 
complex but were not present in either 
reactant. If these motions are of low 
frequency, then the classical method is 
valid and useful. 

The classical partition function (also 
called the phase integral) may be written 


/ 


3n/2 n 
C= (287) (51) 
i=1 


One may of course transform from Car- 
tesian coordinates to some other coordi- 
nate system. If a few vibrational motions 
have too high frequencies, one may cor- 
rect this partition function by multipli- 
cation of the ratio (Q).m./Q:1ass) of the 
quantum partition function to the 
classifical function for each high fre- 
quency. Also groups such as 
etc., may be regarded as single particles 
in the classical calculation and the 
quantum partition function for their 
internal motions introduced later. 

One convenient method of integrating 
Equation (50) is a serial procedure in 
which the first atom is placed anywhere 
in the container, and the successive atoms 
are described by coordinates relative to 
the preceding atoms. In these calculations 
groups such as CH;, CH, or CH are 
regarded as single atoms, and the hydro- 
gen vibrations are treated separately by 
the quantum method or canceled out. 

This method was applied (13) to the 
reaction of a chlorine atom with a hydro- 
carbon, but the calculations are equally 
applicable to any reaction of the type 


X-H+2-X+H-—z (852) 


The serial integration starts in an iden- 
tical fashion for both the hydrocarbon 
reactant and the activated complex. 
Consequently all the earlier factors 
cancel in the desired ratio Qt/Qp-n of 
the partition functions of the activated 
complex and the reactant hydrocarbon. 
There remain just the additional factor 
introduced by the chlorine atom and the 
effect of released constraints on the 
reacting hydrogen. Only a single reaction 
site, a single C-H bond, is being con- 
sidered, 
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It is easiest to consider the reacting 
hydrogen in a CH group, and a detailed 
model is given in Figure 3. The reacting 
hydrogen has a stretching motion and 
two bending motions in the CH group 
of the reactant hydrocarbon. The com- 
plete partition function contains the 
factor for these three quantized vibra- 
tions. In the activated complex the C-H 
stretching motion becomes the reaction 
coordinate and is omitted, but there are 
still the two C-H bending motions for 
which quantum mechanical partition- 
function factors must be included. The 
C-H stretching frequency in the reactant 
molecule is so high that it does not 


(b) 


Fig. 3. The coordinates of a chlorine atom 
in an activated complex for reaction with 
the hydrocarbon R-H. 


contribute significantly at moderate tem- 
peratures. Consequently it yields a 
partition-function factor of unity. The 
two hydrogen bending frequencies may 
be shifted somewhat by the formation of 
the complex. It is difficult to estimate 
how large this shift will be, but as the 
frequencies are so high that their contri- 
bution is small, this factor may also be 
neglected. 

If the reacting hydrogen is in a CH; or 
CH), group (instead of a CH group), the 
situation is more complex. Nevertheless 
one C-H stretching mode becomes the 
reaction coordinate with the same result- 
ing effect on the partition functions as 
described above. Also the same number 
of C-H bending modes will be present 


A.1.Ch.E. Journal 


in the activated complex as in the 
reactant molecule, and the corresponding 
small quantum partition-function factors 
may be assumed to cancel one another in 
reasonable approximation. 

The contribution to the partition 
function by the chlorine atom is not 
small, but now the frequencies are low 
and the classical method is appropriate. 
For the chlorine atom polar coordinates 
about the equilibrium position of the 
hydrogen atom at the reaction site 
(Figure 3) were chosen, and 


Q 


-r’ sin 6 dr dé do 


was obtained. 

The potential function has been esti- 
mated (173) in reasonable approximation, 
and the resulting integral yields agree- 
ment with the A factor observed in kinetic 
measurements. The potential function 
would be expected to be about the same 
for each exposed hydrogen atom in a 
hydrocarbon molecule. The total energy 
increase to the activated complex may 
vary somewhat from one reacting hydro- 
gen to another, but this effect is in the 
activation energy for that particular 
reaction. The additional energy required 
for nonoptimal values of the coordinates 
in V should be nearly the same for each 
site. Consequently one sees that Equation 
(53) yields the same result for each site, 
and the kinetic A value is the same for 
each site. The experimental data (24) 
for several hydrocarbons follow this 
prediction approximately (within a factor 
of about two). 

The preceding conclusion illustrates 
the power of the classical method. It 
sweeps away unimportant factors and 
emphasizes the essential features of the 
potential-energy function of the activated 
complex. At the present time this method 
is being extended to other types of 
reaction. 


Evaluation and Summary 


The application of theoretical and 
semiempirical methods to problems in 
reaction kinetics has been summarized 
by Glasstone, Laidler, and Eyring (/). 
By rather difficult computations results 
were found which were moderately suc- 
cessful quantitatively but very instructive 
qualitatively and which gave the thermo- 
dynamic formulation 


of rate constants. This relation has proved 
very valuable in the correlation of rate 
data, especially for organic reactions. One 
utilizes the rate constant and its tempera- 
ture dependence to evaluate AH{ and 
ASt{; as a check on the theory one looks 
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to the internal consistency for a class of 
reactions and to the reasonableness of 
entropy values obtained. 

Recent efforts to apply theorems of 
molecular structure and molecular spec- 
troscopy to these problems have sought 
to avoid the overwhelming complications 
of the theoretical approach and yet to 
provide predictions, not just correlations, 
at the level of accuracy of experimental 
kinetics. For the A factors in the Arr- 
henius equation there is relatively little 
(maybe a factor of 4) flexibility or 
spread in the values deduced from these 
considerations of molecular spectroscopy 
and structure. By these methods compu- 
tations have been carried through for 
twenty-four bimolecular gas-phase reac- 
tions, involving a fairly diverse series of 
reactants and reaction types. In twenty- 
two of these cases there is agreement 
within the limit of experimental error 
between calculation and experimental 
result; in two cases the experimental A 
factors were much too high, a factor of 
200 in one case and a factor of 10° in 
the other. In both cases the reaction 
was one of many occurring in a chain 
reaction, and it is easy to produce large 
errors in such a case by a wrong assign- 
ment in the mechanism, aside from 
errors in experimental technique. It is 
proposed that such an error in mechanism 
is involved in these cases. 

Predictions of the energy of activation 
have not yet attained any comparable 
degree of accuracy, and at present it is 
usually best to regard the energy of 
activation as an empirical quantity to be 
obtained from experimental rate data or 
from general thermochemical correlations. 

In some cases the activation energy of 
a dissociation reaction may be just the 
energy of dissociation; that is, the reverse 
reaction of recombination has no activa- 
tion energy at all. Where this condition 
holds, the activation energy may be 
calculated from thermochemical data. In 
other cases this condition may not hold 
strictly, but a reasonable estimate may be 
made of the correction. 

One may also note that the reaction 
rate becomes less sensitive to a given 
error in the activation energy as the 
temperature increases. Thus it becomes 
more feasible to predict reaction rates at 
high temperatures than at low. 

In some experimental systems it is 
possible to measure the rate constant at 
only one temperature or over only a 
narrow range of temperature. With this 
method of calculating A in Equation (11) 
one can reliably estimate the activation 
energy E even from such meager data. 


NOTATION 


A, B, C, D = chemical species in a 
reaction 

A, B, C = coulombic energy in London 
equation for energy of H2 and 
H; 
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ll 


preexponential factor in the 
Arrhenius equation 
preexponential factor in general 
term defined in Equation (51) 
constant depending on 7 and j 
energy 

energy for diatomic molecule 
with distance r, 

= energy of diatomic molecule 
with distance 2r, = r, 
activation energy in the Arr- 
henius equation 

fraction of coulombic energy in 
London theory 

g = number of energy states with 
the same energy, the degen- 
eracy factor 


il 


I 


& 


| ll 


~ 
ll 


H = enthalpy 

h = Planck’s constant 

i,j = rows of periodic table of two 
atoms 

I = moment of inertia 

K = equilibrium constant 

k = rate constant 

ke = angular-force constant for wag- 
ging, erg/radian? 

k = Boltzmann’s constant, R/N 

its = bond stretching-force constant 

ks = bond bending-force constant 

M = gram molecular weight 

m = mass 

m; = mass of ith atom 

P = product 

Q = partition function or weighted 


sum over all energy states 
Qt = partition function for all mo- 
tions of the activated complex 
except the reaction coordinate 
electronic partition function 
(or multiplicity for a single 
state) 
= rate 
gas constant 
bond length 
entropy 
absolute temperature, °K. 
potential energy 
transition state or activated 
complex 
atom or groups of atoms 
atom 


ll 


N 


ll 


Greek Letters 


a, B,y = exchange energy in London 
equation for energy of H, and 
3 


€ = atomic or molecular energy 
level 
K = transmission coefficient, R;/ 


(Ri + R;) in Figure 1 


v = vibration frequency 

6,¢@ = spherical polar coordinate 

.) = term defined in Equation (31) 
o = symmetry number, equivalent 


structures produced by real 


rotations 

t = symbol identifying the acti- 
vated complex 

AS®* = difference in standard entropy 
between products and reactants 

AH* = similar difference in standard 
enthalpy 
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AH 
AH, 


AH? at absolute zero 
energy of activation at abso- 
lute zero 
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The Phase Behavior and Solubility Relations 


of the Benzene-Water System 


CHARLES J. REBERT and WEBSTER B. KAY 


In order to contribute to knowledge of the nature of the phase behavior of partially 
miscible liquid systems, a study of the benzene-water system was undertaken. The pres- 
sures at liquid- and vapor-phase boundaries of fifteen mixtures of benzene and water 
were determined within the temperature range of 200 to 357°C. Along with a complete 
numerical tabulation, these data are presented graphically as pressure-temperature, 
pressure-composition, and temperature-composition phase diagrams to show the nature 
of the boundaries. 

Up to the three-phase critical end point, the benzene-water system develops in a manner 
usually ascribed to a partially miscible system in which the vapor composition at a point of 
univariance lies intermediate to the two liquid compositions. The three-phase critical 
end point occurs at 1,364 lb./sq. in. abs. and 268.3°C., and the composition of the critical 
phase is 25.8 weight % water, with the remaining liquid phase 92.8 weight % water. 

The pressure, temperature, and composition of the critical solution end point are deduced 
as 2,300 Ib./sq. in. abs., 306.4°C., and 59 weight % water, respectively. At temperatures 
between these two critical points the phase behavior. is likened to that of a dense gas or 
fluid dissolved in a liquid. Definite limiting values of temperature and pressure are assign- 
able to this behavior by the extension of the three-phase curve up to the critical solution 
end point. This extended curve is not a phase boundary, but the temperature and pressure 
at a given point on the curve represents in a mixture of fixed composition the limit of 
mutual solubility of the benzene-rich fluid phase and the water-rich phase. At a tempera- 
ture above or a pressure below the given point the liquid phase begins to vaporize. 

Above the critical solution end point the vapor-liquid phase boundaries are like those of 
a normal binary mixture. 


Although the broad principles govern- —a 
ing the P-T-« relations of partially mis- 

cible mixtures were set forth by van der 

Waals (16), van Laar (9), Keunen (8), Le 
and Roozeboom (/2) in the early part of 
the present century, few systems exhibit- 
ing partial miscibility have been exam- 
ined in a quantitative fashion over a wide 
range of temperature, pressure, and VAPOR | 
composition. Because of this paucity of 
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data, the phase behavior in the region of 
the liquid-vapor critical state of one of 
the liquid layers is still greatly a matter 
of conjecture. In the critical region the 
compressibility of the liquid approaches 
that of the vapor, and so the mutual 
solubility of the liquid layers is greatly 
influenced by relatively small changes in 
pressure. In many chemical processes and 
especially in petroleum processing, where , 
hydrocarbon-water mixtures are encoun- ri | 
tered, such phase behavior may be of 

great practical significance. The sparing 

solubility of oil, gas, and water mixtures, 
as they are known at the earth’s surface, 
may very well present an _ entirely 
different mutual relationship when sub- 
ject to high underground pressure and 
temperature. 

To obtain a more quantitative picture 
of the phase behavior of partially miscible 
systems, the P-T7-x relations of the 
benzene-water system have been deter- 
mined throughout most of its saturated 
temperature range. 

The phase behavior of this system is 
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Fig. 1. Schematic diagram of assembled 
apparatus. 


typical of systems for which the equili- 
brium vapor composition lies intermediate 
to the immiscible liquid-layer composi- 
tions. Aside from the possible industrial 
applications of the data, the benzene- 
water system is an interesting one to 
study from the point of view of inter- 
actions between two molecules repre- 
sentative of nonpolar and polar liquids. 
The vapor-pressure curves of these com- 
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Fig. 2. 2 P-T-x space diagram for the 
benzene-water system. 


pounds intersect at 182°C. At lower 
temperatures benzene is the more volatile 
component, whereas at higher tempera- 
tures water is more volatile. 

Scheffer (73) has measured the three- 
phase vapor pressure up to the vaporiza- 
tion critical end point of the benzene-rich 
layer. Jaeger (2) has obtained data on the 
solubility of benzene in water over an 
extended temperature range, while others 
(14, 1, 3) have measured the mutual 
solubility in the vicinity of room tem- 
perature and atmospheric pressure. 


EXPERIMENTAL METHODS AND APPARATUS 


To determine the phase relations in the 
benzene-water system P-7' border curves 
were obtained for fifteen mixtures varying 
in concentration from nearly pure benzene 
to nearly pure water. The apparatus em- 
ployed was a modification of that described 
by Young (17) and Kay (4) and is shown 
schematically in Figure 1. Essentially a 
small air-free sample of each of the mixtures 
was confined over mercury, in a quartz 
capillary tube of 2-mm. bore and 8-mm. 
O.D. The tube was heated to a constant 
temperature by the condensing vapor of 
one of a series of organic liquids or mercury, 
which was confined in a vacuum-jacketed 
tube surrounding the capillary tube. The 
capillary tube was held in a compressor 
block filled with mercury, and the block in 
turn was connected to a hydraulic-pressure 
oil pump used to balance the pressure 
developed by the sample. The mercury- 
oil interface was kept at a constant level by 
means of a mercury-displacement pump and 
mercury-level indicator. The pressure was 
measured to within 1-lb./sq. in. by a pre- 
cision Bourdon type of pressure gauge with 
a 16-in. diameter dial marked in 5 lb. 
increments from 0 to 5,000 lb./sq. in. The 
calibration of the gauge was checked by 
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Temperature, 


Pressure, 


°C. lb./sq. in. abs. 
Composition: 5.5 wt. % water 

200* 287 

210* 351 

220* 418 

230* 495 

240* 582 

250* 662 

260 807 

270 963 

273 1055 

273.2 1085 VL-T,, 

273 1100 

272.2 1127 VC 

271 1147 

270.3 1150 VL-F,, 

268 1140 

265 1115 

260 1060 

250 951 

240 948 

230 745 

227.5 720 3pm 
Composition: 9.4 wt. % water 

200* 343 

210* 409 

220* 482 

230* 568 

240 673 

250 788 

260 919 

270 1116 

271.0 1170 VL-T,, 

270.5 1190 

269.7 1207 VC 

269.5 1211 

269 1217 

268.5 1220 VL-P,, 

268. 1219 

265 1193 

260 1136 

250 1011 

242.5 924 
Composition: 19.4 wt. % water 

180* 290 

190* 353 

200* 419 

210* 505 

220* 598 

230* 708 

240 835 

250 981 

260 1150 

267 1305 

267.5 1322 

267.8 1354 VC-T,, 

267 1330 

266 1316 

265 1300 

263.5 1278 
Composition: 25.7 wt. % water 

200* 417 

210* 510 

220* 615 

230* 732 

240* 869 

250 1031 

260 1212 Azeo 

265 1303 

266 1320 

267 1338 

268 1356 

268.3 1361 VC 
Composition: 29.9 wt. % water 

190* 320 
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Temperature, Pressure, 
°C. lb./sq. in. abs. 

200* 395 

210* 483 

220* 583 

230* 698 

240* 828 

250 985 

260 1158 

270 1346 

280 1572 

283.1 1665 VL-T,-Pm 

282.8 1670 2L-T,, 

282.5 1674 

282 1710 

281 1830 

280 1938 

277 2275 
Composition: 36.1 wt. % water 

200* 348 

210* 426 

220* 515 

230* 618 

240* 737 

250* 871 

260 1020 

270 1193 

280 1391 

290 1632 

295 1778 

299 1944 

299.6 2000 VL-T,, 

299.5 2015 

299.4 2019 

299.3 2022 

299.2 2024 

299.1 2025 VL-P., 

298.8 2022 

298.6 2018 

298.4 2015 

298.2 2006 

298.0 1998 

297.5 1992 2L-T,,, 

297 1997 

296 2025 

294 2133 

292 2405 
Composition: 50.9 wt. % water 

210* 331 

220* 410 

230* 498 

240* 601 

250* 717 

260* 855 

270* 1012 

280* 1183 

290 1382 

300 1616 

310 1888 

320 2240 

321.6 2390 VL-T,, 

321 2439 

320.4 2443 VL-P,, 

320 2441 

315 2583 

310 2327 

306 2302 2L-T,, 

304 2310 

303 2327 

300 2429 
Composition: 64.9 wt. % water 

220* 363 

230* 442 

240* 535 

250* 642 

260* 766 

270* 911 
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TaBLE 1. THE PRESSURE-TEMPERATURE RELATIONS AT THE PHASE BOUNDARIES OF THE System BENZENE-WATER 
AT Equat INTERVALS OF TEMPERATURE 


Temperature, Pressure, 
°C. lb./sq. in. abs. 

280 1073 

290* 1249 

300 1455 

310 1697 

320 1972 

330 2300 

336.2 2650 VL-T,, 

336.1 2675 

335 2685 

330 2618 

320 2467 

310 2327 

308 2307 

306.4 2301 2L-T,, 

305 2306 

303 2335 

300 2460 
Composition: 69.9 wt. % water 

336.1 2711 VC 
Composition: 78.0 wt. % water 

230* 417 

240* 500 

250* 597 

260* 711 

270* 840 

280* 985 

290* 1151 

300* 1331 

310* 1531 

320 1773 

330 2057 

340 2376 

350 2795 

351.0 2890 VL-T,, 

350.4 2920 VL-P,, 

350.0 2916 VC 

345 2845 

340 2757 

330 2552 

320 2357 

310 2195 

305 2136 

301.7 2118 2L-T,, 

300 2125 

298 2182 

295 2334 

293.7 2513 
Composition: 88.3 wt. % water 

365 3110 VC(est) 

335 2497 

330 2386 

320 2183 

310 2011 

300 1870 

390 1772 

287.5 1763 2L-T,, 

287 1764 

286 1770 

283 1795 

284 1865 

282.8 2000 
Composition: 94.0 wt. % water 

357 2863 

358 2807 

350 2667 

340 2376 

330 2149 

320 1932 

310 1752 

300 1608 

290 1475 

280 1360 

270 1372 

265 1240 

260.2 1215 30m 
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means of the dead-weight gauge. An iron- 
constantan thermocouple together with a 
sensitive potentiometer was used to measure 
the temperature of the vapor jacket to 
within 0.05°C. The couple was standardized 
against the melting point of ice and the 
condensing temperatures of water, naphtha- 
lene, benzophenone, and mercury all at 
760 mm. of mercury pressure. Equilibrium 
between the liquid and vapor phases of the 
sample was established quickly by the 
movement of a small steel ball through the 
sample by means of a series of magnets 
(Figure 1). 

Reagent-grade benzene, which had been 
dried over phosphorous pentoxide and 
rectified, and freshly prepared conductivity 
water were used in the preparation of the 
mixtures. Small quantities of the pure 
components were deaerated under high 
vacuum, and a measured quantity of each 
component was transferred by molecular 
distillation to the experimental tube at- 
tached to the high vacuum line. The proce- 
dure for the preparation of samples has been 
described elsewhere (5). Mixtures of a 


known composition could be prepared to 
within 0.002 weight fraction. 

The reliability of the apparatus and pro- 
cedures was checked by a comparison of 
the measured values of the vapor pressure 
of the pure components with accepted 
values from the literature. A summary of 
the observations showed that the tempera- 
ture and pressure measurements were 
accurate to within 0.05°C. and 1 lb./sq. in., 
respectively. 


EXPERIMENTAL RESULTS 


The pressure at the liquid- and vapor- 
phase boundaries of fifteen mixtures of 
benzene and water were determined with- 
in the temperature range from 200° to 
357°C. The smoothed data at increments 
of 10°C. in temperature for twelve of the 
mixtures are presented in Table 1. 
More extensive data are available (10). 
Table 2 gives values of the three-phase 
pressure at increments of 10°C. up to the 


critical end point temperature. These 
values are in excellent agreement with 
those reported by Scheffer (13). In 
addition, pressure-temperature data along 
the extension of the three-phase curve up 
to the critical solution point are shown. 

Also indicated in these tables are the 
values of the unique states of each mix- 
ture noted as follows: the vaporization 
critical points (VC), the maximum tem- 
perature for the coexistence of vapor and 
liquid (VL-T,,), the maximum pressure 
for the coexistence of vapor and liquid 
(VL-P,,), the maximum three-phase 
temperature and pressure (3p,,), and the 
maximum temperature for two liquid 
phases (2L-T,,). 

The values in the tables were read from 
large-scale plots of the experimental data 
as shown in Figure 2. Because of the 
limitations of the apparatus, the dew 
points of the mixtures could not be deter- 
mined to as low a pressure and tempera- 
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Fig. 3. Pressure-composition isothermal diagrams of the benzene-water system. 
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ture as desired. However these values were 
obtained by extrapolation of the measured 
portion of the curve, by the plotting of the 
logarithm of the absolute pressure vs. 
the reciprocal of the absolute tempera- 
ture, and by the extension of the resulting 
straight line. The extrapolated curves are 
shown in Figure 2 by dashed lines, and 
the extrapolated values are shown in the 
table by asterisks. 

The curves in Figure 2 are the P-T 
border curves of the various mixtures 
and the vapor-pressure curves of pure 
benzene and water. The latter curves 
were constructed with the vapor pressure 


as two liquid phases, and below the curve 
the system is composed of a liquid and a 
vapor phase. The short, nearly vertical 
branches for mixtures 5 through 11 
(Figure 2), as well as those extending 
upward from the three-phase curve, 
represent the phase boundaries separating 
the region of two liquid phases (to the 
left of the curve) from a region of a single 
homogeneous phase (to the right of the 
curve) for mixtures of the composition 
indicated. These curves extend into the 
high-pressure region and presumably 
are curved so that they intersect the 
solid-phase boundary at a lower tem- 


The critical locus is not continuous but 
is separated into two branches by a 
liquid miscibility gap (10). The lower 
branch of the curve originating in the 
critical point of benzene has a negative 
slope and terminates in the critical end 
point as noted above. The upper branch 
of the locus, beginning in the critical 
point of water, ends abruptly at the 
critical solution point of 306.4°C., 2,300 
Ib./sq. in., and 59 weight % water. In 
the miscibility gap between these com- 
positions the phenomenon associated with 
the L-V critical point is observed only 
for the benzene-rich phase but not for the 


reported for benzene by Kay and __ perature. mixture as a whole. 
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Nevens (6) and the vapor pressure of 
water given by Keenan and Keyes (7). pep 
These curves together form the P-T-« 
space diagram. The three-phase curve 
represents the pressure and temperature 320 Ve (kK) 
condition where two liquid phases and a & § 00 bap 
vapor phase coexist in equilibrium; = 
hence, when the pressure or temperature 300 4 
is set, the system is defined. The three- w 
phase curve originates at the solid-liquid 
phase boundary and terminates in the \ (L) 
critical end point. The coordinates of this ( J) 35 = 
point are 268.3°C., 1,364 lb./sq. in., and COMPOSITION WT% WATER 3 00 


25.8 weight % water. Immediately above 
the three-phase curve the system exists 
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Fig. 4. Temperature-composition isobaric diagrams of the benzene-water system. 
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Fig. 5. Temperature-composition diagram 
for the benzene-water system. 


TABLE 2, PRESSURE-TEMPERATURE 
Retations ALONG THE THREE-PHASE 

CURVE AND THE EXTENSION OF THE 
TuHREE-PHASE CuRVE, BENZENE-WATER 


System 
Temperature, Pressure, 
°C. Ib./sq. in. abs. 
Expt 
180 295 
190 360 
200 438 
210 531 
220 633 
230 752 
240 885 
250 1038 
255 1123 
260 1212 
265 1307 
268.3 1364 
270 1404 
280 1610 
290 1825 
300 2070 
306.4 2302 (2L-T;,,) 


INTERPRETATION OF THE DATA 


From the graphically smoothed data 
and plots of Figure 2 a series of cross plots 
was prepared in order to interpret more 
fully the nature of the phase behavior. 

Up to the three-phase critical end point 
(268.3°C.) the benzene-water system 
develops in a manner usually ascribed to 
a partially miscible system in which the 
vapor composition at a point of uni- 
variance lies intermediate to the two 
liquid compositions. This is clearly shown 
in the P-x phase diagrams at constant 
temperature, Figures 3a, 3b, and 3c, 
and the T-x phase diagrams at constant 
pressure, Figures 4a, b, c, and d. The 
point of intersection of the vapor curves 
with the constant-pressure line in each 
of the P-x diagrams and with the constant- 
temperature line in each of the T-x 
diagrams is a heteroazeotropic point (14). 
The three-phase curve is therefore the 
vapor-pressure curve of the heteroazeo- 
trope or constant-boiling mixture formed 
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by benzene and water. The variation of 
its composition with temperature is 
shown by the vapor curve in Figure 5. 

The existence of an island in the P-« 
section (Figures 3c and d) is the result 
of the negative slope of the critical-locus 
curve. Referring to Figure 2, one can see 
that any isotherm taken in the range of 
temperatures from the three-phase crit- 
ical end point to the critical point of pure 
benzene will have an island. 

In the region of the three-phase critical 
temperature and pressure there can be 
detected the subtleties of the evolution 
of the surface to realign itself so as to 
continue on in another direction. Signifi- 
cantly Figure 5, the solubility diagram, 
shows the benzene-rich liquid-solubility 
branch going to the vapor branch 
abruptly at the three-phase critical end 
point. There is no smooth, rounded com- 
promise meeting of the two curves. The 
vapor branch continues directly on above 
the three-phase critical, having taken on 
itself the meaning of both branches from 
which it evolved. Similarly the critical 
locus curve (Figure 5) goes through a 
minimum before reaching the three- 
phase critical to attain a positive slope 
and be directed toward its ultimate 
terminal, the critical point of water. 

The three-phase curve extended beyond 
the critical end point temperature 
(268.3°C.) to the critical solution tem- 
perature (306.4°C.) does in effect con- 
tinue to represent three-phase equili- 
brium. However the transition of one of 
the liquid phases to the vapor phase is 
continuous and accompanied by no 
volume change at constant temperature 
and pressure. The extension of the three- 
phase curve may be considered to repre- 
sent a metastable three-phase equili- 
brium. A point on the curve would 
represent the limit of the solubility of a 
benzene-rich dense gas or fluid phase and 
a water-rich liquid phase at a tempera- 
ture and pressure where the liquid is just 
beginning to vaporize. However the dense 
fluid and the vapor form a homogeneous 
mixture which is identified as a single 
phase. 

When one traces the phase changes of 
a mixture of composition 2; in Figure 4h, 
the foregoing interpretation is illustrated. 
At some low temperature, and a pressure 
of 2,000 Ib./sq. in., the mixture will exist 
as two liquid phases. These two liquid 
phases increase mutually in solubility as 
the temperature is raised to approxi- 
mately 264°C. With further increase in 
temperature the benzene-rich phase is 
no longer identified as a liquid but rather 
as a dense fluid, and the effect of increased 
temperature is a continued increase in 
solubility of the two phases. Upon 
reaching a temperature of 297°C. these 
two phases have reached their maximum 
solubility, which may in a broad sense 
be called the limit of solubility of the gas 
and liquid. At this temperature the water- 
rich phase begins to vaporize and the 
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vapor which is formed is completely 
dissolved in the benzene-rich fluid. An 
increase in the temperature above 297°C. 
causes a normal pattern of behavior. 
In terms of solubility the liquid becomes 
more soluble in the vapor while the vapor 
becomes less soluble in the liquid. 

Figure 5 outlines completely the solu- 
bility relations of the saturated liquids 
for the system. All mixtures become 
completely miscible at a temperature of 
306.4°C., which corresponds to a pressure 
of 2.300 Ib./sq. in. A mixture containing 
about 59 weight % water was deduced 
to be the composition which will be 
critical at this point. Mixtures which still 
retain two phases at temperatures and 
pressures above the critical solution 
point have phase boundaries like normal 
binary mixtures, Figures 3(H), 4(K), and 
4(M). 
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Performance of Packed Columns 


V. Effect of Solute Concentration on Gas-Phase Mass Transfer Rates 


H. L. SHULMAN and L. J. DELANEY 


Clarkson College of Technology, Potsdam, New York 


In a determination of the effect of solute concentration on gas-phase mass transfer 
rates carbon tetrachloride was vaporized at three different concentration levels in a short 
4.0-in.-diameter column packed with 0.5-in. Raschig rings. 

The experimental data indicate that previous mass transfer correlations should be 
modified to include a term (P,;,,/P7)?/* and that the Schmidt number should be evaluated 


at average film conditions. 


The correlation found is suitable for predicting gas-phase mass transfer coefficients 
which can be combined with effective interfacial areas reported previously to obtain 
volumetric mass transfer coefficients for any gas-liquid-solute system. 


Parts I to III were published in vol- 
ume 1; part IV appeared in volume 3. 

In the previous papers (4 to 7) of this 
series a correlation was developed for 
the prediction of the gas-phase mass 
transfer coefficient in packings: 


G pDy 


D,G 

1.195] 
This correlation was obtained from ex- 
perimental work in which several gases 
and packings were employed at varying 
temperatures, pressures, and flow rates. 
As a result it can be said that this correl- 
ation has been checked for its ability to 
predict the effect on the mass transfer 
coefficient of varying every independent 
variable which appears in the equation 
with the exception of that of the mean 
partial pressure of the inert gas. 

For a number of reasons it has been 
most convenient to do experimental mass 
transfer work with low solute concen- 
trations, and as a result Pg, has always 
been almost equal to the total pressure 
on the experimental system. Thus in 
spite of the enormous amount of experi- 
mental mass transfer work which has 
been done and reported there are very 
few data available which can be used to 
check the effect of Pgy. Any correlating 


(1) 


Tabular material has been deposited as document 
5971 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 
Washington 25, D. C., and may be obtained for 
$1.25 for photoprints or 35-mm. microfilm. 
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equation which employs Pgy can have 
it replaced by Pr without any significant 
effect on the degree of correlation 
obtained with low solute-concentration 
data. 

The term Pzy appears in the equation 
for the steady state rate of molecular 
diffusion of one component through a 
stagnant layer of another gas. 


Dy P(Ap) 
= RITZ Pox) @) 


As this equation does not describe the 
rate of mass transfer for physical systems 
in which turbulent motion of fluids occurs, 
a simpler empirical approach has been 
used which employs the gas-phase mass 
transfer coefficient: 


Na = ke(Ap) (3) 


Unfortunately Equations (2) and (8) 
have been compared to lead to some 
false conclusions, as shown in 


_Dy Pr / 
= RTZ Pan (4) 


Chilton and Colburn (2), attempting to 
correlate mass transfer data by an 
analogy to work in heat transfer, intro- 
duced Py into the dimensionless group 
kgeMyPpmu/G, which by the methods of 
dimensional analysis is found to be a 
function of the Schmidt number (u/pDy) 
and a Reynolds number. It was felt that 
since Pg, is associated with the diffusion 
coefficient, in relationships such as 
Equation (2), and diffusion plays a role 


Na 


ke 
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in the over-all process of mass transfer, 
the use of Pz, was justified. Correlations 
of mass transfer data for many physical 
systems of practical importance by means 
of the Chilton and Colburn relationship 
have been successful because low solute- 
concentrations were employed. Under 
these conditions if Py had been sub- 
stituted for Pz, the correlations would 
have been just as good. 

Most correlations of the Chilton and 
Colburn type have shown that the ex- 
ponent on the Schmidt number (u/pDy) 
is approximately 2/3 as in Equation (1). 
This implies that kg is proportional to 
(Dy)?/s.. However the correlations also 
imply that kg is inversely proportional 
to Pg, which does not give the relation- 
ship between Dy and Psy as expected 
from Equation (2) for a region in which 
molecular diffusion is the rate-controlling 
mechanism for mass transfer. By analogy 
with the effect found for Dy one might 
expect kg to be inversely proportional 
to (P )?/ 3, 

If both Psy and P, are employed, 
dimensional-analysis methods could yield 
a modified form of Equation (1) in which 
the ratio (Pgy/Pr) appears as an 
additional dimensionless group: 


E My Ps Paw 
G pDy (5) 


—0.36 
= 


In this equation the exponent n on 
(Peu/Pr) could be expected to be 2/3 on 
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the basis of the preceding discussion. 
Regardless of the value of n, this equa- 
tion will correlate low-solute-concen- 
tration data as well as Equation (1). 

Two attempts have been made in 
recent years to obtain reliable gas-phase 
mass transfer data at high enough solute 
concentrations to investigate the effect 
of Pgy on the mass transfer coefficient. 
Cairns and Roper (1) employed a 
wetted-wall column to vaporize water 
into air at very high humidities. Their 
mass transfer data scattered badly 
possibly because they were operating in 
or near the critical zone by employing 
Reynolds numbers between 2,390 and 
9,095; however they did offer a correlation 
which shows kg inversely proportional to 
(Pau 

Westkaemper and White (8) obtained 
similar data by vaporizing carbon tetr- 
chloride into an air stream flowing 
through a duct of rectangular cross 
section at Reynolds number between 600 
and 15,000. By using the data for 
Reynolds numbers above 2,000 these 
investigators came to the unusual con- 
clusion that their data could be correlated 
equally as well by the use of a (Pgy,/P7) 
term raised to the zero or first power. 
Their equations in rearranged form are 


G Py pDy, 


0.42 (6) 
0.00012] | 
and 
G P, D 
0.08 (7) 
= 0.0014] 22 | 


Both these equations are immediately 
open to suspicion because they imply 
that kg is proportional to the gas rate 
raised to the 1.42 and 1.08 power, re- 
spectively. This is very unusual because 
extensive experience has shown this power 
to vary from about 0.60 to 0.83 for mass 
transfer. 


Fig. 2. Data of Westkaemper and White (8). 


The unusual conclusions reached by 
these investigations can be explained 
easily as due to the unfortunate interpre- 
tation of a portion of their data and a 
coincidence in obtaining data in such a 
manner as to have introduced a relation- 
ship between (Pg,,/Pr) and Reynolds 
number. These difficulties are shown in 
Figures 1 and 2. In Figure 1 Equation 
(7) is compared with the experimental 
data and a reference line showing the 
friction factor and the heat transfer 
factor for smooth round tubes. It can 
be seen that the data, although some- 
what scattered, fall below but in a band 
parallel to the reference line. Un- 
fortunately the investigators in attempt- 
ing to obtain a correlation showing the 
minimum standard deviation ignored 
the data at low Reynolds numbers and 
obtained Equation (7). Cairns and 
Roper’s (1) data are seen to scatter about 
the reference line. Figure 2 shows the 
coincidental relationship between 
(Pgu/P,r) and Reynolds number for the 
experimental data resulting in 


Pom DG —0.34 


for Reynolds numbers above 2,000. 
Because of this unfortunate coincidence 
the data can be correlated just as well by 
using any power on the (Pgy,/P7) term 
and obtaining the corresponding power 


0.01 
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Fig. 1. Comparison of literature data. 
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on Reynolds number. It can be concluded 
that the data of Westkaemper and White 
(8) cannot be used to determine the 
effect of Pay on ke. 

The object of the present work is to 
determine the effect of Pgy on kg for 
mass transfer in a packed column. A 
packed column avoids the difficulties 
inherent in operating in the ciritical and 
transition zones, such as encountered in 
wetted-wall columns. By vaporizing 
carbon tetrachloride into air streams of 
three different levels of concentration at 
varying gas rates one can avoid a co- 
incidental relationship between (Ppy/P,r) 
and Reynolds number. The use of a short 
packed column results in a small gas- 
stream concentration change which 
makes it simple to employ average 
physical properties to interprete the 
data. Recycling the liquid carbon tetra- 
chloride, one can adjust operating con- 
ditions to provide for little or no liquid 
temperature change throughout the 
column. This facilitates the determination 
of the liquid surface conditions required 
for the calculation of driving forces. 


EQUIPMENT 


Figure 3 shows a schematic diagram of 
the apparatus employed. 

The experimental work was done in a 
Pyrex column 4 in. in diameter and packed 
with 1.75 in. of 0.5-in. Raschig rings. Air 
was obtained by means of a blower with a 
variable speed drive for coarse adjustments. 
Fine adjustments were made with valves 
located directly below the rotameters. The 
liquid rotameter was calibrated for a liquid 
rate of 3,000 lb./(hr.)(sq. ft.) in the liquid 
temperature range used. The column was 
heated with nichrome wire to avoid con- 
densation and to maintain an essentially 
adiabatic operation. 

The liquid receiving tank, a steel tank 
with a capacity of 5 gal., was located below 
the column. It was connected directly to 
a similar constant-head tank located 5 ft. 
above the top of the column. The liquid 
was circulated by a gear pump through a 
filter. An overflow line from the constant 
head tank to the receiving tank ensured a 
constant amount of liquid in the overhead 
tank at all times. The liquid was heated 
with a 1.5-kw. plate heater located directly 
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Fig. 3. Diagram of apparatus. 


below the receiving tank. The temperature 
was controlled with a variable transformer 
used to adjust the power input. The copper 
lines were insulated with asbestos tape 
and covered with aluminum foil. 
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Fig. 4. Experimental data with Schmidt 
number based on average bulk composition. 


A carbon tetrachloride boiler was used 
to give gas mixtures of the desired compo- 
sition. Heat was supplied to the boiler by 
an immersion heater with the power input 
controlled by a variable transformer. The 
carbon tetrachloride vapor was _ passed 
through a 2-ft. length of copper tubing 
covered with a 400-watt jacket type of 
heater and mixed with air that had been 
heated to 800°F. The air heater was a 
4.5-kw. Chromalox heater equipped with 
automatic temperature controls. 

The heated gases were brought into the 
base of the column where the temperature 
was measured with an _ iron-constantan 
thermocouple. The gas distributor was a 
cross made of a brass stock bar % in. 
wide and %& in. deep. Two grooves were 
cut along the underside of each arm of 
the cross, and six 0.125-in. holes were 
drilled along each groove from the end to 
the center of the cross, making a total of 
forty-eight discharge holes. 

The liquid entered the top of the column 
and was discharged directly above the 
packing to minimize end effects. The liquid 
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distributor was made of 0.25-in. copper 
tubing forming a continuous coil of two 
turns, with fifty holes 0.031 in. in diameter 
drilled radially along the underside. The 
temperature of the liquid was measured 
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Fig. 5. Correlation of data with Schmidt 
number based on average film composition 
and (Pgy/Pr)'. 


with a thermocouple just before being dis- 
charged into the packing; then a portion 
of the liquid leaving the packing was 
collected in a shallow trough and the 
temperature was measured there with a 
thermocouple which was always immersed 
in fresh liquid coming from the packing. 
The temperature of the gas leaving the 
column was measured with a thermometer 
placed above the liquid distributor. The 
carbon tetrachloride recovery system con- 
sisted of two double-pipe heat exchangers 
connected in series. The condensate was 
returned to the boiler. 

Inlet gas samples were taken from the 
inlet gas line 14 in. below the distributor, 
and outlet samples were taken as the gas 
left the column. The samples were drawn 
through 0.125-in. copper tubing by slight 
suction, which was kept constant once the 
runs were started. An analysis was made 
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for air, and carbon tetrachloride concen- 
tration was calculated by difference. The 
concentration of air was given by compari- 
son of the peak height of pure air with the 
peak height for the air of the mixtures; 
because it was found that the width of 
the air peak was constant, peak heights 
were used rather than the area under the 
curve. Peak heights for pure air were 
reproducible within 0.2%. 


PROCEDURE 


The chromatographic analyzer required 
approximately 3 hr. to reach equilibrium, 
and therefore the analyzer was set well 
in advance of an actual run. Helium was 
the carrier gas, and a flow rate was used 
that gave reproducible peaks for pure air. 

When runs were to be made with carbon 
tetrachloride from the boiler, the power 
for the boiler was turned on first. Air was 
then sent through the column. The thermo- 
static control on the air heater was set at 
800°F. to bring the piping and insulation 
to equilibrium. The jacketed heater on the 
carbon tetrachloride line was also turned 
on to superheat the vapor before it was 
mixed with air. The liquid heater under 
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Fig. 6. Correlation of data with Schmidt 
number based on average film composition 
and 


the liquid receiver tank was turned on and 
then the nichrome heating wire on the 
column. The equipment required about 
1 hr. to come to operating conditions. 

A series of pure air peaks was then taken 
to be compared with actual heights taken 
during runs. Inlet compositions were set 
by the adjustment of the power input to 
the boiler following analysis of the inlet 
stream. When the desired inlet composition 
was reached, the heated liquid from the 
constant head tank was started through 
the column and adjusted to a rate of 
3,000 lb./(hr.)(sq. ft.). The system was 
allowed to run about 15 min. while the 
liquid temperature was being adjusted so 
that its temperature remained fairly con- 
stant as it passed through the packing. 

The analyzer required 6 min. to analyze 
a sample. To make a given measurement 
the sample valve was opened to bring the 
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sample from the top of the column into 
the analyzer. Temperature and pressure 
measurements required about 2 min. to be 
recorded, which was about the time re- 
quired for the analyzer to produce the 
analysis for air. The sample line for the 
inlet concentration was then connected to 
the analyzer. After the analysis of the top 
sample for air was complete, the bottom 
sample had about 3 min. to flush out the 
sample valve. The inlet stream was then 
analyzed and the inlet concentration was 
found to remain constant over a period of 
time with the same boiler setting. The 
settings were changed on the boiler and 
air rate, and the procedure was repeated. 
Intermittent pure-air samples were taken 
to make sure that there was no variation 
in the pure-air peak height. 

The high concentration runs were done as 
the first series, then the medium concen- 
tration runs, and finally the low concentra- 
tion runs. The packing and the distributor 
were not disturbed once actual runs were 
being made. Typical experimental data 
for five runs are presented in Table 1. 
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Fig. 7. Correlation of data with Schmidt 
number based on average film composition 
and (Pgy/Pr)°. 


METHODS OF CALCULATION 


The volumetric mass transfer co- 


efficient is calculated from 


(N 4a) 


(AD) 1m 


(9) 
where 


(p: — pi — (pi — 

(Ap), = 10 

P)im In (p; ( ) 
(p; = 


and Na is obtained from the measured 
air rate and the analysis of the inlet and 
outlet streams. 

The mass transfer coefficient is calcu- 
lated from kea by estimating a with the 
methods developed previously (4 to 7). 
Viscosities and diffusivities are calculated 
by the methods outlined in the text of 
Hirschfelder, Curtis, and Bird (3). The 
void fraction in the irrigated packing is 
estimated by methods presented pre- 
ciously (4, 6, 7). The reported gas rates 
are an average of the inlet and outlet 
rates. Molecular weights and physical 
properties are determined from an 
average of the inlet and outlet compo- 
sitions and temperatures except as other- 
wise noted. The reported values of Pay 
are the arithmetic average of the Pgy, at 
the inlet and outlet ends of the packed 
column. The Schmidt number varies 
rapidly with changing composition but 
is almost independent of temperature 
changes. As a result it was evaluated and 
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Fig. 8. Correlation of data with Schmidt 
number based on average film composition 
and (Pgy,/Pr)°. 


used in two ways, first at the average 
bulk composition and second at what 
might be called “film” conditions, that 
is an average of the inlet, outlet, bulk, 
and interfacial conditions. The second 
composition corresponds closely to the 
value value obtained by the subtraction 
of Psy from Pp for this work. 

The gas rate was read on a rotameter 
calibrated to within 3%. Air concen- 
trations could be determined to better 
than 1%. The carbon tetrachloride 


TABLE 1. TypricAL EXPERIMENTAL DaTAa 


Run 1 
Liquid rate, lb./(hr.)(sq. ft.) 3,000 
Pure-air rate, lb./hr. 4.78 
Mole fraction CC1y, inlet, 7: 0.360 
Mole fraction CC1,, outlet, ye 0.504 
Liquid temperature, bottom, °C. 57.6 
Liquid temperature, top, °C. 59.4 
Gas temperature, bottom, °C. 144 
Gas temperature, top, °C. 71 
Total pressure, atm. 0.973 
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7 10 17 21 
3,000 3,000 3,000 3,000 
3.41 4.80 1.36 2.38 
0.229 0 0.433 0.276 
0.359 0.245 0.616 0.454 
48 .2 43.2 62.6 53.2 
50.1 45.9 63 .6 54.8 
111 211 175 115 
65 63 92 76 
0.976 1.000 0.988 1.000 
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concentrations, obtained by difference, 
were reproducible to within 1% at high 
concentration and about 2% at low con- 
centrations. As a result it can be 
estimated that the calculated kcga values 
are reproducible to better than 10% at 
low concentrations and 30% at the very 
high concentrations where a close ap- 
proach to equilibrium introduces ap- 
preciable uncertainty in the driving 
forces. The final correlation of the data 
(Figure 10) shows scatter of the experi- 
mental data at the various concentration 
levels within the limits estimated. 


EXPERIMENTAL RESULTS 


An attempt was made to obtain data 
at three concentration levels with varying 
gas rates. This was done by introducing 
gas to the column roughly at the 0, 
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Fig. 9. Correlation of data with Schmidt 
number based on average film composition 
and 


0.20, and 0.40 mole fraction carbon 
tetrachloride levels. When one vaporized 
additional carbon tetrachloride in the 
column, the outlet concentrations rose 
approximately 15 to 25 mole % above 
the inlet concentrations. The highest 
outlet concentration obtained was 0.616 
mole fraction carbon tetrachloride. The 
data obtained are shown in Figures 4 
through 10 with the three different con- 
centration levels indicated. It should be 
realized that since it was impractical to 
hold the inlet concentrations constant for 
each level, the concentration differences 
between points at the three levels are not 
uniform and the scatter at any one level 
may be due in part to concentration 
differences. 

In an attempt to correlate the data to 
determine the true effect of Ppy a 
problem is encountered which one does 
have to face at low concentrations or 
with a system such as air and water. 
This is the change in physical properties 
with changes in concentration and 
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Fig. 10. Correlation of data with Schmidt 
number based on average film composition 
and 


especially the great variation in Schmidt 
number with changing concentration. 

The first attempt to correlate the data 
is shown in Figure 4, where physical 
properties are based on a composition 
which is the arithmetic average of the 
inlet and outlet concentrations. It can 
be seen that the data fall into three bands 
depending upon concentration level and 
that the effect of gas rate is different for 
the three. Further attempts to correlate 
the date with Schmidt numbers based on 
average column compositions were not 
successful because the effect of gas rate 
found did not agree with Equation (1), 
and the power on the (Pgx,/Pr) term 
as shown in Equation (5) was zero or 
negative. 

All further attempts at correlation 
employed Schmidt numbers evaluated at 
average film conditions; that is the inlet, 
outlet, bulk, and interfacial, concen- 
trations were averaged. Figure 5 shows 
the data with a (Pgx/P,)! term used. 
The points still show an effect of con- 
centration but an effect of gas rate closer 
to that expected from Equation (1). 
Since the low concentration runs at the 
higher gas rates were taken near loading 
conditions, it was felt that the removal 
of the effective interfacial area would 
make it possible to test Equation (5) to 
find the best power on the (Pg,,/P7). 
This was accomplished by estimating a 
and ¢ as described under methods of 
calculation. Figure 6 shows further im- 
provement in correlation by the use of 
this method, but an effect of concen- 
tration is still present. Figures 7 and 8 
show attempts with (Pgs,;/P7)® employed. 
Again the proper effect of gas rate is 
indicated, but the effect of concentration 
is reversed; that is the low concentration 
data now fall below the high concen- 
tration data. It appears therefore that 
the best power on'(Pgy,/P7) lies between 
zero and one. Several additional trials 
indicated that the use of (Psy/P,r)?/ 
would correlate the data to give the effect 
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of gas rate called for by Equations (1) 
and (5) and eliminate scatter which 
could be attributed to concentration 
level. Figures 9 and 10 show the data 
with (Pgy/P7)?!*. 

The difference between the coefficient 
of the equation shown on Figure 10 and 
that of Equation (5) is probably due to a 
number of factors, several of which can 
be shown to predict a higher coefficient 
for this work. Since a very short column 
was used, end effects and excellent gas 
and liquid distribution would tend to 
provide a much higher coefficient. In 
addition there is some question as to the 
reliability of estimating a and e for 
carbon tetrachloride because it has a 
density well above that used in develop- 
ing the methods of predicting these 
quantities. 

Since the effect of gas rate found is 
identical to that found in previous 
studies with packings, it is believed that 
the data are valid for conditions repre- 
sentative of flow patterns in packings 
and that the effect of Psy can be pre- 
dicted by the use of (Pgy/P,r)?/3 in an 
expression such as Equation (5). The 
2/3 power is also in agreement with the 
effect of Dy found previously, and it is 
logical to expect the same relationship 
between Pgy and Dy as is found for 
molecular diffusion to hold for systems 
where molecular diffusion plays a part 
in the over-all process of mass transfer. 


SUMMARY AND CONCLUSIONS 


Mass transfer data including data 
obtained at three concentration levels 
indicate that mass transfer coefficients 
for packings can be correlated by 


G Pr pDy 


D G -—0.36 
= 1.195] | 
u(l — e) 


when the Schmidt number is evaluated 
at average film conditions. 

This equation makes it possible to 
predict a kg which can be combined with 
effective interfacial areas reported pre- 
viously (4 to 7) to obtain a kga for any 
desired gas-liquid-solute system for which 
physical properties are available. 


(11) 
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NOTATION 

a = effective interfacial area, sq. 
ft./eu. ft. 

D = equivalent diameter or 


characteristic dimension, ft. 


Dp diameter of sphere possessing 
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the same surface area as a 
piece of packing, ft. 


Dy = diffusivity of solute in gas, 
sq. ft./hr. 

f = friction factor for smooth 
tubes 

G = superficial gas rate, lb./(hr.) 
(sq. ft.) 

jp = mass transfer factor, defined 
by Equation (1) 

ju = heat transfer factor for smooth 
tubes 

ke = gas-phase mass transfer co- 
efficient, lb.-moles/(hr.) (sq. 
ft.) (atm.) 

kga = volumetric mass transfer co- 
efficient 

My = mean molecular weight of gas, 
lb./lb.-mole 

n = exponent on (Pg,,/Pr) in 
Equation (5) 

Na = rate of mass transfer, lb.- 


moles/(hr.) (sq. ft.) 

N,a@ = 1b-moles of carbon tetra- 
chloride vaporized/hr./cu. ft. 
of packing 

p = partial pressure of carbon 
tetrachloride in gas, atm. 

Ap = solute partial pressure differ- 
ence, atm. 

(Ap)im = logarithmic 
force, atm. 


mean driving 


Psy = mean partial pressure of inert 
gas in the gas phase, atm. 

Di = partial pressure of carbon 
tetrachloride at liquid surface, 
atm. 

Pr = total pressure, atm. 

R = gas-law constant 

T = absolute temperature, °K. 

y = solute mole fraction 

Z = diffusion path length, ft. 

€ = void fraction, cu. ft./cu. ft. 

mn = gas viscosity, lb./(hr.) (ft.) 

p = gas density, lb./cu. ft. 

Subscripts 

1 = bottom of packing 

2 = top of packing 
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Multicomponent Distillation on a 


Large Digital Computer 


II. Generalization With Side-Stream Stripping 


N. R. AMUNDSON, A. J. PONTINEN, and J. W. TIERNEY 


The problem of multicomponent distillation is considered for a column with an arbitrary 
number of feed streams and an arbitrary number of side-stream withdrawals. The over- 
heads from the side-stream strippers are admitted to the column, introducing the inert 
stripping medium into the main column. Provisions are made in the calculations for com- 
plete heat balancing, inert injection, and internal reflux cooling. The method of computation 
is that of a previous paper involving the component-by-component technique. Calculations 
are made on the main column and give first approximations to the side-stream compositions; 
stripper calculations are then initiated. An alternating procedure is instituted between 
the main column and the strippers, the successive iterations continuing until a preassigned 
accuracy in the desired quantities is reached. An extensive numerical problem is worked. 


In a previous paper (/) a technique 
for multicomponent distillation calcula- 
tions was developed. If the equations of 
conservation of mass and energy are 
written around each plate, there are 
(m + 1) equations, m equations arising 
from the conservation of each of the m 
components and one from the _ heat 
balance. With V + 1 stages in the column 
it was shown that there are a total of 
(VN + 1) m+ N equations which must 
be solved simultaneously under the con- 
dition of restraint that temperatures are 
so chosen that the vapor and liquid mole 
fractions in each stage total one. It was 
assumed that the number of plates, feed- 
plate location, condition of feed, etc., 
were fixed in advance so that the compo- 
sition profile through the column might 
be computed. reflux rate and overhead 
vapor draw off having been fixed. Design 
problems such as optimum feed-plate 
location or number of plates for a given 
separation were not discussed, since such 
problems could be solved by the succes- 
sive application of the above technique 
with a resultant bracketing of the desired 
values. In this paper the equations will 
be written in a more general form to 
include the effects of side-stream 
strippers, inert injection, and internal- 
reflux cooling. A method will be de- 
scribed which should be useful for hydro- 
carbon distillations in which side streams 
must be stripped of light components 
and the overhead from the stripper re- 
turned to the column. An extensive 
numerical example will be discussed. 


DEVELOPMENT OF EQUATIONS— 
MAIN COLUMN 


The column shown in Figure 1 is 
considered with N theoretical stages and 
a partial condenser, the latter denoted 
as the zeroth stage and the reboiler the 


_Neal R. Amundson is with the University of 
Minnesota, Minneapolis, Minnesota, 
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Nth stage. It is assumed that the inert 
is noncondensible in the column and in- 
soluble in the liquid phase. The inert part 
of the feed to the jth stage will be treated 
as an s; with the remainder F’;. The vapor 
flow from the jth stage U; is 


UO, (1) 


Y= 
k=0 
must also be defined, and then 


L; — Y; V 


The usual mass balance on the 7th com- 
ponent is 


S;%33 = 0 


where this equation does not apply to 
the inert component. With the equi- 


(3) 


librium relation y;; = K;;2;;, this 
reduces to 
+ FB; + Vier + (4) 
= —F 


This equation holds for all stages includ- 
ing the partial condenser and the re- 
boiler provided one chooses 


z= 0, 7<0, j>N 
U;=0, j>N 

Yo = —Vo 


Equation (4) is a set of equations 
which may be written in matrix form: 


MX; = —F,, 


or, when one inverts M,, 
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X; = (5) 
4=1,2,---,m 
If a,, is an element of M;, then 
= +P; + Vin 
+ U;K;), 0535 N 


= K 
0<jS5N-1 
Vit Yin, 


Q; 541 


= 
1<jSN 


all other elements being zero. The ele- 


ments of are x;;,] = N; F; has com- 
ponents Ftp j 

The heat balance around the jth 
stage gives 


Q; + + 
+ 
+ 
+ — Sih; + 8,f,; = 0 


From 
and 
Y; — Y;-. = F; -— 8; 
it follows that 


— Ay) + — hj) 
= -—Q; + Y;-1(h; — 
+ — 
+ I(H.; — 
+ — 
or 
— Hy) + — hi) 
= —Q; + Y;-.(h; — hj-y) 
+ F,(h; — 
+ — 
+ — 


This equation is a set of equations which 
may be written in matrix form 


HV=G, © 
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TABLE 1. DATA FOR ILLUSTRATIVE PROBLEM 


Component Equilibrium constant Vapor enthalpy 
ay B: X 10 vi X 104 A; X 108 A; B; X 10? 
Ce — 22.93 27.42 — 9.64 1.290 9 ,259 3,125 
Cs — 29.72 37.34 — 4.22 1.761 12,390 4,000 
Cy — 2.631 3.702 — 1.681 0.2828 13 ,000 4,900 
Cro — 1.380 2.125 — 1.040 0.1812 14,400 5,350 
Cu — 2.115 2.896 —11.252 0.1841 15,890 5,700 
Cis — 1.363 1.864 — 0.811 0.1193 17 ,650 6,100 
Cis — 2.872 3.680 — 1.446 0.1825 18,860 6,650 
Cus — 0.950 1.260 — 0.528 0.0723 20 ,310 7,050 
Cis — 0.738 0.987 — 0.398 0.0550 22 ,920 6,250 
Cie — 0.538 0.722 — 0.300 0.0400 22,800 8,350 


Mole 

Liquid enthalpy Fraction 

C; X 104 a; b; in feed 
232 —4,940 45.1 0.11 
312 —4,800 57.5 0.06 
300 —4,250 64.5 0.04 
350 —3,380 71.4 0.03 
412 —2,660 78.1 0.06 
450 —1,250 85.0 0.30 
488 360 91.9 0.07 
538 2,350 98.8 0.13 
625 4,700 105.5 0.12 
550 7,600 112.0 0.08 


Number of plates including reboiler = 20 + partial condenser 

Side-stream draw off from plate 9 

Overhead from side-stream stripper to plate 5 

Number of plates in stripper = 6 

Feed on plate 15 at 100 moles/unit time 

Moles steam in stripper = 5 

Side-stream draw-off rate = 35 

Overhead vapor rate = 25 (hydrocarbon only) 

Reflux ratio = 4 

Feed — saturated liquid at 300°F., Hp = 24,769 B.t.u./lb. mole 

Steam to stripper superheated to 400°F., H, = 22,324 B.t.u./lb. mole 
H, = 18,918 + 8.514 T (T in °F.) 


where V has as elements V;, j = 1 to N. 
The elements of G are 


= —Q; + Y;-.(h; — h;-1) 
+ — Hp;) 
+ s(H,; — H.,), 
j=1 to N 
and the elements of A are b,,, where 
b;; = hy-. — H;, 
i—/h 


= 


i? 


1<j<N-1 


DISTILLATION COLUMN 
WITH SIDE STREAM STRIPPERS 


PARTIA 
CONDENSER 


f 


TYPICAL MAIN ———> 
‘COLUMN PLATE 


PROOUCT STREAMS 


TYPICAL STRIPPER 
PLATE 


Fig. 1. Diagrammatic sketch of distillation 
column with side-stream strippers. 
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all other elements being zero. H is already 
in triangular form. 

A complete heat balance around the 
column but excluding the partial con- 
denser gives 


N 


N 
— He; + Sih; 
1 


1 


N N-1 
(R 1) R V oho (7) 


N 
— > F;He; 
1 


N N 
1 1 
N-1 
Q; 
1 
and Qy may be eliminated from the 
enthalpy matrix. Ordinarily all other 


Q;’s are zero. The heat balance around 
the partial condenser gives 


Qo = — H, + = H,)| (8) 


Before the method of solution is de- 
scribed, the temperature-correction pro- 
cedure must be considered. Since V; 
represents the noninert vapor and I; 
the inert vapor, while y;; is the mole 
fraction of the ith component in the 
total vapor U;, it follows that 


U; = (V; + I;) = V; 


where g; is a number less than 1. In the 


main column J; is generally not large 
compared with V;, and so g; is only 
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slightly less than 1. In a side-stream strip- 
per however, where the liquid vapori- 
zation is usually not large, g; may be 
small, say of the order of one tenth. Thus 


Kj 


on each plate. When one uses the first 
two terms of the Taylor series in the 
expansion of K;,2;; in the temper- 
ature, 


Ki 


If 7,’ is a temperature at which }: 
K;;2;; is known, then 7; is the temper- 
ature at which this same quantity may 
be approximately computed. If it is 
assumed that the only necessity for 
correcting the temperature is that the 
K;,’s are incorrect, the x;; should be 
normalized on each tray by division by 
>>; 2;;. Thus the temperature correction 


necessary to produce >>; K,,2;; = 9; 
will be 
T; —T;' = (9; Uji 


{> 
oT, 


In the computations described in this 
paper the equilibrium constants used 
are the ideal-solution constants and hence 
are independent of composition but 
dependent upon pressure and temper- 
ature. Although there are other rational 
expressions, it will be assumed here that 
K;; is a cubie polynomial in 7’; with the 
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FLOW CHART 


MAIN COLUMN 


STRIPPER 


T 


ASSUME INITIAL 
TEMPERATURES AND 


VAPOR RATES 


CALCULATE EQUILIBRIUM 
CONSTANTS AND THEIR 
PARTIAL DERIVATIVES 


EQUILIBRIUM 
CONSTANTS AND THIER 
PARTIAL 


COMPUTE MASS BALANCES! 
FOR STRIPPER 


COMPUTE MASS BALANCES} | OPTIONAL] |STRIPPER 
stop | [OVERHEAD 
No 
TEST: SIDE 
STREAM 
OUTPUT 


OPTIONAL 


RRECT 


COMPUTE REBOILER 
HEAT, 

COMPUTE HEAT 

CORRECTING VAPOR moll 


AVERAGE NEWLY-CALCULATED 
VAPOR RATES WITH PREVIOUS 
DISTRIBUTION 


OVERHEAD AND 
BOTTOMS OUTPUT 


COMPUTE HEAT BALANCE 
CORRECTING VAPOR RATES 


AVERAGE NEWLY-CALCULATED 
VAPOR RATES WITH 
PREVIOUS DISTRIBUTION 


CORRECT 
TEMPERATURES 


Fig. 2. Simplified flow chart for computer program. 


coefficients functions of the pressure. 

Thus 

K;; =a; t+ + A,T;* 
OK;; 
of; = 

More sophisiticated expressions for the 


equilibrium constants may be used, such 
as the one derived from the Benedict- 


27:T; + 3 A,T;’ 


TasBLe 2. Matn-CoLuMN CALCULATIONS 


Webb-Rubin equation of state. In this 
case one may perform the temperature 
correction as above using the values of 
the composition from a previous iteration. 


SIDE-STREAM STRIPPER ANALYSIS 


The equations for the strippers may 
be obtained from the equations already 
developed. It will be assumed that the 


only feeds to the strippers are the side 
streams from the main column into the 
top and the inert stripping medium into 
the bottom. The stripped side stream is 
the effluent from the bottom, and the 
vapor overhead, including inert, enters 
the main column. 

If J is the inert rate into the stripper 
bottom, Ly is the side stream rate to the 
top, V; is the noninert vapor rate from 
the jth stage, then Equation (4) may be 
written 


(Lo — Vi + 
+ 


for the jth stage. This formula also holds 
for the top and bottom stages, as 2; is 
known and zy:1,; = 0. It can be written 
as a set of equations in matrix form: 


3.x, = 

where the elements d,, of ‘S; are 

d;; = —(Le + Vier — Vi 
+ U;K;,), 

1<j<N 

L+V; — Vi, 


= O 


xX, = -S,S, 


(10) 


The vector S; has Loro; as its first element 
and zeros elsewhere. 

The heat balance around the stripper 
may be obtained as 


V (hj-1 H;) + h;) 
= (Ly — Vi)(h; — h;-1) 
+ — — 


~SUMMARIZED* 


Initial assumption Problem 1 Problem 2 Problem 3 Problem 5 
Temperature, Temperature, Temperature, Temperature, Temperature, : 
°F. Vapor Vapor °F Vapor Vapor Vapor 

P.C.} 200 25 287 25 288 25 263 25 251 25 

1 212 125 351 125 351 124.8 347 139.1 333 139 .2 

2 225 125 368 125 369 137.6 366 163.0 357 164.7 

3 237 125 376 125 379 138.9 376 164.8 369 166.8 

4 250 125 384 125 386 139.0 383 165.2 376 167.3 

5 262 125 389 125 391 139.0 389 165.3 383 167 .2 

6 275 125 393 125 395 139.1 395 164.0 389 156.9 

7 287 125 397 125 398 139.3 399 165.4 393 157.7 

8 300 125 400 125 402 139.4 403 165.6 396 157.4 

9 312 125 404 125 405 139.3 406 165.5 400 157.1 
10 325 125 408 125 409 138.9 410 165.1 403 156.9 
11 337 125 412 125 412 138.3 413 164.4 406 156.7 
12 350 125 416 125 415 439727 416 163.7 408 156.3 
13 362 125 419 125 419 137 .2 420 162.9 410 155.7 
14 375 125 423 125 422 136.5 424 161.9 414 154.6 
15 387 125 428 125 426 135.4 429 160.4 420 152.7 
16 400 125 444 125 442 184.8 443 210.4 432 202 .2 
17 412 125 451 125 450 197.1 451 222.2 438 212.9 
18 425 125 458 125 458 200.7 458 225 444 214.7 
19 437 125 467 125 467 203 .4 468 226.8 452 215.2 
20 450 125 479 125 480 205 .4 480 226.9 466 215.0 

*Vapor rates are in pound moles per hundred moles of feed of hydrocarbon only. 

tPartial condenser. 
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TABLE 3. FINAL Resuits, COLUMN AND STRIPPER 


Composition of Liquid In Each Stage = hydrocarbon mole fraction 


Partial Con- 
denser Vapor 0 a: 2 3 4 5 6 
Cg 0.36666 0.06579 0.01362 0.00703 0.00593 0.00550 0.00522 0.00536 
Cg (0.19857 0.08868 0.05584 0.03313 0.02164 0.01621 0.01345 0.01225 
Cy 0.13104 0.24009 0.13615 0.06636 0.03316 0.01950 0.01407 0.01215 
Cio 0.09223 0.33986 0.31281 0.22684 0.14478 0.08718 0.05238 0.03471 
Cy, 0.04411 0.24982 0.43508 0.56820 0.62164 0.60328 0.5351. 0.46021 
Cy2 0.00151 0.01579 0.04543 0.09663 0.17083 0.26634 0.37762 0.47300 
Cy3 0.00000 0.00000 0.00000 0.00001 0.00004 0.00016 0.00050 0.00085 
C44 0.00000 0.00000 0.00000 0.00000 0.00000 0.00001 0.00002 0.00003 
Cy5 0.00000 0.00000 Q.00000 0.00000 0.00002 0.00007 0.00019 0.00029 
C46 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
T; 251.4 337 9 357.3 368.6 376.5 382.6 388 
v; - 25 139.3 164.7 166.8 167.3 167.2 156.9 
7 8 9 10 ala 12 13 
Side Stream 
Cg 0.00518 0.00502 0.00488 0.00475 0.00466 0.00458 0.00450 
Cg 0.01114 0.01025 0.00950 0.00887 0.00845 0.Q0810 0.00773 
Cy 0.01100 0.01022 0.00963 0.00914 0.00882. 0.00855 0.00829 
Cio 0.02460 0.01892 0.01569 0.01376 0.01279 0.01218 0.01167 
Cry 0.37240 0.28396 0.20445 0.13891 0.10041 0.07810 0.06462 
Cy2 0.57238 0.66555 0.74327 0.79776 0.81546 0.80393 0.76537 
Cy3 0.00174 0.00380 0,00829 0.01739 0.03047 0.04820 0.07005 
Cu4 0.00008 0.00023 0.00072 0.00223 0.00553 0.01248 0.02628 
Cys 0.00056 0.00122 0.00282 0.00650 0.01273 0.02293 0.03890 
Ci 0.00000 0.00000 0.00000 0.00002 0.00010 0.00048 0.00227 
T; 392.6 396.4 399.09 403.1 405.25 407.8 410.3 
V; 157.7 157 64, 157.1 156.9 156.7 156.3 155.7 
14 15 16 17 18 19 20 
or f; = Lo(h; — h;-1) was described in the previous paper. 
, The problem to be discussed here is a 
+ I(H,; — Q; light-hydrocarbon distillation in which 
: the total number of plates in the main 
+ — hj) 1 <j<N—1 column and the strippers, the feed-stage 
yee locations and side-stream draw-off loca- 
= L,(h; — h,-.) fy = Lolhy — tions and their respective amounts, 
— inert injection in the main column and 
strippers, pressure, and reflux ratio are 
2 pee : j = N _ specified in advance, and it is desired to 


for any stage. For the bottom stage 
Vys1 = 0. In matrix form 


9, (11) 
If e,, is an element of h, 
é, =h, — H, 
é;; = h;-. — H;, 
= — hj, 
= h; — hj-, 2578 N 


The elements of are V;,j = 1 to N; 
has elements f, 
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As in the main column, enthalpies are 
written as a sum of partial-molar en- 
thalpies and each partial-molar enthalpy 
may be taken as a cubic in the 
temperature 


H;; = A; -+- B,T; + Cz; D,T;? 
=a; + 6,7; + eT; + d,T ;* 


The enthalpy of the inert may usually 
be calculated when one assumes a con- 
stant heat capacity; thus where a differ- 
ence in enthalpy occurs, the heat capacity 
is multiplied by the temperature differ- 
ence. 


METHOD OF COMPUTATION 


The general method of computation, 
not including the stripper analysis, 
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obtain the compositions of the top, 
bottom, and side-stream stripper effluent. 
Instead of fixing the reflux ratio, one may 
specify the boil-up heat into the reboiler. 
It was found that better convergence 
usually resulted when the reflux ratio was 
specified. This problem is the analysis 
problem of distillation as opposed to the 
synthesis problem. To solve the synthesis 
problem by this technique it would be 
necessary to bracket the desired separa- 
tion by an iterative procedure. 

If a temperature distribution is as- 
sumed, equilibrium constants may be 
computed. For the nonheat-balancing 
problem the vapor rates may be com- 
puted directly, and Equations (5) and 
(9) may be used alternately to obtain the 
composition of liquid and vapor on each 
tray. Since the side-stream-stripper over- 
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TABLE 3. FinaL Resutts, COLUMN AND STRIPPER (Continued) 


0.00439 0.00027 0.00002 0.00000 0.00000 
Cg 0.00727 0.00662 0.00101 0.0001, 0.00002 0.00000 0.00000 
Cg 0.00795 0.00748 0.00194 0.00047 0.00011 0.00002 0.00000 
Cro 0.01109 0.01030 0.00425 0.00164 0.00059 0.00019 0.00005 
Cry 0.05536 0.04746 0.03127 0.01899 0.01060 0.00523 0.00211 
Cy2 0.69795 0.59760 0.58804 0.53549 0.44842 0.33169 0.20183 
Cis 0.09261 0.10729 0.13290 0.15874, 0.17704 0.17316 0.13537 
Cr4 0.05123 0.08948 0.10025 0.12210 0.15987 0.21313 0.26061 
Cys 0.06204 0.09103 0.10163 0.12150 0.15384 0.19806 0.23927 
Cx6 0.00989 0.03837 0.03827 0.04071 0.04933 0.07839 0.16066 
414.0 419.9 432.2 437.6 443.6 4524 466.0 
v, 154.6 152.7 202.2 212.9 21.7 215.2 215.0 
Vapor Overhead-Stripper 1-s 2-S 3S 4-S 5-S stripp 
Cg 0.01152 0.00091 0.00022 0.00006 0.00002 0.00001 0.00000 
Cg 0.01958 0.00592 0.00449 0.00364 0.00300 0.00240 0.00168 
Cg 0.01815 0.00693 0.00572 0.00492 0.00424 0.00356 0.00270 
C10 0.02155 0.01360 0.01262 0.01192 0.01126 0.01045 0.00911 
Cay 0.17466 0.19791 0.19486 0.19259 0.19035 0.18736 0.18072 
Cre 0.41298 0.76088 0.76784 0.77235 0.77635 0.78107 0.78980 
Cas 0.00207 0.00887 0.00912 0.00930 0.00948 0.00972 0,01031 
C14 0.00014 0.00078 0.00081 0.00083 0.00084 0.00087 0.00092 
Cas 0.00084 0.00302 0.90311 0.00317 0.00322 0.00330 0.00342 
C16 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 
- 377.9 368.2 361.4 355.0 347.3 33304 
V; - 9.793 7.225 4849 3.948 3.142 2.186 


head composition is not known at this 
time, it is assumed to be pure inert. The 
solution to this problem may then be 
used as a first approximation for the heat 
balancing. The order of the iterations 
here is somewhat arbitrary, but it has 
been found that a new heat balance need 


COMPOSITIONS 


1.01367] OO} 00 
60/198) OO} D2 
30] 92; 00/09 
60) 44) 
01 
00/239) 04 
16 7] 00] CO 


HYDROCARBON MOLES/HR 
STEAM MOLES/HR 
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Fig. 3. Schematic diagram showing equili- 
brium flow rates, temperatures, and com- 


positions for terminal streams in the sample 
problem. 
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not be made to obtain new vapor rates 
each time Equations (5) and (9) are 
iterated. Generally it has been found 
that the convergence to the final solution 
is most rapid if Equations (5) and (9) are 
iterated about three times before new 
vapor rates are computed from Equa- 
tion (6). 

At this point in the calculation one has 
a fair idea concerning the side-stream 
composition from the main column, and 
the stripper computation may now be 
instituted. For the strippers vapor rates 
must be assumed throughout the column. 
Iterations are then made by the use of 
Equations (9), (10), and (11). The 
number of mass-balance iterations be- 
tween calculations of new vapor rates 
may be varied to improve the conver- 
gence. When the convergence point is 
reached on the strippers, the main column 
calculations are reinstituted since the 
stripper overhead may perturb the 
previous calculations. It is apparent 
that the computations are then repeated 
in an obvious way, iterating between the 
column and the stripper. Calculations 
are repeated until the desired degree of 
accuracy in the pertinent variables is 
reached. Figure 2 gives a schematic flow 
chart for the computation. 

In an iterative procedure, such as that 
described here, certain tricks may make 
the technique converge when otherwise 
it may converge slowly or not al all. For 
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example the vapor rates calculated from 
the heat balance may tend to oscillate 
and thus cause the successive mass- 
balance iterations to diverge. This may 
be overcome by using the average of the 
last two calculated vapor rates as vapor 
rates. Similar techniques may be used at 
other points in the computation such as 
on compositions and temperatures. The 
convergence of the iterations in these 
distillation calculations is indeed a 
delicate and difficult question, for 
although the methods of this paper have 
proved satisfactory in the problems con- 
sidered to date, what seemed like more 
elegent methods diverged rather badly. 


DISCUSSION OF NUMERICAL PROBLEM 


A series of numerical problems will now 
be considered by means of a main column 
of twenty stages with a side stream drawn 
from the ninth stage. The overhead from 
the stream stripper is admitted to the 
main column in the fifth stage. The final 
solution is obtained as the result of the 
solution of a series of five problems. The 
data are summarized in Table 1. 


Problem 1: Main Column Only With Side-Stream 
Draw Off (No Heat Balancing) 


In this problem the vapor rates through 
the column were held constant at 125 
moles with a side-stream draw-off rate at 
35 moles. An initial temperature distri- 
bution of 200°F. in the partial condenser 
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and 450°F. in the bottom was assumed with 
a linear distribution throughout the column. 
With this assumption the >; 2;; varied 
from a minimum of 0.1112 to a maximum 
of 1.765 throughout, and varied 
from 0.2112 to 1.772. After five iterations 
results of sufficient accuracy were obtained. 
The final temperature and vapor rates are 
summarized in Table 2. 


Problem 2: Main Column Only With Side-Stream 
Draw Off (Heat Balancing Included) 


Complete heat balancing was carried 
out in this problem. The reflux ratio was 
held fixed, and Qy was computed from 
Equation (7) for insertion into G. To initiate 
the solution the results of the previous 
calculation were used as a first approxi- 
mation. The mass balancing and _ heat 
balancing were alternated, and Qy was 
recalculated at each iteration. The average 
of the last two calculated vapor rates were 
used in 1/;. Temperatures on the plates 
were not significantly different from those 
in problem 1, but vapor rates changed 
substantially below the feed. This is attri- 
buted to the fact that the feed was intro- 
duced at an unfortunate position, for the 
feed temperature is at 300°F., which corre- 
sponds to a slight subcooling, but the feed 
tray temperature is 426°F. A rough heat 
balance at the feed tray indicated that the 
vapor rates in Table 2 were correct. 


Problem 3: Main Column Only With Side-Stream 
Draw Off and Steam Injection 


This problem was no different from 
problem 2 save that 5 moles of steam was 
admitted to the column at stage 5. The 
effects were insignificant except for some 
changes in composition and temperature 
at the tower top. 


Problem 4: Side-Stream Stripper 


By use of the composition of the side 
stream from problem 3 the stripper compu- 
tations were initiated. As a first guess the 
stripper top temperature was taken to be 
the same as the side-stream plate temper- 
ature in the main column. The bottom 
temperature was assumed to be 450°F., 
although it was realized that this could 
not be correct. Vapor rates were assumed 
to be 6 moles at the bottom and 11 at the 
top, where these are the total vapor rates. 
These rates were held fixed for a few iter- 
ations on the mass balance. Vapor rates 
were then calculated after about every 
third mass-balance calculation. It was 
essential in these calculations to use the 
average of the last two calculated vapor 
rates in the mass balance to ensure con- 
vergence. With the latter it was found that 
the initial guess on vapor rates could be 
varied quite widely. It is obvious that the 
lower part of the stripper contains vapor 
which is mostly inert, and so the composi- 
tions may vary appreciably. 


Problem 5: Final Solution To Main Column Plus 
Side-Stream Stripper 


With the result of problem 4 the main- 
column calculations may now be corrected 
for the effect of the introduction of the 
stripper overhead to the column. These 
calculations are repeated to determine 
what the effect will be on the side-stream 
composition. If the latter is significantly 
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different, the stripper calculations must be 
repeated as in problem 4 and successive 
alterations are made until preassigned 
accuracy on pertinent variables is obtained. 
Various modifications of the program may 
be made here, since it is clear that some 
variables will not be affected. Table 3 
shows the final compositions, temperatures, 
and vapor rates for both the column and 
stripper. Vapor rates shown are for the 
hydrocarbon only. Complete mass balances 
on each component check. The equilibrium 
constants were programed as cubics, vapor 
enthalpies as quadratics, and liquid en- 
thalpies as linear functions of the tem- 
perature. The complete program is in 
floating-point arithmetic. The final mass 
balance on the system is 


Feed to column 


= 100 moles hydrocarbon 
Vapor overhead 

= 25 moles hydrocarbon 
Side stream from column 

= 35 moles hydrocarbon 


Bottom from stripper 

= 25.21 moles hydrocarbon 
Overhead from stripper 

= 9.79 moles hydrocarbon 
Bottoms from column 

= 49.79 moles hydrocarbon 


and the results are shown graphically in 
Figure 3. 


Finally a word should be given on the 
times required for computation. Problem 
1 requires approximately 25 sec. iter- 
ation; Problem 2 requires about 5 sec. 
in addition for each vapor-rate calcula- 
tion. A full punch out of 2,;, ©; 
>; K;;x;;, T;, and V; for each plate 
requires 90 sec. for the whole column and 
30 sec. on the stripper. In the stripper 
each cycle requires about 8 sec., 6 sec. on 
the mass-balance iteration and 2 sec. on 
the vapor-rate calculation. The total 
running time for a complete problem, 
problem 1 through problem 5, involving 
some 75 cycles on the main column and 
26 on the stripper, required about 4 hr. 
For engineering purposes the total 
number of iterations may be reduced 
considerably with a resultant running 
time of about 10 min. The criterion used 
in this paper was the sum of the liquid 
mole fractions on each stage. A 1% 
check at each stage will be obtained in 
four or five iterations. An increase in the 
desired accuracy requires more than a 
proportional increase in the number of 
iterations. One tenth of one per cent in 
the total mole fractions requires of the 
order of ten iterations. 


CONCLUSIONS 


A general method of setting up the 
equations for multicomponent distilla- 
tion has been presented. A complete 
machine program has been prepared, and 
the whole has been applied to a sample 
problem, with use of side-stream strippers 
and multiple feeds to the column illus- 
trated. Complete heat and mass balancing 
is carried out on both the column and 
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strippers, and the technique can be-made 
as accurate as one pleases. 


NOTATION 

= Matrix element of 

bog = matrix element of H 

C> = matrix element of G 

dyq = matrix element of S; 

€pq = matrix element of h 

fp = matrix element of G7 

a;,6;,¢;,d; = coefficients in cubic in 


temperature for h,; 
A;, B;, C;, D; = coefficients in cubic 
temperature for H;; 
coefficients in cubic in 
temperature for K;; 


n 


ai, Ai 


F; = feed rate to the jth stage 

F; = feed vector 

G = feed-enthalpy vector 

g; = ratio of noninert to total vapor 


rate — V,U; —1 
h; = liquid enthalpy in jth stage 
h;; = partial molar enthalpy of ith 
component in jth-stage liquid 
vapor enthalpy in jth stage 
H;; = partial molar enthalpy of ith 
component in the vapor in the 
jth stage 
H,; = partial molar enthalpy of inert 
in jth-stage vapor 
H,; = enthalpy of inert injected into 


jth tage 

H = enthalpy matrix for vapor-rate 
computations 

I; = inert vapor rate from jth stage 


(I for stripper) 

K;; = equilibrium constant of ith com- 
ponent in jth stage 

L; = liquid overflow from jth stage 


M; = mass-balance matrix 

N = number of stages counting partial 
condenser as zeroth and reboiler 
as Nth 


Q; = heat absorbed in the jth stage 
Qy = reboiler heat 

R_ = reflux ratio at top 

8; = inert injection to the jth stage 

S; = sidestream draw off from jth stage 
T 


; = temperature of jth stage 
U; = vapor rate from jth stage 
== vector 
V; = noninert vapor rate from jth stage 
x;; = mole fraction of ith component in 


liquid in jth stage 
Zp;; = mole fraction of ith component in 
feed to jth stage 


X; = composition vector 7th component 

Yi: = mole fraction of ith component in 
vapor in jth stage 

Y; = sum of feeds minus sum of draw 
offs from top to jth stage, in- 
clusive 
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Effective Collision Diameters and Correlation of 
Some ‘Thermodynamic Properties of Solutions 


J. M. PRAUSNITZ and P. R. BENSON, University of California, Berkeley, California 


Volumetric data on gas mixtures and vapor-phase data for gas-liquid equilibria have 
been correlated within the framework of the theory of corresponding states. An expression 
based on the London potential for dispersion forces was used to compute characteristic 
temperatures for various binary systems, and a correlation was developed relating these 
temperatures to the polarizabilities, ionization potentials, and critical volumes of the pure 
components. The correlation shows how the molecular shape of a liquid affects its vapor- 
phase solubility. With the help of this correlation it is possible to make very good predictions 
of such gas-liquid equilibria as are required in high-pressure distillation, absorption, and 


petroleum hydrofining operations. 


A study of volumetric data for mixtures 
of gases at moderate pressures has shown 
that the properties of gas-phase mixtures 
can be successfully interpreted within the 
framework of the theory of corresponding 
states (6, 18). Further it has been shown 
(14) that by extending the theory of 
corresponding states with techniques 
based on the theory of intermolecular 
forces one can make good predictions of 
fugacities as required in high-pressure 
phase equilibria and rate processes. 

In the work referred to above, a corre- 
lation was presented for estimating the 
parameters required for the calculation 
of mixture properties. Specifically tech- 
niques were given for calculating the 
second virial coefficient of a mixture, 
which is given by 


B, = b A (1) 


The second virial coefficient can be 
calculated from an expression of the form 


T 


The semiempirical correlations pro- 
posed in the earlier work were limited by 
the scarcity of data for highly asymmetric 
systems, that is for those systems having 
one component of low and one of high 
molecular weight. To overcome this 
limitation, data were recently obtained 
on the solubility of several liquids in 
compressed hydrogen, nitrogen, and 
carbon dioxide (16). These data indicated 
that the previously proposed correlation 
could be considerably improved by 
taking into account the shape as well as 
the size of the molecules in determining 
the characteristic temperature of the 
interaction between dissimilar molecules. 
The method of correlation described here 
uses simple mixing rules for the charac- 
teristic volume and the characteristic 
acentric factor. For a binary system 
containing components 1 and 2 


Vi. = 1/2[V..+ V..) 


P. R. Benson is with North American Aviation, 
Canoga Park, California. 

*The somewhat more complicated method of 
obtaining Vc,, presented earlier (18) has not been 
used in this work. 
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and 
= 1/2[o, + (4) 


However the characteristic tempera- 
ture, which is the most important 
parameter in the determination of the 
second virial coefficient, cannot be 
computed by any simple formula. The 
temperature characteristic of the inter- 
action between two molecules of different 
size and/or shape is usually less than the 
geometric mean of the critical tempera- 
tures of the pure components, with the 
geometric mean as an _ upper limit. 
Prausnitz and Gunn (1/8) showed that 
for some hydrocarbons and related com- 
pounds with a common gas the correction 
which must be applied to the geometric 
mean is a straight-line function of the 
critical-volume ratio of the two pure 
components. However some of the results 
of recent experimental work (16) and of 
previously published phase-equilibrium 
data could not be correlated by this 
method, especially the data for systems 
containing carbon tetrachloride or 
n-decane. It therefore appeared advisable 
to consider an alternate method of corre- 
lation based on the attraction part of the 
potential-energy function acting between 
the dissimilar molecules. 


CHARACTERISTIC TEMPERATURES FROM 
COLLISION DIAMETERS 


According to the London theory of 
dispersion forces (7), one can express the 
potential energy between two molecules 
1 and 2 by 


London’s formula can be rewritten in 
terms of a dimensionless distance: 


r 


The characteristic energy can be related 
to the characteristic temperature by 


€12 3 


London’s formula is strictly valid only 
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Fig. 1. Collision diameters for binary 
systems containing methane, nitrogen, 
hydrogen, and propane. 


for monatomic molecules. However by a 
suitable choice of parameters the London 
theory has been applied successfully to 
the calculation of thermodynamic and 
transport properties of a variety of poly- 
atomic substances (7). 
When one substitutes (6) and (7) into 
(5), 
I, 
Bkoy2 (I; + (8) 


For spherical molecules the character- 
istic distance of interaction can be related 
to the characteristic distances for the pure 
components by 

2(F11 + O22) (9) 
In addition for pure components consist- 
ing of spherical molecules the character- 
istic interaction distance o1: can be related 
to the critical volume by the empirical 
relation (7) 


0.75V., = (10) 


Equation (10) becomes increasingly 
poor as the molecule becomes more 
asymmetric. 

The constant 8 in Equation (8) was 
evaluated by the use of published data 
for the polarizabilities and ionization 
potentials of the pure components and 
by use of characteristic temperatures for 
binary systems whose components con- 
sist of small spherical molecules (18). In 
this calculation the collision diameter o12 
was computed by Equations (9) and (10), 
which are appropriate for small, spherical 
(or nearly spherical) molecules such as 
nitrogen, methane, hydrogen, and carbon 
monoxide. The value of 8 was found to 
be 0.744; values of 8 for pure components 


T 
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TABLE 1. DIAMETERS, A. 


Equivalent Observed from 
Component Major axis Minor axis sphere binary data 
n-Heptane 13.4 4.36 6.33 5.71 
n-Decane 18.8 4.36 7.10 6.17 
Carbon tetrachloride 5.47 5.47 5.47 5.48 


FoR Vartous MOLECULES OBTAINED FROM 
Binary Data ContTAINING ONE SMALL 


CoMPONENT 
Molecule a, A. Molecule a, A. 
No 3.74 nC 16 
HS 3.87 iC 5225 
CO 3.80 neoC 5.37 
CO, 3 68 nC7Hi¢ 5 
CS: 4.80 iC sHis 5.98 
CH, 3.89 nC 6. 
4.10 5.04 
CoH¢ 4.33 CsH;CH; 5.38 
C3He 4.53 CCl, 5.48 
C;Hs 4.65 SFs 5.27 
NC sHio 4 Si(CHs3)4 5.67 


having small molecules range from 0.70 
to 0.79 (7). When this value for 6 was 
used, binary collision diameters were 
evaluated for a number of binary systems 
containing hydrogen, nitrogen, methane, 
carbon dioxide, hydrogen sulfide, and 
propane by the use of Equation (8) with 
values of 7',,, obtained from previously 
published volumetric and vapor-liquid 
equilibria data (1, 2, 4, 8, 9, 10, 11, 18, 
19, 20). The results of these calculations 
are shown in Figures 1 and 2, where the 
cube of the collision diameter is plotted 
as a function of the critical volume of 
the second component. The dashed lines 
are calculated by means of Equation (9) 
for o,. and Equation (10) for the collision 
diameter of the second component; thus 
one assumes the second molecular species 
to be spherical. To plot the dashed curves 
for hydrogen, carbon dioxide, and pro- 
pane, an effective collision diameter o2* 
for these molecules was defined by 


+ 11) (9a) 


The effective diameters were calculated 
from observed collision diameters of these 
compounds with small, spherical (or 
nearly spherical) molecules. For carbon 
dioxide, effective collision diameters with 
nitrogen, methane, and hydrogen were 
3.71, 3.69, and 3.63 A., respectively. 


EFFECT OF MOLECULAR SHAPE 


Figures 1 and 2 indicate that the 
observed collision diameters for binary 
systems including one small, spherical 
(or nearly spherical) molecule and one 
nonspherical molecule are significantly 
less than those for binary systems con- 
taining two spherical molecules. These 
figures show the interesting result that the 
points for large molecules having spherical 
symmetry, such as carbon tetrachloride, 
sulfur hexafluoride, neopentane, and 
tetramethyl silane, lie well above the 
curves for nonspherical molecules. 
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Fig. 2. Collision diameter for binary systems 
containing hydrogen sulfide and carbon 
dioxide. 


The characteristic temperatures of 
some of the binary systems containing 
methane and higher paraffins reported 
here on the basis of phase-equilibrium 
data are somewhat larger than those 
previously reported (18) on the basis of 
vapor-phase compressibility data. The 
earlier calculations used an_ indirect 
method which gives considerably less 
accurate values for 7’,,, than those which 
used phase-equilibrium data. 

Since only a few substances consist of 
spherical molecules, Equations (9) and 
(10) are not generally valid. Most poly- 
atomic molecules could be described more 
accurately as ellipsoids than as spheres, 
and it is therefore to be expected that 
the effective collision diameters of ellip- 
soidal molecules should lie somewhere 
between the lengths of their minor and 
major axes. In a collision between a 
small spherical molecule and a larger 
ellipsoidal molecule the spherical molecule 
would interact mainly with the atoms 
closest to the point of collision. One 
might expect therefore that the distance 
between the colliding spherical molecule 
and the interacting atoms of the large 
molecule, that is the collision diameter, 
should be less than the collision diameter 
for the same small spherical molecule 
with a different spherical molecule having 
the same volume as the ellipsoidal 
molecule. For example when one considers 
the collision of a small molecule such as 
hydrogen with either of two larger mole- 
cules of similar size such as n-pentane 
and neopentane, it would appear likely 
that the collision diameter of hydrogen 
with n-pentane (which is rod-shaped) 
would be considerably smaller than 
the collision diameter of hydrogen with 
neopentane (which is spherical), even 
though n-pentane and neopentane have 
approximately the same size, as indicated 
by their critical volumes. It is this effect 
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which is so clearly shown in Figures 1 
and 2. 

If the assumption is made that a poly- 
atomic molecule is ellipsoidal in shape, 
the lengths of the two axes can be esti- 
mated from the critical volume, bond 
lengths, and bond angles. To illustrate, 
measured bond angles and bond lengths 
reported by Pauling (13) were used to 
calculate the ratio of the length to the 
width of the molecule for n-heptane and 
n-decane. Equating this ratio to the 
ratio of the lengths of the two axes of an 
ellipse, and assuming rotation about the 
major axis, one could calculate the 
lengths of the axes by means of a modifi- 
cation of Equation (10): 


2 
0.75v., = Ou 


The results are given in Table 1. 

Table 1 shows that for ellipsoidal mole- 
cules the collision diameters observed 
from the data, as expected, lie between 
the lengths of the minor and the major 
diameters of the ellipsoids, much closer 
to the lengths of the minor axes. Also, as 
indicated in Figures 1 and 2, the observed 
collision diameters for the ellipsoidal 
molecules are less than the diameters of 
spherical molecules having the same size. 

Table 2 gives effective collision diam- 
eters calculated from published binary 
data.* These may be used to compute 
thermodynamic properties of mixtures; 
for example, to predict the vapor-phase 
solubility of a liquid in a gas, it is neces- 
sary to know only the collision diameter 
for the pair, the polarizabilities, and the 
ionization potentials. This information is 
used to calculate 7,,,, which, together 
with the generalized function, yields the 
virial coefficient Biz. Once this coefficient 
is known, the vapor-phase solubility can 
be found from the thermodynamic equa- 
tions discussed previously (16). 

The use of effective collision diameters 
is not restricted to binary mixtures but, 
as indicated by Equation (1), may be 
used for multicomponent mixtures, pro- 
vided the density is not too high (14). 


(10a) 


APPLICATIONS 


The collision diameters in Table 2 and 
the correlations shown in Figures 1 and 2 
are useful for predicting gas-liquid phase 
equilibria as may be required in such 
diffusional operations as high-pressure ab- 
sorption, distillation, partial condensation, 
freezing out, etc. The collision diameters 
are required to determine the characteristic 
temperature [Equation (8)], which, together 
with Equations (3) and (4) and the gener- 
lized function, determines the cross-virial 
coefficient Bi, [Equation (2)], which in 
turn is required in the phase-equilibrium 
equations given in reference 16. 

The correlations presented here are useful 
for the prediction of vapor-phase fugacities 


*The effective collision diameters in Table 2 
should not be applied to binary mixtures consisting 
entirely of large molesules, since the values tabulated 
here were obtained exclusively from binaries con- 
taining at least one component which consisted of 
small spherical molecules. 
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and hence are of direct applicability in the 
calculation of the phase-equilibrium be- 
havior of the heavy component in gas- 
liquid equilibria; however they are not 
useful for the calculation of the phase- 
equilibrium behavior of the lighter compo- 
nent whose major correction for nonideality 
is in the liquid phase. For the light compo- 
nent a different approach must be used 
(15, 17). 

One particular application of the ideas 
developed here is in hydrofining processess 
in the petroleum industry, where accurate 
K values for hydrocarbons in the presence 
of excess hydrogen are needed in process 
design, for example when one desires to 
know the equilibrium ratio for n-hexane in 
hydrogen (a system not used in the corre- 
lation presented here) at 340°F. and 100 
atm. total pressure. 

The collision diameter is obtained by 
the use of the curve for hydrogen-containing 
systems. Since the critical volume of 
n-hexane is 368 cc./g.-mole, on? = 96 X 
10-*4 cc. The following data are needed for 
the calculation: 


Hydrogen 
(pseudo)V, = 47.0 cc./g.-mole 
(pseudo)w = 0.00 
a = 7.9 X cc. 
I = 15.4 ev. 
n-Hexane 
ip = 508°K. 
w = 0.30 
a = 118 X 10 ce. 
I = 10.4 ev. 
pol = 168 ce./g.-mole 
P,° = 10.8 atm. 
From Equation (8), 7.,, = 98°K. By 


using Equations (3) and (4) and tabulated 
values of 0g (14), one obtains 


= 208 cc./g.-mole 
o2 = 0.15 
By = (0.322)(208) = 66.9 ec./g.-mole 


The fugacity of pure liquid n-hexane at 
100-atm. pressure is 12.9 atm., and a first 
estimate of y; is calculated with an assump- 
tion of ideal behavior and the use of an 
estimate of x2, the solubility of hydrogen in 
the liquid phase (3). Since x2 is small com- 
pared to unity, the estimated solubility 
need not be highly accurate. The second 
virial coefficient for n-hexane, when one 
uses tabulated values of 05, is —688 cc./ 
g.-mole, and the second virial coefficient for 
hydrogen is 15 cc./g.-mole from published 
volumetric data (6). The molar volume of 
the vapor mixture is now calculated from 
the second virial coefficient of the mixture; 
it is v = 369 cec./g.-mole. Using these 
quantities, one finds that the vapor-phase 
fugacity coefficient of n-hexane is 0.627 
and that the equilibrium ratio Ky = y:/m = 
0.206.* Using this computed value of K, 
one finds a new value of y;, and if necessary 
the calculation is repeated. Convergence in 
these calculations is very rapid. Similar 
calculations were also made at 220°F. and 
at various pressures; the results are com- 
pared with observed data (12) in Figure 3, 
where the equilibrium ratio is plotted as a 
function of pressure for two temperatures. 


The correlations presented in this work 
may be particularly useful for the calcu- 


‘See reference 16 for details of this type of calcu- 
lation. 
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Fig. 3. Equilibrium ratios of hexane in 
hydrogen at 220 and 340°F. 


lation of gas-liquid equilibria at lower 
temperatures, where experimental vapor- 
phase compositions are very difficult to 
determine accurately. 
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NOTATION 
B- = second virial coefficient 
B;; = second virial coefficient charac- 


teristic of interaction between one 
molecule of species 7 and one 
molecule of species j 


I = first ionization potential 

k = Boltzmann constant 

N = Avogadro’s number 

P = pressure 

r = distance between molecules 

gas constant 

T = absolute temperature 

T.;; = temperature characteristic of i— 7 
interaction 

T.., = characteristic temperature of 1-2 
interaction 

V = volume 

V.;; = volume characteristic of 7 — 7 
interaction 

V., = critical volume of pure compo- 
nent 1 

v = molar volume 

x = mole fraction in liquid phase 

y = mole fraction in vapor phase 


Greek Letters 
a = polarizability 
a dimensionless constant 


e€ = characteristic energy 

€2 = energy characteristic of 1-2 inter- 
action 

[. = potential energy 

o = collision diameter 

ou = characteristic interaction distance 
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o2 = collision diameter characteristic 
of 1-2 interaction 


ox* = effective collision diameter 

oy = major diameter 

o, = minor diameter 

= acentric factor 

w;; = acentric factor characteristic of 
— j interaction 

®, = acentric factor of pure compo- 
nent 1 

6, = generalized function for the 
second virial coefficient 

Subscripts 


c = critical or characteristic 
1, 2 = components 


m = mixture 
M = major 
S = minor 
Superscripts 


L = liquid phase 
0 = pure component 
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A Computer Study of a Free-Radical 
Mechanism of Ethane Pyrolysis 


R. H. SNOW, R. E. PECK, and C. G. VON FREDERSDORFF 


The pyrolysis of ethane (including the equilibrium behavior and the tendency to form 
secondary products) has been reproduced by calculations based on a reaction mechanism 
which includes the reverse of the chain propagating reactions as well as other hitherto 
neglected elementary reactions. Reverse reactions are important even at low conversion 
(1%); hence previous investigations of initial reaction rate have doubtful fundamental 
significance. Values of rate constants used in the calculations were taken mostly from the 
literature. Consideration was limited to reactions of methyl, ethyl, and hydrogen free 
radicals with ethane and its primary pyrolysis products. The results can be incorporated 
into reactor performance calculations to replace empirical reaction rate correlations and 
thus widen the range of conditions over which the calculations are reliable. 


There is much evidence that the 
pyrolysis of hydrocarbons occurs in 
steps and that most of the elementary 
reactions involve free-radical intermedi- 
aries. The rate constants of these elemen- 
tary reactions are fundamental constants 
in the sense that they have the same 
value even when the elementary reaction 
occurs in different systems, for example in 
the pyrolysis of ethane and of propane. 
A goal for the technology of pyrolysis of 
hydrocarbons is the development of the 
theory to permit making design and per- 
formance calculations of reactors based 
on experimentally determined free-radical 
reaction-rate constants. The present work 
represents a step toward that goal. 

Means of calculating performance of 
pyrolysis reactors have been presented by 
Myers and Watson (22), Schutt (33), 
and Snow and Schutt, (38). The reaction 
rates were expressed by means of em- 
pirical correlations, and the other aspects 
of the calculations were based on firm 
theoretical concepts. In the present work 
the essential features of the mechanism 
of ethane pyrolysis have been established, 
and product distributions have been 
calculated from theoretically sound ex- 
pressions. These results can be in- 
corporated into reactor performance 
calculations to make such calculations 
valid over a wider range of conditions. 
The results are also of theoretical interest 
because they demonstrate certain im- 
portant but hitherto not understood 
features of the mechanism of ethane 
pyrolysis. An understanding of the 
mechanism even more detailed than that 
given here is still needed to predict the 
formation of individual higher hydro- 
carbons and especially of carbon, which 

R. H. Snow is with the Armour Research Foun- 


dation of Illinois Institute of Technology, Chicago, 
Illinois. 
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is important because it limits reactor 
performance. 

To include in the study a number of 
hitherto neglected reactions which proved 
to be important, it was necessary to 
apply numerical techniques rather than 
to solve the equations explicitly. The 
use of a digital computer was essential 
for this work, and several computer 
techniques applicable to such kinetic 
studies were developed. 


EXPERIMENTS ON ETHANE PYROLYSIS 


A thorough review of studies of ethane 
pyrolysis up to 1955 is contained in Steacie’s 
(41) monograph, which also reviews in- 
vestigations of the free-radical reactions 
involved. 

Early workers (5, 9, 18, 24, 30) found 
that the over-all decomposition is ap- 
proximately of first order. By extrapolat- 
ing product distributions to zero conversion 
Schneider and Frolich (32), Hinshelwood 
and co-workers (3), and Sileocks (36) 
showed that the primary products of the 
pyrolysis are hydrogen, ethylene, and 
methane. Secondary products are small 
amounts of acetylene, three- and four- 
earbon hydrocarbons, higher olefins, aro- 
matic compounds, and carbon. Several 
investigators have recently determined 
relatively complete product distributions 
These studies are listed below: 


Temperature, Pressure, 
Reference °K. atm. 
36 863 0.7 to 1.2 
2a 1023 to 1148 1.0 
14 1089 1.0 
17 1255 1.0 
46 1373 0.04 
25 998 to 1148 1.0 


Hinshelwood and co-workers (3), Travers 
and Hawkes (45), and Sileocks (36) have 
studied the tendency of the pyrolysis to 
approach the equilibrium 
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C,H, = + (1) 


The equilibrium constant for this reaction 
has been calculated by Kilpatrick and 
co-workers (13), and it appears that the 
system does tend to approach the equi- 
librium state defined by this constant. 
However true equilibrium is never attained 
because of the occurrence of secondary 
reactions. 

Dintses and Frost (5, 6) derived an 
empirical expression for the over-all rate 
as a function of reaction time. The compli- 
cated form of this expression suggests that 
the mechanism must be complex. 

Investigations of the pyrolysis of pure 
samples of secondary products (14, 20, 21, 
31, 34, 37) and of secondary reactions in 
ethane pyrolysis (18, 48) demonstrate 
that the primary products, ethylene, 
hydrogen, and methane, are relatively 
stable compared with the secondary prod- 
ucts, which are three- and four-carbon 
hydrocarbons. The same conclusion may 
be reached on thermochemical grounds 
since hydrogen, ethylene, and methane 
have bond dissociation energies of over 100 
keal. according to Steacie (47), while butene 
splits into radicals with a dissociation 
energy of only 60 keal. 


MECHANISM OF ETHANE PYROLYSIS 


A free-radical mechanism for ethane 
pyrolysis was first proposed by Rice and 
Herzfeld (28), who showed that the 
existence of a free-radical chain can 
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> 


ITERATE TO COMPUTE 
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Fig. 1. Computer program scheme. 
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Fig. 3. Calculated and experimental products from ethane pyrolysis. 


Fig. 2. Calculated and experimental products from ethane 


pyrolysis. 


result in an over-all rate having a lower 
activation energy than the energy of 
scisson of ethane into radicals, and they 
thus succeeded in explaining a puzzling 
experimental fact. The best estimate of 
the carbon-carbon bond dissociation 
energy in ethane is 86 keal., according to 
Steacie (47), and the activation energy 
for the scission reaction (2) cannot be 
less than this value, 


C,H, = 2 CH; (2) 


An Arrhenius plot of the reported values 
of the over-all rate constants for ethane 
pyrolysis is consistent with a value 
between 70 and 72 kcal. (42, 38). Hence 
it is necessary to postulate the existence 
of such a chain mechanism or alterna- 
tively to assume the occurrence of some 
radical initiating reaction with a lower 
activation energy. 


Free-radical mechanisms for ethane py- 
rolysis have also been proposed by Kiichler 
and Thiele (15), Storch and Kassel (43), 
and Steacie (41). None of these mechanisms 
fit the experimental data quantitatively, 
although they explain certain trends in 
the data. The qualitative agreement of 
these mechanisms, together with certain 
other evidence, indicates that the true 
mechanism does involve free radicals and 
is complex. Other evidence that ethane 
pyrolysis involves free radicals is provided 
by experiments in which the pyrolysis is 
inhibited by nitric oxide and olefins (37, 
39, 45). Rice and Dooley (26) detected 
methyl radicals in the pyrolysis of ethane 
by means of chemical detectors. Eltenton 
(8) detected both methyl and ethyl radicals, 
with a mass spectrometer. The ortho-para 
hydrogen conversion measurements of Patat 
and Sachsse (30, 31) indicate that atomic 
hydrogen is involved. 

Radicals other than ethyl, methyl, and 
hydrogen have not been directly detected 
in pyrolyzing ethane (41). Hinshelwood and 
co-workers (3) have proposed that the 
methylene radical may be an intermediary. 
Methylene radical has been detected from 
decomposing diazomethane (26, 27) and 
from ketene (23) but not from pyrolyzing 
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hydrocarbons (26). Pearson, Purcel, and 
Saigh (23) suggested that methylene radi-~ 
cals may form and may react too rapidl* 
to be detected, but-this is merely specu- 
lation. Although unsaturated radicals may 
play a role in ethane pyrolysis, it is not 
feasible to analyze a mechanism including 
their reactions since there are insufficient 
data concerning the pertinent reaction 
rates. The results of the present work 
indicate that for a first approximation 
they may be neglected. 

Hinshelwood and co-workers (40, 44) 
have shown that large amounts of nitric 
oxide do not produce as great an inhibitory 
effect as would be predicted on the basis 
of any reasonable free-radical mechanism. 
They (44) concluded that a direct mole- 
cular split of ethane by reaction (1) is 
involved in addition to a free-radical chain. 
But Rice and Varnerin (29) studied the 
products of isotope-exchange reactions in 
ethane pyrolysis and concluded that the 
molecular split does not occur. Steacie (41) 
has reviewed other conflicting evidence. 
The only safe conclusion to be drawn from 
this controversy is that the mechanism of 
inhibition by nitric oxide is not fully 
understood. 

Sileocks (36) has proposed molecular 
reactions to account for the formation of 
secondary products in ethane pyrolysis 
and has cited experimental attempts to 
inhibit the formation of secondary products 
as evidence that the, secondary reactions 
are essentially molecular. In view of the 
lack of understanding of the role of nitric 
oxide in the secondary reactions this evi- 
dence is questionable. Nor does his own 
kinetic analysis of the secondary reactions 
answer the question, since his results are 
based on the assumption that free radicals 
play only a minor role. 


ANALYSIS OF A FREE-RADICAL MECHANISM 
OF ETHANE PYROLYSIS 


This analysis was limited to reactions 
of ethyl, methyl, and hydrogen radicals 
and of ethane, ethylene, hydrogen, and 
methane. The reactions to be considered 
were selected in a systematic way by 
means of Steacie’s (41) classification, 
which includes molecule scission, radical 
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transfer, addition of radicals and mole- 
cules, and radical recombination. 

Of the reactions included in the above 
categories those requiring three-body 
collisions, such as the recombination of 
hydrogen atoms or hydrogen and methyl 
radicals, were neglected. Scission of 
ethane to give hydrogen atoms was 
neglected, since the activation energy 
for this reaction is at least 98 keal., while 
that of the competing reaction (2) is 
only 86 kcal. (41). The dissociation 
reactions of methane, ethylene, and 
hydrogen were neglected, since the bond 
dissociation energies for these compounds 
appear to be much higher than the dis- 
sociation energy for ethane, according to 
Steacie (41). The remaining reactions 
considered in the mechanism are 


CH, (2) 
CH; + C,H, =CH,+C.H;’ (3) 
H, + CH, = H + CH,” 
C.H; = C.H, + H (5) 
H+C.H,=—H.+C.H; (6 
H + (7) 
CH, + C,H, C,H, (8) 

2C,H, — 
— C,H, + C.H, 


This mechanism is similar to that of Rice 
and Herzfeld (28) but includes additional 
important reactions, especially the reverse 
ones. 

Two other reactions, (10) and (11), 
were included but later had to be elimi- 
nated to make calculated product dis- 
tributions agree with experimental ones. 
This subject is discussed later. 


CH, + — C,H, (10) 
C.H; + C.H, — C,H, (11) 


The secondary products C;Hs; and 
CH, result from reactions (8) and (9). 
These substances actually react further 


_ 
— 


(9) 
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TABLE 1. RaTE ConsTANtTs AS FUNCTIONS OF TEMPERATURE 


k; = A,e-Ei/RT 
Rate constants Rate constants 
from literature used in calculations 
Frequency Activation Literature source of Frequency Activation 
Reaction factor, A; energy, H; Activation energy Frequency factor factor, A; — energy, E; 
2 C,H, = 2CH; 1X 10" 86,000 Bond strength(41) Entropy calculation(47) 6.3 x 10% 86 ,000 
2’ 7 X 10% 0 Experiment(10) Experiment(10) 7 X 10 0 
3 2 X 104 10,400  Experiment(48) Experiment( 48) 2.5 X 104 10,800 
«+ GH 1 X 10'8 13,000 Thermochemical(41) Assumed 1 X 104 13 , 200 
4 a 2 X 104 9,200 Experiment(47) Experiment(16) 1.9 X 104 9 ,500 
CH H,— CH, ’ Pp 
1 X 10° 4/500  Experiment(41) Experiment( 1) 1.1 109 
5 C:H; = C:H, + H 3 10% 39,500  Experiment(2) Entropy calculation(47) 5.3 10% 40 ,800 
2 X 10% 4,000 Experiment(4) Experiment(4, 19) 5.4 X 108 5,400 
6 3.4 10” 7,000 Experiment(/) Experiment(1) 3.8 X 10” 7,000 
H + C.H, =H oH; I p 
1X10" 11400 Experiment(41) Estimate(41) 1.810% 11.400 
7 H+ CH; — 7X 108 0 Analogy with 2’ Analogy with 2’ 7 X 10% 0 
8 CH; + C:H; — C3Hs 7 X 10% 0 Analogy with 2’ Analogy with 2’ 7X 108 0 
9 2C2H; — CzHio 6 X 1018 0 Experiment(12) Experiment(12) 7 Xx 108 0 
— + CoH 1 X 0 Experiment(35) Experiment(35) J 
5 4 2 
CoH 
3“ 2 } 863 °K 
= 
| 1255 1.0 ATM 
‘o 3 1.0 ATM “_ | —— CALCULATED 
z\ -e Cy He 
z ° DATA OF SILCOCKS(36) x10"! 
2 — CALCULATED 
| & RANDALL z eHe ] 
z oH z 
Sete 10 100 1000 
0.002 0.01 0.08 TIME, SEC 


TIME, SEC 


Fig. 4. Calculated and experimental products from ethane pyrolysis. 


to give methane, higher hydrocarbons, 
and perhaps hydrogen. The amount of 
methane formed by secondary reactions 
was made to depend on a parameter 
which could be varied to fit the pyrolysis 
data. The mechanism does not predict 
the individual higher hydrocarbons 
formed. The average molecular weight 
and carbon-hydrogen ratio of the higher 
hydrocarbons depend on the conversion 
and the temperature and pressure, but 
as a crude approximation their average 
properties are like benzene (33). The 
formation of methane, higher hydro- 
carbons expressed as benzene, and 
hydrogen is given by the stoichiometric 
reactions (Sa) and (9a): 


CH; + C,H; — C,H, — X CH, 


+ (1/2 — X/6)C,H, (8a) 
+ (5/2 — 3X/2) H, 

2C,H, > > 2X CH, 
+ (2/3 — X/3)CsH, (9a) 


+ (1 — X) H, 


To calculate the rates of reactions and 
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Fig. 5. Calculated and experimental products from an 
equilibrium mixture of ethane, ethylene, and hydrogen. 


hence the product distributions expres- 
sions giving the free-radical concentra- 
tions are needed. It is known and was 
confirmed by later calculations that the 
concentrations of free radicals are small 
compared with the concentrations of 
molecular species and that therefore the 
net rate of formation of radicals is small 


D 
(CH;) = 


compared with the rate of formation of 
other compounds. Therefore the usual 
procedure was used, in which the net 
rate of formation from reactions (2) to 
(9) of each radical was equated to zero, 
and the resulting expressions were solved 
for the free radical concentrations. The 
following expressions were obtained: 


(a) 
co (CoH. H, H)(C 4 
where 
D = k;,(C.H.) + ks(C2H;) + (H2) 
= 
(b) 
kolk, (CHs)(C.H. 3) 1)(C 4 
where 
E = k;’ (CH,) + ks (CH3) + 2k; (H) 
(H) ks + ke.’ (H,)(C.H;) + ky (H,)(CH;) (0) 
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ks (C.H,) + ke (C.H,) + ky (CH,) + k; (C.H5) 
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At this point in the derivation the 
values of free-radical concentrations are 
usually substituted into the expressions 
for the formation rates of the products; 
these rate expressions are then solved 
explicitly. In some cases drastic simplify- 
ing assumptions were formerly made 
to solve the rate expressions. The simpli- 
fications required for ethane pyrolysis 
have been discussed by Steacie (47); they 
destroy essential features of the mechan- 
ism. Simplifying assumptions were not 
made in this work. Instead the rate ex- 
pressions were solved numerically by a 
trial procedure, with a digital computer. 

This change of method dictated by the 
inherent complexity of ethane pyrolysis 
required some change in conventional 
ways of thought. For example order of 
reaction with respect to pressure or con- 
centration of a reactant is ordinarily 
defined by the form of an explicit rate 
expression. With simple systems ex- 
perimental evidence that the rate is of a 
certain order has been used to establish 
that the rate expression has the corre- 
sponding form; with systems as compli- 
cated as ethane pyrolysis an accurate 
rate expression cannot be written in 
explicit form, and therefore the order of 
reaction cannot be predicted in the usual 
way. In the case of ethane experimental 
evidence indicates that the over-all 
reaction is approximately of first order, 
but on the other hand the complexity of 
the proposed mechanism suggests that 
the order may vary with conditions. 
Instead of using the order of reaction 
concept in cases as complicated as ethane 
one can always compute incremental 
changes in reaction rates with respect 
to any variable at point values of temper- 
ature, pressure, and conversion. 


CALCULATION OF PRODUCT DISTRIBUTIONS 


To calculate a product distribution 
a step-by-step trial-and-error integration 
is carried out. An IBM 650 digital com- 
puter was programed for these calcula- 
tions. Figure 1 is a simplified block 
diagram showing the steps in the calcu- 
lation. In the first loop Equations (a), 
(b), and (c) are solved for (CH;), (C2H;), 
and (H), iterating until the results 
converge to within six significant figures. 

With the free-radical concentrations 
obtained in this way, the rates of the 
individual reactions are calculated in the 
second loop. The over-all rates of for- 
mation of each product due to all the 
reactions in the mechanism are calculated 
from stoichiometric relations. By multi- 
plying these over-all rates by a small 
interval of time one obtains the change 
in concentration of each component. 
Then new arithmetic averages of the 
values of (CzH.), (Hz), and 
(CH,) at either end of the time interval 
are computed. The free-radical con- 
centrations and the reaction rates are 
then calculated anew, and this procedure 
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is repeated until it is determined that 
that the first six significant figures of 
successive values of (C:H.) are the same. 

The concentrations of all components 
are computed at the end of the time 
interval for a static system. For a flow 
system at essentially constant pressure 
these results are corrected for the stoichio- 
metric expansion of the gases by the 
multiplication of the concentrations by 
the ratio Cy:/C;. The computer then 
proceeds to the third loop, where a new 
interval of time is taken for the next step 
in the calculation. The whole procedure 
is repeated until the desired conversion 
is reached. The calculation of each 
product distribution by the computer 
requires from 2 to 4 hr. 


FITTING RATE CONSTANTS TO 
EXPERIMENTAL DATA 


The main objective of this work was 
to establish that the proposed mechanism 
is consistent with experimental data and 
with the results of other investigators. 
For this purpose product distributions 
were calculated based on the kinetics of 
this mechanism and compared with ex- 
perimental product distributions. The 
rate constants used in these calculations 
were chosen to lie within the uncertainties 
of values previously determined by other 
investigators from studies of numerous 
reacting systems. These values and their 
literature sources are listed in Table 1. 
Considerable uncertainty exists concern- 
ing the true values of some of these rate 
constants. It was therefore necessary to 
establish some of the rate constants more 
exactly by finding the values which 
resulted in the best fit of calculated and 
experimental product distributions. Since 
product distributions were available at 
a number of widely spaced temperatures, 
these experimental data provided more 
than enough quantitative restrictions 
to fix the values of certain rate constants. 


Special experiments are often designed 
to test selectively the form of the rate 
expressions when the rate expressions can 
be solved explicitly. For example the 
concentrations of the reactants are varied 
separately or in other special ways. The 
value of each rate constant is then found 
by a least-squares fit of the data from such 
experiments. 

This procedure cannot be used in the 
present case because separate terms in the 
rate expressions cannot be identified solely 
with particular variables. Therefore an 
unconventional treatment is necessary. In 
this work the rate constants were estab- 


lished by the following trial procedure: A 
trial set of rate constants for a particular 
temperature is chosen based on the work 
of previous investigators. A product distri- 
bution is then calculated as described 
above. The calculated product distribution 
is compared with an experimental product 
distribution from the literature. If it does 
not agree, the rate constants are changed 
in a systematic way, and a new product 
distribution is calculated. The process is 
repeated until the calculated product 
distribution agrees with the experimental 
one. To aid in selecting new trial values of 
rate constants, provision is made in the 
computer program to calculate at several 
levels of conversion the incremental changes 
in product distribution resulting from incre- 
mental changes in rate constants. New 
trial values of rate constants are then esti- 
mated based on the incremental changes 
in product distributions, and a new product 
distribution is computed. 

To determine rate constants as functions 
of temperature, separate sets of such con- 
stants are determined for experimental 
product distributions corresponding to 
different ‘temperatures. An additional re- 
quirement imposed is that the temperature 
dependence of the rate constants conform 
to Arrhenius functions. 


This trial-and-error procedure for de- 
termining rate constants is as rigorous: 
as the conventional procedures, since in 
both procedures the results are based on 
measurements of product distribution or 
on measurements of special aspects of 
product distributions. 

The results are listed in Table 1. Some 
calculated product distributions are 
shown in Figures 2 to 5. The solid lines 
represent computed product distribu- 
tions, while the points represent experi- 
mental data from the literature. Each fig- 
ure corresponds to a particular tempera- 
ture and pressure. It may be seen that no 
trend exists over different temperatures in 
the deviations of calculated results from 
experimental results. The temperatures 
range from 863° to 1,255°K. at about 1 
atm. A calculated product distribution 
also agrees with an incomplete product 
distribution determined by Tropsch and 
Egloff (46) at 1,373°K. and 0.04 atm. 

Certain inconsistencies are evident 
within each set of experimental data. 
Pyrolysis product distributions at these 
temperatures are extremely difficult to 
measure, the greatest uncertainty re- 
sulting from uncertainty of true gas 
temperature. A simple calculation shows 
that an error of a factor of 2 in the 
primary reaction rate could for example 
result from an error of 25°K. in the 


TABLE 2. List or Reactions WHICH ARE IMpoRTANT UNDER VARIOUS CONDITIONS 


Data, Temperature, Pressure, 
Ref. “Kk. atm. 
(36) 863 1 2 
(25) 998 1 2 
(14) 1089 1 2(2") 
(11) 1255 1 2 2’ 
(46) 1373 0.64 2 2’ 
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Reactions 


3(4) 55’ 66’ 9 

3(4) 55’ 66’ 8 9 

(3)4 55’ 66’ 8 9 

(3) 4 ss 6 6’ (7) 8 (9) 

3 4 5 5’ 6 6’ 7 8 
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measurement of the  true-average 
pyrolysis temperature. The calculated 
results agree with the data within 10 %. 
The experimental data are a little more 
precise than this but not more accurate. 
To use the present results as the basis for 
design of pyrolysis-reactor coils it would 
be necessary to compare data from a 
commercial pyrolysis coil with a product 
distribution computed from the proposed 
mechanism for the varying temperatures 
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Fig. 6. Forward, reverse, and net rates of 
initiating reaction. 
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Fig. 7. Forward, reverse, and net rates of 
radical transfer reactions. 


and pressures of such a coil. Snow and 
Schutt (38) have described a method for 
making such a comparison. Any slight 
discrepancy could then be corrected by 
correcting the frequency factors of the 
pertinent rate constants. 

The rate constants given in the last 
column of Table 1 are those which re- 
sulted in the best fit of calculated product 
distributions with the laboraroty 
pyrolysis data shown in Figures 2 to 5. 
Some of these rate constants are believed 
to be more accurate than previously 


Page 308 


determined values, especially the fre- 
quency factors for reactions 2, 3’, 5, and 
6’ and the activation energy for reaction 
2. 


DISCUSSION OF KINETICS OF 
ETHANE PYROLYSIS 

The mechanism includes a number of 
competing reactions; those found to be 
important under various conditions of 
temperature and pressure are listed in 
Table 2. The exact relationships depend 
of course on the conversion. The reactions 
listed in parentheses are of minor import- 
ance. Reactions 3’ and 4’ are not import- 
ant under any of these conditions. The 
rates are compared in detail for one set 
of conditions in Figures 6 to 9. 

Of particular importance is the finding 
that reactions 5’ and 6’ are important at 
very low conversions. These are the 
reverse of the chain-carrying reactions. 
The following are approximate results for 
all conditions studied: 


Conversion, % Rate of 6’/rate of 6, % 


0.5 10 
1 20 
5 55 


Hinshelwood and co-workers (3) and 
Steacie and Shane (42) measured the 
rate of ethane disappearance at 5 to 10 % 
conversion, extrapolated the rate to zero 
conversion, and identified the result with 
the forward rate alone. It now appears 
that the reverse rate was high at these 
conversions, and the extrapolation was 
of doubtful validity*. 


The net reactions 5 — 5’ and 6 — 6’ 
actually reverse at higher conversions for 
the conditions of Figures 3 and 4, and 
ethylene and hydrogen begin to disappear 
to form secondary products. The calcu- 
lations quantitatively account for this 
interplay of equilibrium behavior with 
continual occurrence of secondary reactions. 
They reproduce even a product distri- 
bution for an equilibrium mixture of ethane. 
ethylene, and hydrogen given in Figure 5. 
This mechanism is valid for such mixtures 
due to higher stability of ethylene and 
hydrogen than that of ethane. Even when 
present in larger amounts than ethane they 
do not split as much and do not produce 
appreciable amounts of free radicals, which 
would affect the pyrolysis rate. The same 
would not be true of the pyrolysis of 
higher hydrocarbons, whose primary re- 
action products are not highly stable. 

An attempt was made to include re- 
actions (10) and (11) in the mechanism 
It was assumed that the C;3H; and CyHy 
react further to give a mixture of higher 
hydrocarbons and methane. Rate constants 
for these reactions were assumed to equal 
10" exp (—7,000/RT). This is a reasonable 
value, since Mandelcorn and Steacie (17) 

*Two_ possible approaches to investigations of 
reaction kinetics are designing experiments for sim- 
plicity of interpretation, by attempting, for example, 
to measure a reaction rate at zero conversion, and 
carrying out the most complete mathematical analy- 
sis permitted by available knowledge for a given 
experiment. This example indicates that many 
kinetic problems, including some which were once 
thought simple, are actually so complicated that 
both methods should be used insofar as is feasible. 


One objective of the present work was to further 
develop the second method. 
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found the activation energy of (10) to be 
7 keal., and similar reactions are known 
to have similar activation energies. With 
these assumptions it was found that the 
rates of Reactions (10) and (11) are too 
high, and calculated product distributions 
did not agree with experiment. The rate 
constants would have to be smaller by 
several orders of magnitude, but it is not 
reasonable to expect this to be true. It is 
believed that this difficulty arises because 
Reactions (10) and (11) may not be in- 
cluded without also including other im- 
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Fig. 8. Forward, reverse, and net rates of 
chain-propagating reactions. 
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Fig. 9. Rates of terminating reactions. 


portant reactions of the radicals C3H; 
and C,Hg. In particular, calculations based 
on values of the rate constants (2, 7, 47) 
indicate that the reverse of reactions (10) 
and (11) are more important than other 
reactions of these radicals; hence the net 
rates could be much less than the forward 
rates. 


These reactions and other reactions of 
secondary products could affect the 
concentrations of methyl, ethyl, and 
hydrogen free radicals and thus affect 


September, 1959 


the 
nur 
ple 
py! 
of s 
can 
ism 
dat 
tive 
whi 
pro 
tior 
rate 
viol 
beli 
secc 
rate 
dat 
byt 
this 
the 
ethe 
othe 
seco 
clus 
radi 
addi 
reac 
at tl 
chai 
mea 
expe 
prim 
lowe 
As 
prod 
prod 
by 
The 
atur 
give 


TA 


It 
react 
amot 
late 
this 
impo 
tom 
the 
react 
deter 
data 
react 
not 
strict 
simp! 
needs 
rate 


ACKN 
Th 


Vol. 


10° (3) 
| 
| ON 
— 
| 


the primary pyrolysis rate. No reasonable 
number of elementary reactions can com- 
pletely characterize a hydrocarbon 
pyrolysis mechanism, since the number 
of secondary products and radicals which 
can react is large. However the mechan- 
ism studied fits the available pyrolysis 
data from 863° to 1,373°K. up to rela- 
tively high conversions (20 to 85%), for 
which the concentrations of secondary 
products become equal to the concentra- 
tion of unreacted ethane, and exhibits 
rate constants which agree with pre- 
viously determined values. It is therefore 
believed that if all important reactions of 
secondary products are included, the 
rate constants needed to fit the pyrolysis 
data would differ from those given here 
by not more than twofold. For example in 
this work it was found that about half 
the methane is produced direct from 
ethane by reactions (3) and (4). The 
other half therefore results from 
secondary reactions, and probably ex- 
clusively from scissions of molecules or 
radicals to produce methyl radical. This 
additional methyl radical may again 
react via (3) or (4) to give methane and 
at the same time initiate primary reaction 
chains. If the amount of methane 
measures this effect, then it may be 
expected that rate constants for the 
primary part of the pyrolysis should be 
lower by a factor of 2. 

As was previously explained, the 
production of methane from secondary 
products was empirically accounted for 
by means of a stoichiometric factor, XY. 
The required variation of X with temper- 
ature to best fit the pyrolysis data is 
given in Table 3. 


TABLE 3. VARIATION OF STOICHIOMETRIC 
Factor WITH TEMPERATURE 


Stoichio- 
Temper- Data identi- metric 
ature, °K. fication factor, X 
863 L—Fig. 2 0.5 
1089 D—Fig. 3 0.85 
1255 E—Fig. 4 0.95 


It would be desirable to include more 
reactions in order to calculate the 
amounts of individual higher hydro- 
carbons formed and eventually to calcu- 
late the amount of coke formed, since 
this is a problem of major industrial 
importance. It is not at present feasible 
to make a more complete study because 
the rate constants of the additional 
reactions are not known. They cannot be 
determined solely by fitting pyrolysis 
data because there are so many possible 
reactions that pyrolysis data alone would 
not provide enough quantitative re- 
strictions. Further experimental work on 
simpler hydrocarbon reaction systems 
needs to be done to determine these 
rate constants. 
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NOTATION 

A; = frequeucy factor, same units as k; 

(A) = concentration of substance A, 
g-mole/ce. 

C = concentration, g.-mole/ce. 

C; = concentration of component in 
product 

Co; += concentration in feed 

E; = activation energy, cal./g.-mole 

k; = rate constant of the ith reaction, 
1/sec. for a first-order reaction or 
ce./g. mole-sec. for a second-order 
reaction 

k;’ = rate constant of the reverse of the 
ith reaction, 1/sec. or ec./g. mole- 
sec. 

X = parameter, stoichiometric factor 
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Particulate Fluidization and 
Sedimentation of Spheres 


Particulate fluidization and sedimentation data were taken over the Reynolds number 
tange of 0.005 to 1,800 by means of glass spheres in both water and ethylene glycol. Po- 
rosities for each series of measurements varied from about 0.50 to 0.91 and larger. The 
closely sized samples of spheres used were obtained by grinding between glass plates. 
The data for Reynolds numbers up to about 0.5 are in excellent agreement with the laminar 
theory of Ruth and the porosity function from Ruth’s theory gave a satisfactory correlation 


of all the data, both laminar and turbulent. 


The problem of the motion of a cloud 
of solid particles through a fluid has been 
treated theoretically by a number of 
investigators. Thus for the case where 
the concentration of solids is very 
small, solutions to the problem have been 
obtained by Einstein (4), Kermack et al. 
(9), Burgers (2), and others, For engi- 
neering applications, however, the more 
difficult problem of concentrated beds of 
particles moving in fluids is of greater 
importance than the limiting case of 
dilute beds. Sedimentation and fluidiza- 
tion, perhaps the two most common 
examples of this kind of motion, may be 
either particulate or aggregative, de- 
pending upon whether the particles 
appear to be evenly dispersed and moving 
independently or unevenly dispersed and 
moving in groups. 

Steinour (17) experimentally studied 
the sedimentation of fine-pearl tapioca 
particles in the laminar range and found 
that for porosities up to 0.80 the results 
could be correlated by a modified form of 
the equation of Kozeny (10); namely 


- (1) 


Brinkman (1) modified Darcy’s equa- 
tion for flow through a compacted bed 
to apply to flow through an expanded 
bed and obtained the equation 

V 

(2) 
2Vp 12p 


where 


4 


Verschoor (/9) obtained experimental 
data in the laminar range which agree 
with Brinkman’s theory, but the validity 
of the comparison is doubtful since the 
particles used were highly nonspherical. 
Lewis et al. (11) studied the fluidiza- 
tion of glass spheres and found that their 
results could be best correlated by 
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u= (4) 


The data of reference 11, however, 
were all for Re > 0.1 and hence not 
strictly laminar. Richardson and Zaki 
(14) examined theoretically the laminar 
sedimentation of particles arranged in 
adjacent horizontal layers so as to offer 
minimum flow resistance and found that 
Equation (4) was an approximation of 
their theoretical results. Jottrand (8) 
studied fluidization of nonspherical par- 
ticles (crushed sand) in water in the 
laminar regime, mostly at porosities 
above 0.70. He concluded that Equation 
(4) is valid only for aggregative fluidiza- 
tion and that when the fluidization is 
particulate the correct equation is 


u = (5) 


The effect of particle shape upon 
Jottrand’s data cannot be completely 
evaluated at this time. 

Ruth (16) derived an equation de- 
scribing laminar fluidization and sedi- 
mentation. This equation, in the limit 
of infinite bed expansion, extrapolates 
to Stokes’s law and for porosities ap- 
proaching those of compacted beds 
becomes almost identical to the Kozeny 
equation. Ruth’s analysis will be pre- 
sented in more detail in a later section. 

Hawksley (7), utilizing a_ viscosity 
expression formulated by Vand (18), 
presented the equation for the settling 
of a suspension as 


exp ly (6) 


Hanratty and Bandukwala (4) reported 
a large number of fluidization and sedi- 
mentation tests and found that Equation 
(6) correlated the laminar data well. 

In view of the lack of complete ex- 
perimental verification of any existing 
theory, it was decided that additional 
carefully taken experimental data were 
needed. The present paper describes the 
resulting experimental work and com- 
pares representative data with some of 
the previously mentioned theories and 
experiments. The complete experimental 
work is described in reference 12. 

One question which has received but 
little attention in the past is the relation 
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between fluidization and sedimentation. 
Hawksley considered that sedimentation 
was adequately described by his theory 
but that fluidization was a much more 
complex process. The fluidization and 
sedimentation data of reference 5, how- 
ever, are identical when plotted for 
instance as e against Re. Happel and 
Brenner (6) have recently shown theoreti- 
cally that circulation of particles through- 
out a bed results in a decrease in the 
pressure drop through the bed. Since 
circulation occurs to a greater extent in 
fluidization than in sedimentation, this 
result can be interpreted as meaning that 
the flow resistance of a particle bed is 
less in fluidization than in sedimentation. 
It is hoped that the data presented 
herein will shed some light upon this 
problem too. 


EXPERIMENTAL 


Preparation of Sphere Samples 


Inasmuch as serious doubt can arise in 
determining the correct average diameter 
of a sample of spheres if the size variation 
is large, considerable effort was made to 
obtain very closely sized sphere samples. 

First the spheres were separated by 
screening with Tyler screens varying suc- 
cessively in aperture ratio by 1/2. The 
spheres of each sample were then rolled 
down a slightly inclined glass plate, and 
those which rolled to one side or refused 
to roll were discarded. 

A portion of the sample was then ground 
between two flat glass plates, with the 
aid of carborundum compound, until a 
uniform diameter was reached. The grind- 
ing apparatus employed four such sets of 
glass plates, with the top plates being 
mechanically moved in eccentric fashion 
over the lower stationary plates. Various 
numbers of 5-lb. lead weights could be 
placed on the top plates to control grinding 
speed. Carborundum finishing compound 
grade A280-V8-WS was used in all cases 
except for the two smallest size spheres 
ground, 35 and 48 mesh, for which Carbo- 
rundum finishing compound grade AA440- 
V7-WS was used. Estimates of grinding 
progress were made by periodically re- 
moving a number of spheres from between 
the plates and measuring them. Periodic 
reversal and replacement of the glass plates 
were necessary because of wear. Experi- 
mental difficulties in grinding increased 
with decreasing sphere size, and grinding 
was not attempted for spheres smaller than 
48 mesh. 

Next the individual samples were fluid- 
ized, and the spheres at the top of the bed 
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Fig. 1. Apparatus used for studies with 
water. 


were slowly siphoned off with a glass tube 
and discarded, until a fairly sharp top 
interface was obtained at greater than 95% 
porosity. This removed particles that had 
been damaged in grinding or that contained 
large air bubbles. 


Sphere Measurement 


Size determinations for both ground and 
unground samples were then made. To 
obtain a correct average about 200 ran- 
domly selected spheres from each sample 
were measured. For diameters of 28 mesh 
and larger, ordinary micrometer calipers 
were employed; for the smaller spheres a 
filar micrometer was used. 

The size variation for each sample of 
ground spheres was less than 5% as com- 
pared with almost 20% before grinding. 
The scale of surface roughness for the 
ground spheres was negligible compared 
with the sphere diameter. 


Density Measurements 


Liquid-density measurements were taken 
in a 25-ml. specifie gravity bottle at 25°C. 
The density of the glycol at 25°C. was 
1.110 g./ee. Density measurements of the 
spheres were obtained by first weighing the 
specific gravity bottle empty, next filling 
it about two thirds full of spheres and 
weighing, and finally filling it with water 
at 25°C. and again weighing. From these 
three weighings, the density of water at 
25°C., and the volume of the specific 
gravity bottle at 25°C., the density of the 
glass spheres was computed. 
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Fig. 2. Comparison of fluidization and 
Sedimentation data for ground 48-mesh 
spheres in glycol. 


Vol. 5, No. 3 


Viscosity Measurements 


Viscosity-temperature values for liquids 
used in this work were obtained with a 
precision viscosimeter, a constant-temp- 
erature bath, and a pump to circulate 
the bath water through the viscosimeter. 


Free-fall Velocity Determination 


Free-fall velocities in water were meas- 
ured in a 4-in.—-diameter, 5 ft. long ther- 
mally insulated Pyrex column. It was 
necessary to introduce the spheres at the 
center of the top cross section to prevent 
wall effect. 

Free-fall velocity data for spheres in 
ethylene glycol were taken in a 1,000-ml. 
graduate cylinder of 6.1-em. I. D. 


Runs with Distilled Water 


The small glass column employed for 
runs with distilled water was 2.603 cm. in 
diameter and 110 cm. long. Pressure taps 
were located at the top and in the flange 
assembly at the bottom. Both mercury and 
water manometers were available for pres- 
sure-drop measurements, but these data are 
not included in this paper. A 1/10°C.- 
thermometer was located immediately be- 
low the column for accurate temperature 
measurement. 

Figure 1 shows a diagram of the over-all 
apparatus. As set up, it can be used for 
making permeability studies by passing 
liquid down through the column but these 
studies also are not included in this paper. 
Distilled water from a 55-gal. stainless 
steel drum B was pumped by C through a 
cooler M, the purpose of which was to 
remove pumping heat. A gate and a needle 
valve, 1 and 2, provided accurate flow 
control. Next the water passed through a 
pair of rotameters, G and H, and on through 
an Orlon cloth filter D. From the filter the 
water flowed through valves 9 and 27 into 
the bottom of the column and then passed 
up through the column, through valve 10, 
and back into the reservoir B. For fluidi- 
zation and sedimentation work valves 8 
and 11 were kept closed, while valves 9 
and 10 were open. To prevent troublesome 
rust sediment from clogging the screen bed 
support, all piping and valves between the 
Orlon filter and the column were of stain- 
less steel, aluminum, and brass. 

To save time and to obtain fluidization 
and sedimentation data at the same po- 
rosities, it was ultimately decided to take 
sedimentation data immediately after the 
bed height, manometer reading, flow rate, 
and temperature were read for the fluidi- 
zation run. This was done by turning the 
two-way stopcock 27 to stop the liquid 
flow to the column and simultaneously 
starting a stop watch. The time required 
for the top interface of the bed to pass 
various measured marks on the column was 
noted. 

For use with larger particles a column 
120 cm. long and 5.508 cm. in diameter 
was used. Operation with this column was 
similar to that of the smaller one, except 
that no pressure-drop measurements were 
made and flow rates were determined 
from the weight of effluent collected in a 
measured time. 


Runs with Ethylene Glycol 


The fluidization apparatus, not shown, 
for use with ethylene glycol was similar in 
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Fig. 3. Comparison of fluidization and 
sedimentation data for 28-mesh spheres 
in water. 


principle to the water apparatus. For small 
particles and hence small flow rates the test 
section used was 115 em. long and 2.477 
em. in diameter. A 5-cm.—diameter glass 
tube, for thermal insulation, surrounded 
the test section. The bed support was of 
cloth. A 1/10°C. thermometer was installed 
directly before the column. A Sigmamotor 
pump was used to pump the glycol from a 
5-gal. reservoir to a constant-head tank 
provided with overflow line and located 
about 7 ft. above the top of the column. 
Rough flow rates were taken with a rotam- 
eter, but exact flow measurements were 
made in volumetrically calibrated collection 
tubes. The experimental procedure was 
essentially the same as with the water 
apparatus. 

For the larger particles a 120-cm.-long, 
5.508-cm.—diameter column was used. Oper- 
ation was the same as just described, 
except that the constant-head tank pro- 
vided insufficient flow and the solution was 
pumped directly to the column by means 
of a small centrifugal pump. 

Since ethylene glycol is hygroscopic, the 
specific gravity of the liquid used was 
periodically checked to ensure that it had 
not changed from its original value. 


RUTH’S THEORY 


Since the theory of Ruth has not yet 
been published, it is developed in some 


Sr APPROXIMATE REST HEIGHT 


OF BED (€*0.41) 

i0 50. 60 70 


20. 
SEDIMENTATION TIME, SEC 


Fig. 4. Bed height against sedimentation 
time for ground 48-mesh spheres in glycol. 
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Fig. 5. General comparison of existing data 
and theories for the laminar regime. 


detail in this section. For purposes of 
brevity the original derivation (16) has 
been slightly modified. 

The well-known drag force for the 
very slow motion of a sphere was given 
by Stokes as 


F = (7) 


A more general expression for the resis- 
tance force, for the case where more than 
one particle is present, can be written as 


F = f(e)-3rpuD (8) 
The limiting conditions on f are 
e— 1.0: f(e) > 1.0 | (0) 
— ©) { 


The first of these conditions is obtained 
by a consideration of Stokes’s law, 
Equation (7). The second is obtained by 
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Fig. 6. Single-line correlation of present data over the 


comparison of Equation (8) with the 
equation derived by Kozeny for the case 
of compacted beds of spheres. The 
quantity k& is a constant which must be 
determined experimentally. A suitable 
expression for f(€) is 


fle) = = + 


This expression identically satisfies the 
first of limiting conditions (9) and for 
not too small & approximates the second 
very closely. Since at any rate Kozeny’s 
equation is not an exact solution, there 
is no reason to demand exact agreement 
with it in the compacted-bed porosity 
range. 

If the only body force acting upon the 
spheres is the force of gravity, then the 
force to be resisted by the drag force is 


F= — pg (11) 


Equating the drag and buoyancy forces 
as given by Equations (8) and (11) 
respectively and making use of Equation 
(10) for f(e), one obtains the following 
equation: 


TABLE 1, PROPERTIES OF SPHERES 


Nominal sphere size D, cm. 
20 mesh 0.09029 
28 mesh 0.06586 
35 mesh 0.04590 
48 mesh 0.03445 

100 mesh 0.01645 
115 mesh 0.01399 
170 mesh - 0.01015 
16 mesh, ground 0.09769 
48 mesh, ground 0.02872 
3mm., ground 0.3360 
5mm., ground 0.5056 
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Deviation of experimental 
free-fall velocity from that 


6, g./ce. predicted by ref. 13, % 
2.629 —2.66 

2.630 —1.21 

2.667 —1.21 

2.671 —5.08 

2.582 —1.37 

2.587 —6.38 

2.575 0.89 

2.656 —2.80 (in glycol) 
2.671 2.14 (in glycol) 
2.572 

2.514 
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entire Reynolds number range. 


If a new quantity ¢ is defined as 
then Equation (12) may be rewritten as 
ep D*(6 — p)g 
= : . 14 


It may be noted that Equation (14) may 
also be written as 


(13) 


V 2+e¢ (19) 


Equation (14) can be rearranged to 


Re E ++ 


where 
- _ — p)p 
(17) 
and 
(18) 


RESULTS AND DISCUSSION 
General Considerations 


The nominal sphere sizes, diameters, 
densities, and the comparison of ex- 
perimental free-fall velocities with the 
experimental data of Pettyjohn and 
Christiansen (13) for the spheres used in 
these studies are given in Table 1. The 
agreement for the free-fall velocities is 
seen to be good. 

Except in the case of the 3- and 5-mm. 
spheres for which the top interface of 
the bed oscillated somewhat at the higher 
porosities, the beds fluidized quite evenly 
and uniformly. The top interface of the 
fluidized bed was easily distinguishable 
for the porosity range covered in this 
investigation. 

To compare the processes of fluidiza- 
tion and sedimentation, the data have 
been plotted as € against Re for two 
different sphere-liquid combinations in 
Figures 2 and 3. If the two processes 
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Fig. 7. Comparison of correlating line for present data with 


the data of Wilhelm and Kwauk (19). 


were identical, it would be expected 
that the data for each figure would fall 
upon a single curve. However a close 
scrutiny reveals that generally for the 
same porosity the Reynolds number is 
slightly less for the case of sedimentation; 
that is the flow resistance of the sedi- 
menting bed is greater than that of the 
fluidized bed. This trend was also noticed 
for considerable other data not presented 
here. This finding appears to be in quali- 
tative agreement with the previously 
mentioned theoretical results of reference 
6. The difference between the fluidiza- 
tion and sedimentation data appears to 
decrease somewhat for higher Reynolds 
numbers; thus the difference in Figure 3 is 
less than that in Figure 2. The effect 
does not appear large enough to make 
possible quantitative conclusions at this 
time. 

xenerally plots of bed height against 
sedimentation time were straight lines, 
demonstrating uniform beds and lack of 
interparticle forces. However a slight 
curvature was noted for large times 
during the sedimentation of the ground 
48-mesh spheres in glycol, as shown in 
Figure 4. This curvature could con- 
ceivably be caused by the particles 
taking on an electrical charge and was 
neglected in the computation of sedi- 
mentation velocities; as shown by the 
dotted lines. 


l i Corr lati 


The only data of the present investi- 
gation which are completely in the 
laminar regime of flow are those for the 
ground 48-mesh spheres in glycol. These 
data are plotted as u/V against ¢ in 
Figure 5, where they are compared with 
the theory of Ruth, Equation (15), for 
k = 2.85. The agreement is seen to be 
very good. The Stokes’s velocity used 
in obtaining u/V was calculated sepa- 
rately for each run, with the proper 
temperature used. 

The fact that the value of the Kozeny 
constant k is just over half that of about 
5.0 recommended for compacted beds 
[for example Carman (8)] leads to the 
belief that the particles have rearranged 
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themselves in such a way as to approxi- 
mately halve the resistance of the bed 
in the flow direction. This conclusion 
appears to have been reached also in 
references 7 and 14. 

In Figure 5 the present data are com- 
pared also to a number of theories and 
the data of references 5 and 17. The data 
of reference 17 are seen to be in reason- 
ably close agreement with the present 
data. Data from the literature for non- 
spherical particles are not included, 
since the effect of particle shape is not 
yet understood. 

The correlation given by Equation (4), 
as reported by references 11 and 14, 
is not plotted in Figure 5 but agrees 
very closely with the theoretical line of 
reference 7. 


Correlation of All Data 


Since the porosity function described 
by Ruth was successful in correlating the 
laminar data, it was decided to employ 
the same porosity function in trying to 
correlate the turbulent data too. This 
was done by plotting e¢/(5.7 + ¢)-K,/Re 
against Re as shown in Figure 6, where 
k has been taken throughout as 2.85.* 
The small differences between fluidization 
and sedimentation as evidenced by 
Figures 2 and 3 have been neglected for 
the purposes of this plot, and both types 
of data are plotted. At the higher 
Reynolds numbers fluidization data only 
are shown because sedimentation data in 
this range were relatively inaccurate. 
Conversely at very low Reynolds num- 
bers the fluidization data were the least 
accurate. It is seen that the data give 
a satisfactory single-line correlation. The 
porosity range of the data presented is 
0.48 to 0.96. The scatter of the data in 
Figure 6 in the neighborhood of Re = 10 
to 40 could conceivably be caused by a 
transition from laminar to turbulent 
tube flow. 

For the laminar and _near-laminar 
regime it can be seen from Equation (16) 


*Tabular material has been deposited as docu- 
ment No. 5974 with the American Documentation 
Institute, Photoduplication Service, Library of Con- 
gress, Washington 25, D. C., and may be obtained 
for $1.25 for photoprints or 35-mm. microfilm. 
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Fig. 8. Study of wall effect. 


that the value of the ordinate of Figure 
6 should be equal to 1. This is nicely 
verified by the fact that the ordinate is 
approximately 1 up to a Reynolds num- 
ber of about 0.5. 

The free-fall (e = 1) data of Pettyjohn 
and Christiansen are approximated by 
the dotted line in Figure 6. If the 
Reynolds number effect for a fluidized 
bed were similar to that of a free-falling 
sphere, it would be expected that the 
present data would fall along the dotted 
line. That they do not fall exactly along 
it is not surprising, since the flow patterns 
for the two cases are obviously not identi- 
cal. The correlating line drawn through 
the data should be of practical interest 
in most fluidization and sedimentation 
work, however, since it is valid over the 
porosity range of 0.48 to 0.96. 

It is quite important to notice that 
the data for the ground and unground 
spheres all fall along the same correlating 
line in Figure 6. Since the size variation 
within the ground sphere samples is 
less than 5%, while that in the unground 
is less than 20%, it would appear that 
the samples of spheres used in the pre- 
sent investigation are uniform for all 
practical purposes; that is, there is no 
uncertainty as to the effective diameter 
characterizing each sample. 

For comparison purposes the corre- 
lating line of the present data, as deter- 
mined in Figure 6, is compared in Figure 
7 with data obtained by Wilhelm and 
Kwauk (20). The data chosen from 
reference 20 are those for fluidization 
of spherical particles by water. Although 
the scatter here is considerably more 
than in Figure 6, a mean line through 
the data would not deviate greatly from 
the correlating line obtained from Figure 


Richardson and Zaki (/5) reported 
laminar and turbulent data indicating 
a logarithmic relationship between u and 
e (for constant temperature) with the 
slope a function of the terminal-velocity 
Reynolds number and equal to 4.65 for 
the laminar regime. The latter case, as 
given by Equation (4), does not represent 
the present data as well as the theory of 
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Ruth, as previously mentioned. However 
all the data do show an approximate 
logarithmic relationship between wu and e. 
To determine whether there was an 
appreciable wall effect in any of the 
data it was decided to fluidize the largest 
spheres employed in the investigation, the 
0.336 and 0.506-cm.—diameter spheres, 
in a column of diameter 2.603 cm. Com- 
parison of these data with the data for 
the same spheres fluidized in the 
5.508-cm.-diameter column should then 
give a measure of the maximum wall 
effect. Such a comparison is made in 
Figure 8, where porosity is plotted 
against Reynolds number, and it is con- 
cluded that wall effect is negligible. 


SUMMARY 


A careful experimental study, over a 
wide Reynolds number range from 0.005 
to 1,800, was made of fluidization and 
sedimentation of glass spheres, with both 
water and ethylene glycol used. Porosities 
varied from about 0.50 to 0.91 and larger. 
Closely sized and spherical particles were 
obtained by grinding the particles be- 
tween glass plates. For Reynolds numbers 
up to about 0.5 the data are in very 
good agreement with the laminar theory 
of Ruth, while the porosity function 
from Ruth’s theory gave a satisfactory 
correlation for all the data, both laminar 
and turbulent. There were small but 
consistent differences between the fluidi- 
zation and sedimentation data which 
indicated that for an expanded bed of 
given porosity more flow resistance is 


experienced in sedimentation than in 
fluidization. 
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NOTATION 
D particle diameter 
D, = column diameter 


undetermined function of porosity 
acceleration of gravity 

u= function of particle and fluid pro- 
perties, Reynolds number eval- 
ualted for Stokes’s velocity [Equa- 
tion (18)] 

constant 

permeability coefficient 
fluidization velocity based on 
empty column cross section, or 
absolute velocity of top interface 
of bed in sedimentation 

Stokes’s velocity 

volume fraction of voids 

fluid viscosity 

fluid density 

particle density 
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Effect of Liquid on Interparticle Forces 
in Gas-fluidized Beds 


HARRY W. PARKER and WILLIAM F. STEVENS 


In an investigation of the behavior of an air-fluidized bed of glass spheres under varying 
interparticle forces, the results obtained are explained by hypothesizing the coexistence 
of particulate and aggregative fluidization. As interparticle forces are increased, a greater 
portion of the particles are in aggregative fluidization, resulting in a decrease in bed 
height. In this study water added to the fluidizing air increased the interparticle forces. 
Up to 0.5 mass % water was used, with a fluidized bed of glass spheres 0.013 to 0.035 in. 
in diameter. The resulting decrease in bed height has been correlated by means of a 
theoretical equation for the increase in interparticle forces due to the added water. 


The widely differing natures of liquid- 
and gas-fluidized beds were observed in 
early laboratory fluidization experiments 
and received the names particulate and 
aggregative fluidization respectively (11). 
It has been suggested that the cause of 
aggregative fluidization is the attraction 


H. W. Parker is with Phillips Petroleum Com- 
pany, Bartlesville, Oklahoma. 
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of individual particles for each other, 
usually termed inter-particle forces. The 
need for further information concerning 
interparticle forces has been indicated by 
several authors. Gamson has stated that 
a shape factor is needed to correlate 
particle heat and mass transfer data 
taken in aggregative fluidization with 
similar data from particulately fluidized 
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beds and fixed beds (3). Workers who 
have studied heat transfer from surfaces 
in contact with the fluidized bed have also 
suggested that the attraction of particles 
for each other may be a factor in the corre- 
lation of heat transfer data (1, 10). 
Interparticle forces may be divided into 
two groups, those due directly to the 
motion of fluid through the solids, and 
those forces not directly caused by the 
flowing fluid. The first class of forces are 
due to two causes: Bernoulli forces and 
the tendency of a flowing fluid to seek 
the path of least resistance. The latter 
phenomenon is very well described by 
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Morse. (7). The most common forces 
involved in the second group are electro- 
static. In practically all laboratory 
studies attempts are made to minimize 
electrostatic forces. Some other possible 
forces in this group are the magnetic 
attraction of particles for each other and 
surface forces resulting in sticking to- 
gether of the particles owing to liquid on 
their surfaces. The latter one was chosen 
for study in this paper. 


LIQUIDS AND FLUIDIZED BEDS 


The behavior of small amounts of liquid 
in a gas-fluidized bed has not been studied 
extensively. Meissner and Mickley have 
used a fluidized bed to remove mists from 
gas streams; however they state only that 
nonporous particles had a life of only a 
few minutes before liquid adhering to 
the particles stuck them together and 
fluidization stopped (6). The commercial 
realization of fluid coking has made 
practical application of liquid injection 
into a gas-fluidized bed, but there is little 
information as to the behavior of the 


ORIFICE 
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WATER FLUIDIZATION 
HOT WATER 0 SEPARATOR COLUMN 


DRAIN 


COLD WATER po CALMING SECTION 


Fig. 1. Flow diagram of apparatus. 


fluidized bed. United States patent 
2,567,959 has been issued for a fluidized- 
bed evaporator. 

From the appearance of a gas-fluidized 
bed with liquid in it and a consideration 
of the forces involved, the action of inter- 
particle forces caused by a liquid on the 
surface of the particles appears to be 
comparable to that resulting from forces 
due to other sources. It has been observed 
that the particles in dense-phase fluidiza- 
tion are in actual contact with each other 
(6, 3). Since the particles are in contact 
with each other, whether they are held 
together by a liquid film or other forces 
is not of great significance, provided that 
the forces are of the same order of 
magnitude. 

For particulate fluidization to exist, the 
particles must be separated enough from 
each other so that interparticle forces 
are negligible; otherwise the particles 
would be attracted together, and aggre- 
gative fluidization would result. The type 
of interparticle forces present is not 
therefore important. It is realized that a. 
liquid film on particles is not an effective 
interparticle force until the particles have 
actually touched, in contrast to other 
interparticle forces which act more or less 
continuously. However the very rapid 
decrease in attraction between particles 
as separation increases for other inter- 
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particle forces should allow the assump- 
tion of similarity for exploratory study. 

Both particulate and aggregative fluidi- 
zation may occur at the same time, 
resulting in dense- and _light-phase 
fluidization. As interparticle forces are 
increased, a greater portion of the par- 
ticles are in aggregative fluidization, 
resulting in a decrease in bed height. In 
the following section an equation is 
derived relating moisture content to bed 
height. 


DERIVATION OF EQUATION RELATING BED 
HEIGHT TO MOISTURE CONTENT OF THE BED 


For this derivation a hypothetical 
fluidized bed in which the interparticle 
forces may be varied independently of 
other conditions will be considered. 
When interparticle forces are negligible, 
particulate fluidization results. If the 
interparticle forces are sufficiently large, 
aggregative fluidization results. The dif- 
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Fig. 1a. Calming section. 


ference in height between the fluidized bed 
in entirely particulate fluidization and 
entirely aggregative fluidization is pro- 
portional to the additional bed volume 
involved in particulate fluidization. The 
fraction of this excess bed volume 
occupied by the bed at a given set of 
conditions represents the fraction of 
particles in particulate fluidization. 


Fraction of particles in particulate 
fluidization 


h — h,, (1) 


h, — ha 


One minus the right-hand quantity in 
this equation is the fraction of particles 
in aggregrative fluidization. This assumes 
that the average bulk density of the two 
phases is independent of interparticle 
forces. 

Equation (2) expresses in the least 
complex manner a relationship between 
the rate of particle aggregation and the 
fraction of particles in the particulate 
phase. The proportionality factor K, is a 
function of the fluid, particle properties, 
and fluid velocity. The rate of particle 
aggregation is not however affected by 
the small quantities of water added during 
this study. At a maximum, 0.5 mass % 
water was added, and usually the addi- 
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tion was less than 0.1 mass %. This small 
amount of liquid on the particles cannot 
affect a fluidized bed until the particles 
have come in contact with each other. 


Rate of aggregation 


h — hn 
= (2) 


A similar equation may be written for 
the rate of separation of particles from 
the aggregated phase, where the fraction 
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Fig. 2. H vs. M. 


aggregated is represented by one minus 
the fraction in the dispersed phase. 


Rate of separation 


h—h, 

In this case the proportionality factor is 
a function of moisture content. The 
forces holding the particles together, in 
this investigation, are the sum of two 
parts: those forces which are already 
present in the dry bed and the added 
forces due to the presence of water. Since 
the only quantity changed during a run 
was the amount of water present, the 


_ proportionality factor may be expressed 


in terms of constants as 
K, 


Equation (4) assumes that the dry inter- 
particle forces and those due to the 
addition of water do not interact. The 
increase of interparticle forces due to 
added moisture content will be assumed 
to have the following relation: 


f(M) = K;M* (5) 


Since the rates of agglomeration and 
separation are equal, Equations (2) and 
(3) are equal to each other and in com- 
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bination with Equations (4) and (5) will 
give Equation (6): 


K h—-h, _ K, 
“h,—h, K,+K;M’ 


h- he 
‘(1 hy, — hin 
This equation may be further simplified 


by algebraic manipulation and combina- 
tion of constants to Equation (7): 


(6) 


> 
K,+K,;M (7) 


The term on the left side of Equation (7) 
may be expanded as follows to consider 
the height of a dry bed: 


h-h, h—-h, 


ha tm h 
h — hn (8) 


Equation (8) substituted into Equation 
(7) provides Equation (9). 


h,—ha , ha — | 
h — 


K,+K;M’ (9) 


When the fluidized bed is dry, Equation 
(9) reduces to Equation (10). 


h, ha 


ha — Nin (10) 


Equation (10) is substituted into Equa- 
tion (9) to eliminate h,. 


hin) ha h 
(11) 
= K,+K,M 


Further manipulation and rearrangement 
following the steps shown below result in 
the final equation, (17). 
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(16) 
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EXPERIMENTAL OPERATIONS 


Figure 1 shows a sketch of the apparatus. 
The fluidization column was a 5-ft. length 
of 3-in. commercial Pyrex glass pipe. A 
detailed sketch of the calming section is 
also shown in Figure 1. It was necessary to 
both saturate the air used with water and 
to control its temperature, by injecting a 
mixture of hot and cold water into the air 
line and providing a tank for the air to 
separate from the water (Figure 1). The 
air entering the fluidization column was 
saturated with water and was. slightly 
above room temperature. Cooling of this 
air by the surroundings offset warming of 
the air by passage through the fluidized 
bed and thus minimized drying of the bed. 

The range of variables used is indicated in 
Table 1. A weighed quantity of particles 
(Superior Crystal Beads supplied by B. F. 
Drakenfield and Company) was charged to 
the apparatus and the desired air rate set. 
Distilled water could be added to the 
fluidized bed when nesessary by means of 
a metering pump, as shown in Figure 1. 
When the bed appeared in steady operation, 
its height was measured and a sample of 
particles taken. Samples taken simultane- 
ously at various depths of the fluidized bed 
showed that no vertical moisture gradient 
existed. Samples of about 100 g. were 
required owing to the small moisture con- 
tent. The quantity of water was determined 
by difference after the sample had been 
dried in an oven. 

There was no large change in pressure 
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drop across the fluidized bed as water was 
added, except with small particles and large 
amounts of liquid. In this case sufficient 
particles stuck to the wall of the apparatus 
to reduce the pressure drop appreciably. 
This difficulty was eliminated in taking data 
by tapping the side of the column, when 
necessary, to free the stuck particles. 
Moisture definitely increases the gas flow 
rate required for minimum fluidization and 
aids the formation of stable channels at 
lower velocities. Attempts to study these 
phenomena were’ not successful, because 
under some conditions the bed could 
alternate between stable channels and 
proper fluidization. To study this situation 
the moisture content of the bed would have 
to remain constant for a considerable period 
of time to determine its most usual mode of 
behavior. 


ANALYSIS OF DATA 


The following steps were taken in the 
evaluation of the constants in Equation 
(17). The experimental data were plotted 
on rectangular coordinates as mass 
percentage of moisture vs. bed height, 
and a curve which best fitted the points 
was drawn and transferred to logarithmic 
coordinates-H vs. M, where M equals the 
analyzed mass percentage moisture minus 
0.008. The subtractive term was an 
average residual moisture content in the 
fluidized bed. This residual moisture was 
present even when unsaturated air was 
used. When new beads were used, this 
term was smaller, but it soon reached 
this value after a few hours of operation. 
These used beads had a yellowish color 
which was insoluble in water or ether. 
Perhaps it was small adhering rust 
particles, which could have retained some 
moisture. 

In an evaluation of H the measured 
height of the dry bed was used, but h,, 
needed to be found by trial and error, 
since it is approached asymptotically. 
The criterion used for the selection of h, 
was the approach to a straight line of the 
plot of H vs. M on logarithmic coordi- 
nates. A straight line was drawn which 
best fitted the resulting curve, the slope 
and intercept of which gave values of b 
and K. Examples are given in Figure 2. 
This transfer of experimental data to 
logarithmic coordinates is shown as the 
curved lines in Figure 2. A straight line 
was then drawn which best fitted the 
curved line, the slope and intercept of 
which gave values of 6b and K. Table 2 
presents the constants obtained in this 
manner. Equations for 6 and K as a 
function of particle diameter and air rate 
are 


K = 185(100 


0.54 
1.02(@ 


Q is presented graphically in Figure 3. 
These equations are compared with ex- 
perimental values of 6 and K in Figures 
4 and 5. Using these correlations and 
experimental values of hz and h,, one 
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TABLE 1. Properties oF MATERIALS 
UsrEp 


Particle 
density, lb./hr./ 
Ib./cu.ft. sq. ft. 


Size Dp, 
Material no. in. 


Glass 
spheres 3 0.0354 159 380 
7 0.0208 162 161 


10 0.0132 160 78.2 


may plot Equation (17) on the original 
data. Figures 6 and 7 are examples of this. 
A reasonable correlation can be prepared 
for hz and h,,, as shown in Figures 8 and 
9, but owing to subtractive terms in the 
original equation it was desirable to use 


experimental values of h,, and ha in the 
preparation of Figures 6 and 7. Figure 9 
also includes portions of two runs of 
Lewis, Gilliland, and Bauer (4), which 
fall within the range of variables studied 
in this paper. The correlations of Figures 
8 and 9 should not be used outside the 
range of data shown. More complex 
correlations such as those used by Lewis 
(4) are necessary for wider ranges of data. 

The ranges of variables employed in 
this study are presented in Table 1. The 
upper particle diameter was_ limited 
because larger glass spheres of the type 
used were not available. The lower limit 
was caused by the fact that the water on 
appreciably smaller particles makes fluidi- 
zation impossible. The maximum bed 
height and air rates were controlled by 
the tendency of particles to be carried out 


and theory, in view of the experimental 
difficulties encountered. 


PROPOSED CRITERION FOR THE EXISTENCE 
OF AGGREGATIVE OR PARTICULATE 
FLUIDIZATION 


Wilhelm and Kwauk have shown that 
Froude numbers U,,,;?/(D,g) greater than 
1 result in aggregative fluidization and 
less than 1 in particulate fluidization, 
for the range of their variables. They 
mention however that this criterion 
would predict particulate fluidization for 
small particles in gas systems, which 
they demonstrate did not happen (1/1). 

Since the velocity in the Froude number 
above is taken as being the velocity re- 
quired for minimum fluidization, this 
criterion does not consider the type of 


oT T T Lee, J of the system by entrainment. Fifteen fluidization to be a function of bed 
80F different combinations of bed height, air expansion. A fluidized bed of puffed rice 
4 POINT AIR RATE 2 | rate, and particle size were run, over the which was aggregatively fluidized at low 
- LBS/HR/FT possible ranges of moisture content, to velocities became particulate at higher 
50+ A 7990 - give the original data on which the corre- velocities, resulting in about a hundred- 
B 1061 lation is based (&). The equation constants fold bed expansion. For this case the 
— C 2417 are listed in Table 2. Froude number was about 1.6. Aggrega- 
5 1861 The main reason for the scatter of the tive fluidization becoming particulate in 
30 E 2640 7 experimental data and _ the resultant a liquid system was also noticed by 
scatter of points used in the correlation is Richardson and Zaki (9), who used 
the difficulty of measuring the fluidized 14-in. steel spheres, cylinders, and cubes. 
20 _| bed height accurately. In this study it The Froude number was not intended 
was done visually, since height had to be__to be used as a criterion for the type of 
measured and a sample of the bed taken fluidization when artificial interparticle 
K in a short period of time, owing toa slow forces are applied, and as discussed above 
drift in moisture content in the bed. At is not applicable to all other cases of 
low moisture contents measurement of fluidization. The equations developed in 
10r- “| the water concentration also became a this paper may give a basis for the 
ie ‘| factor, resulting in scatter of the experi- prediction of a predominance of aggre- 
7L _| mental data. Comparison of the experi-  gative or particulate fluidization, in a 
mental points and the curves drawn particular case. 
“| according to the theoretical Equation 
+ (17) is shown in Figures 6 and 7.Forthe 2 — hn K, 
Co four lines shown the average deviation h, —h, K,(K2 + 
z > of the data points is +7.7%. For the (6) 
Do top line in Figure 6, obviously the (1 _ k= he.) 
3 worst of the cases av h, — hn 
deviation i 14.5%. These data, typica 
100 Dp (IN) of the stay, As shown in the derivation, the quantity 
Fig. 5. K vs. D,. reasonable agreement between experiment 0°” the left side represents the fraction of 
’ particles in particulate fluidization and 
that in parentheses on the right side 
represents the fraction of particles in 
aggregative fluidization. The quantities 
Dp 0.0132 IN 
ee G 1061 
0.0208 IN. 1 Dp 0.0354 IN. 
G 790 6 G 1241 LBS./HRJFT.2 \. 4 
hs 5.5 IN 4 hs 8.25 IN. 
15 | bop Dp 0.0208 IN. \ | 
G 790 LBS./HR/FT.2 
hIN. 8.25 IN. 
4b 4 
i 4 
4 
0 001 002 003 004 005 006 007 020 022 023 0 0.04 0.08 O12 0.16 0.20 0.24 0.28 


‘My PER CENT 
Fig. 6. h vs. M,. 
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Fig. 7. h vs. M,. 
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TaBLE 2. SumMMARY OF EquaTIon ConsTANTS 


Da, G, he, 

in. Ib./(hr.)(sq. ft.) in. 
0.0132 790 5.5 
0.0132 1,061 5.5 
0.0208 790 2.75 
0.0208 790 5.5 
0.0208 790 8.25 
0.0208 1,241 2.75 
0.0208 1,241 5.5 
0.0208 1,861 2.75 
0.0208 1,861 5.5 
0.0354 1,241 2.75 
0.0354 1,241 5.5 
0.0354 1,241 8.25 
0.0354 1,861 2.75 
0.0354 1,861 5.5 
0.0354 2,640 5.5 


not in parentheses on the right side may 
be considered, as a group, to be analogous 
to a chemical equilibrium constant. When 
this equilibrium constant is very large, 
particulate fluidization results, and when 
it is small, aggregative fluidization is 


4b 4 
3 4 
2k 
hm 
hs 
| = 4 
4 Dp 0.0132 IN. 
° Dp 0.0208 IN. 
o Dp 0.0354IN. 7 
0.3 0.6 | 2 3 
G -.6 
1,000 {00 Dp) 
G 
i — )\-0.6 
Fig. 8. h, vs. 1,000 (100 D,)~°-6. 
5+ 
A 
hq 2b @ Dp 0.0178 IN.” 
hs Dp 0.0224 IN.* 
REFERENCE (4) 0 Dp 0.0208 IN. 
Dp 0.0354IN. 
03 05 2 
6 -1.05 
7000 (100 Dp) 
Fig. 9 ha vs. ——— (100 
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ha/h, b K 

1.64 2.91 1.415 88.0 
1.82 3.27 1.6 75.0 
1.51 2.18 1.27 39.0 
1.44 2.09 1.14 23.5 
1.40 2.00 22.5 
1.87 3.18 1.83 33.0 
1.81 3.00 1.83 29.0 
2.18 4.73 2.14 32.0 
2.38 3.82 1.79 15.5 
1.49 2.18 0.76 10.0 
1.56 2.18 0.84 4.4 
1.49 1.94 0.91 5.9 
1.78 3.24 1.15 6.2 
2/00 3.04 1.07 3.5 
2.45 3.68 1.028 4.9 


predominant. In this study only the 
portion of the equilibrium constant 
involving the moisture content was 
studied. 


CONCLUSIONS AND RECOMMENDATIONS 


The equation proposed in this paper 
relating bed height to liquid content has 
been shown to correspond to the experi- 
mental data. However the scatter of the 
data and the nature of the derivation 
made accurate quantitative results diffi- 
cult to obtain. 

The results which were obtained indi- 
cate that the height of a fluidized bed 
is little influenced by further additions 
of liquid after a initial small quantity 
has been added. Therefore if a maximum 
amount of liquid in a fluidized bed is 
desired, conditions should be selected to 
allow operation on the nearly horizontal 
portions of the height-vs.-moisture curve 
(Figures 6 and 7). Here other limiting 
factors. concerning liquid in a fluidized 
bed, such as particles sticking to the wall 
or liquid being entrained out of the 
system by the gas stream, would occur. 

A criterion has been suggested to 
indicate the predominance of either 
aggregative or particulate fluidization; 
however with the data available it was 
not possible to develop it completely. 

Further study involving the inde- 
pendent variation of interparticle forces 
should aid in the extension of these 
concepts. By the addition of liquid to a 
gas-fluidized bed interparticle forces may 
be increased only in a system where they 
are already appreciable. A desirable 
extension of this work would involve 
increasing interparticle forces sufficiently 
from a negligible value, as in particulate 
fluidization, to cause predominately ag- 
gregative fluidization. One way of doing 
this would be by using particles which 
could be magnetized in a liquid system. 
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NOTATION 

b = experimentally determined expo- 
nent in Equation (17) 

D, = average diameter of particles 


fluidized, in. 

G = mass rate of air flow, lb./(hr.) 
(sq. ft.) 

Gar = mass rate of air flow for minimum 
fluidization, lb./(hr.)(sq. ft.) 

= by definition (hz — h)/(h — hy) 

h = height of fluidized bed, in. 

ha = height of dry fluidized bed, in. 

hn = height of bed when in complete 
aggregative fluidization, in. 

h, = height of bed when entirely in 
particulate fluidization, in. 

h, = height of settled bed, in. 

K =gexperimentally determined con- 
stant in Equation,(17); when it is 
used with any subscript, a propor- 
tionality factor used in derivation 
of Equation (17) 

M = mass percentage of water added 
to fluidized bed 

M, = mass percentage of water analyzed 
in fluidized bed 

Q = graphical function of D, used to 
express } in terms of G and D, in 
Figure 3 

U,,5 = velocity for minimum fluidization, 
ft. /sec. 
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Formation of Gas Bubbles 
at Submerged Orifices 


W. B. HAYES, Ill, B. W. HARDY, and C. D. HOLLAND 


Agricultural and Mechanical College of Texas, College Station, Texas 


The formation of air bubbles at constant pressure at submerged orifices was investigated 
for several liquids. The frequency of formation of the bubbles was determined by the 
use of a stroboscope, and the rate of gas flow was measured with conventional rotameters. 
Several orifices having diameters ranging from 0.0794 to 0.397 cm. were employed, and 
the gas flow rate was varied from about 0.1 cc. (at standard conditions) /sec. to about 
150 cc./sec. It was found that the formation of bubbles could be correlated with the 
physical variables of the system by the application of Newton’s second law of motion to 
the bubble at the instant just prior to its release from the orifice. 


Gas, as a dispersed phase, plays a 
significant role in numerous physical and 
chemical processes. This is reflected by 
the attention given in the literature to 
the formation of gas bubbles at capillary 
tubes, orifices, and other devices sub- 
merged beneath liquid surfaces (1, 2, 4, 
5, 6). In the experiments described 
herein the bubbles were formed at 
approximately constant pressure within 
the gas chamber (Figure 1) by passing 
air through orifices each of which was 
submerged in several liquids in turn. 
Correlation of the physical variables 
involved was achieved through the 
application of Newton’s second law of 
motion. 

It has been established that at very 
low rates of air flow the size of the bubble 
is nearly independent of the flow rate 
and is determined primarily by the 
orifice diameter, the surface tension, and 
the liquid density. At higher or inter- 
mediate rates of gas flow the size of the 
bubble becomes dependent upon the 
rate of gas flow through the orifice, as 
shown by Davidson et al. (1). At very 
high rates of gas flow Leibson et al. (6) 
demonstrated that the apparent jet of 
air issuing from the orifice is actually 
a series of closely spaced, irregular 
bubbles which undergo further separation 
upon rising through the liquid. 

The influence of the volume of the gas 
chamber (Figure 2) and other physical 
dimensions of the apparatus on the 
formation of bubbles has been pointed 
out by Hughes et al. (4), who also 
observed that the effect of the chamber 
volume was not considered in the treat- 
ment of many of the data in the liter- 
ature. Davidson et al. (1) demonstrated 
that as long as the volume of the gas 
chamber was less than a critical size it 
did not affect the formation of bubbles. 
For a given orifice diameter and gas flow 
rate the volume of the bubbles formed 
increased as the chamber volume was 
increased until approximately constant 
pressure within the gas chamber was 
approached. Most of the experiments 
reported in the literature were carried 


Vol. 5, No. 3 


out with both capillary tubes and 
relatively small gas-chamber volumes; 
however in some instances Davidson (1) 
and Leibson (6) did use chamber volumes 
large enough to insure the formation at 
constant pressure within the gas chamber. 

Since the majority of the bubble type 
of contactors employed in industrial 
applications operate at constant gas- 
chamber pressure and since such data 
are scarce, this investigation was under- 
taken. 


EXPERIMENTAL 


Experimental Apparatus 


The equipment employed to collect the 
data used in the correlations consisted of 
the following major items: a column 10 in. 
in diameter and 72 in. long, an orifice holder 
2 in. in diameter and 22 in. long, three 
rotameters, a Strobotac and Strobolux 
attachment, two manometers 60 in. long, 
six orifice plates, a wet-test gas meter, 
and two pressure regulators. 

Figure 3 is a schematic flow diagram of 
the equipment. The pressure of the air 
entering the column through the orifice 
holder, located at the bottom of the column, 
was measured with respect to atmospheric 
pressure with a 60-in. manometer in which 
water was used as the fluid. Gas temper- 
atures were measured with dial ther- 
mometers, and a mercury-filled glass 
thermometer was used to measure the 
temperature of the liquid, which could be 
read to within 0.1°C. The orifice plates 
employed to obtain the data used in the 
correlations shown herein were made of 
stainless steel plate 0.318 cm. thick. The 
diameters of the orifices were 0.0794, 0.159, 
0.238, 0.318, 0.397, and 0.635 em. The orifice 
holder, shown in Figure 1, was constructed 
from a section of stainless steel tubing. 
The rotameters used to measure the rates 
of gas flow were calibrated by with a wet- 
test meter. 


Physical Properties of the Liquids 


The interfacial tensions of the liquids 
with respect to air were measured with a 
Du Nouy direct-reading tensiometer, the 
viscosities were determined with a Stormer 
viscosimeter, and densities of the liquids 
were measured with a Westphal balance. 
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The experimental values so obtained were 
in good agreement with those in the liter- 
ature. These results are given in reference 
83 and are also on file.* The correlations, 
Equations (27) and (28), were based on 
the results of 504 experiments. In all of 
them either pure liquids or mixtures of 
pure liquids which wet the orifice were 
employed, and the chamber volume was 
held constant at 1,322 cc. A wide variation 
in the viscosity of the liquid phase was 
obtained by the use of aqueous solutions 
of glycerine. Other liquids employed in 
this series of experiments were kerosene 
and isopropyl alcohol. In seventy-three 
other experiments the viscosity of the 
liquid phase was altered by the use of 
silicone additives. A chamber volume of 
1,322 cc. was also employed in these runs. 
The effect of the geometry of the chamber 
volume on the formation of bubbles was 
investigated in a series of forty-one experi- 
ments. Throughout the entire investigation 
air was used as the gas phase. 


Operation of Equipment 


Prior to the initiation of a series of experi- 
ments the orifice holder was placed under 
pressure to prevent liquid from flowing into 
it. The column was then filled with liquid 
to a height of 6 in. above the level of the 
orifice. After the liquid level had been 
properly adjusted, the rotameter was set 
to give the desired gas-flow rate. At low 
rates of gas flow the frequency of formation 
of the bubbles was determined by visual 
inspection; at the higher rates of gas flow 
the frequency of formation was measured 
by a Stroboscope. 

The data for the rate of formation of 
bubbles were taken at normal flow rates, 
or gas-flow rates above which a continuous 
stream of gas issues from an orifice. At 
gas-flow rates higher than the normal 
flow rates the bubble formation was not 
uniform and could not be determined with 
a stroboscope. 

Experiments 232 through 243 and 561 
through 575 were made under identical 
operational conditions. In a comparison of 
these data a smooth curve (frequency as 
a function of the gas-flow rate) was de- 
termined by the method of the least squares 
for each set of results. The average devi- 
ation of the experimental values with 
respect to the corresponding calculated 
values was 3 % for each set of results. The 
frequencies given by the smooth curve 
representing experiments 561 through 575 
were on the average (taken over the range 
of flow rates employed in the two sets of 


*Tabular material has been deposited as docu- 
ment No. 5969 with the American Documentation 
Institute, Photoduplication Service, Library of Con- 
gress, Washington 25, D. C., and may be obtained 
= $3.75 for photoprints or $2.00 for 35-mm. micro- 
film. 
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experiments) 4% below those given by 
the smooth curve for runs 232 through 243. 
Also the data from both sets of experiments 
were used to determine a single smooth 
curve for which an average deviation of 
5% was obtained. 

The room temperature was maintained 
at approximately 25°C. throughout the 
course of the investigation. 


Description of Bubble Formation 


Two types of bubble formation 
occurred. At low rates of gas flow the 
volume of the bubble remained relatively 
constant, but the frequency of formation 
increased as the gas-flow rate was in- 
creased. At the higher rates of gas flow 
the frequency of formation of the bubbles 
remained relatively constant, but the 
volume of the bubble increased as the 
flow rate was increased. 

At low flow rates the bubbles formed 
singly at the orifice with a given time 
interval between the formation of each 
bubble. However as the flow rate was 
increased, the bubbles began to form in 
pairs; that is, two bubbles would appear 
to form simultaneously, a given time 
interval would elapse, and then two more 
bubbles would form. As the flow rate was 
increased further, the bubbles formed in 
groups of three, four, or five. Again a 
group would form, a given time interval 
would elapse, and another group would 
form. The time interval of course de- 
pended on the number of bubbles in the 
group and the rate of gas flow. This 
multiple bubble formation not 
always reproducible. Experimental con- 
ditions that would yield groups of four 
might when repeated yield groups of 
three. In the computation of the volumes 
of the bubbles, however, it was assumed 
that they formed singly with equal time 
intervals between the formation of each 
bubble. On this basis it was found that 
with a given set of experimental con- 
ditions the calculated volumes of the 
bubbles were the same regardless of the 
number of bubbles in the group. Ad- 
ditional increases in the gas rate resulted 
in the formation of single bubbles at 
equal time intervals. This regular bubble 
formation continued, as the gas rate was 
increased, until irregular bubble form- 
ation occurred at higher flow rates, at 
which it was impossible to obtain 
quantitative data with a stroboscope. 


EFFECTS OF VARIOUS DIMENSIONS OF THE 
APPARATUS ON THE FORMATION OF BUBBLES 


The purpose of the experiments dis- 
cussed in this section was to establish the 
approximate range over which the 
geometry of the apparatus could be 
altered without any significant deviations 
from the results upon which the corre- 
lations were based. Most of the geo- 
metrical quantities discussed here have 
been investigated with systems having 
zero chamber volume, although in some 
instances larger volumes were employed. 
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Fig. 2. Variation of the volume of the bubble 
with the volume of the gas chamber. 


Except as noted, the experiments dis- 
cussed below were performed at the 
following conditions: (a) the orifices were 
submerged beneath 15.2 cm. of water 
(6) the volume of the gas chamber was 
1,322 cc., (c) the internal diameter of 
the gas chamber was 5.23 cm., (d) the 
thickness of the orifice plates was 0.318 
cm., and (e) air was used in all the 
experiments. 

The height of liquid above the orifice 
plate was varied from 45.7 to approxi- 
mately 2.54 em. Over the range of heights 
investigated the formation of bubbles 
appeared to be independent of the height 
of liquid, provided the height of liquid 
was greater than approximately two 
bubble diameters. This result is in agree- 
ment with the findings of Davidson et al. 
(1). 

In another set of experiments the 
effect of the volume of the gas chamber 
on the formation of bubbles was in- 
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vestigated. In these experiments (Figure 
2) the diameter of the gas chamber. was 
held constant at 5.23 cm., and its volume 
was varied by partially filling it with 
water. For the experimental conditions 
stated it is evident that the formation of 
bubbles is independent of the chamber 
volume, provided that the latter is greater 
than about 800 ce. This result is in agree- 
ment with the concepts developed by 
Hughes (4). 

As the diameter of the gas chamber is 
decreased, the diameter of the orifice is 
approached in the limit, where the form- 
ation of bubbles is said to occur at zero 
gas-chamber volume. In contrast, the 
data used in the correlations given in a 
subsequent section were obtained at the 
condition of ‘infinite’ gas-chamber 
volume (or constant pressure within the 
gas chamber). For the experiments per- 
formed, the effect of the diameter of the 
gas chamber was insignificant in the 
formation of bubbles, provided that the 
ratio of the internal diameter of the gas 
chamber to that of the orifice was equal 
to or greater than 4.5. Actually the lower 
limit lies between 1.0 and 4.5, since the 
results of experiments performed at the 
limit stated, D, = 1.43 cm., Do = 0.318 
cm., were in agreement with those 
obtained with an orifice diameter of 
0.318 em. and gas chamber diameters of 
2.69, 5.23, and 10.3 cm. 

The effect of the thickness of the orifice 
plate on the formation of bubbles was 
also investigated. It should be pointed 
out that as the thickness of the orifice 
plate is increased indefinitely, the con- 
dition of zero chamber volume is ap- 
proached in the limit. Capillary tubes 
were used as orifice plates in those 
experiments where plate thickness greater 
than 0.318 em. were employed. These 
tubes were attached to a gas chamber 
having a volume of 1,322 ec. For the 
flow rates (corresponding to the region 
of relatively constant frequency) em- 
ployed, the effect of the thickness of the 
orifice plate on the formation of bubbles 
became significant at thicknesses equal 
to or greater than 100 orifices diameters, 
in agreement with the results of Hughes 
(4). Orifices having diameters of 0.318 
and approximately 0.635 cm. were used 
in this set of experiments. If a lower limit 
of the ratio of the plate thickness to the 
orifice diameter exists, it appears to lie 
below 0.5 (obtained with an_ orifice 
diameter of 0.318 cm. and a plate thick- 
ness of 0.159 cm.). The results corre- 
sponding to the latter ratio were in 
agreement with those obtained when both 
a plate thickness and an orifice diameter 
of 0.318 cm. were employed. 


DEVELOPMENT OF EQUATIONS 


The analysis of the formation of 
bubbles at submerged orifices is con- 
cerned with the forces acting on the sur- 
face of the bubble, as would be seen 
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by a stationary observer located at any 
point exterior to the bubble. The various 
forces acting were related through the 
application of Newton’s second law of 
motion. 

In the following analysis of this process 
the actual bubble was replaced by one of 
equal mass, which moved with the 
average vertical-component velocity and 
had the same forces acting on it as those 
which acted on the actual bubble. 

First the center of a spherical bubble 
is considered fixed and the bubble 
allowed to expand equally in all direc- 
tions. Then 


dV 
Furthermore 
dV __ 


For convenience 


The growth of a spherical bubble at a 
submerged orifice may be represented as 
shown in Figure 4. To obtain the velocity 
of a point on the surface of a bubble at 
any instant during its formation, it is 
convenient to think of a given growth 
process of a bubble at an orifice as being 
composed of two steps: first, that the 
center of a given bubble is fixed and that 
the bubble experiences an expansion in 
unit time such that its radius is increased 
by an amount v,, and, second, that each 
point on the surface of the bubble so 
formed is displaced vertically by an 
amount v, in unit time. The vector 
representation of this two-step growth 
process is shown in Figure 5. The sub- 
scripts 1 and 2 of the vectors v,, and 
v,, denote the steps just mentioned. The 
velocity ve of any given point on the 
surface of the bubble is of course the 
vector sum of v,, and v,,, as indicated 
in Figure 5. Thus 


Ve = Va, + Va, (4) 


The magnitude of the vertical component 
of vp is given by the dot product vz.j, as 


(5) 
By definition of the dot product 


v, = (v,,)(1) cos (: a) 


+ (v,,)(1) cos (0) 


(6) 


and since 0, = U,, = v,, Equation (7) 
may be written as 


v, = v,(1 + sin a) (9) 


Examination of Equation (9) shows that 
v, is symmetrical about the vertical axis 
of the bubble. Thus the average of v, 
over a circle containing the vertical axis 
as a diameter is equal to the average of 
v, over the entire surface. Then 


2r 
v(2rr) = vr da (10) 
0 


When the expression for v, as a function 
of a [Equation (9)] is substituted in the 
preceding expression, one obtains upon 
integration 


v=?, (11) 


where 2, is of course defined by Equation 
(8). 

The formation of a bubble at a sub- 
merged orifice is a variable-mass type of 
problem. Pars (8) has shown that when 
to a body of mass which is moving with 
the instantaneous velocity » (relative to a 
fixed observer), mass traveling with the 
velocity vp (relative to a fixed observer) 
is added at the rate dm/dt, one must 
include the force v) (dm/dt) in the 
application of Newton’s second law of 
motion. In addition to this force, a 
bubble is also acted upon by the follow- 


A A 
V 


Fig. 3. Flow diagram of equipment: A— 

air inlet; B—pressure regulators; C, D, 

E—rotameters; F—j-in. needle valve; G— 

orifice holder; H—column; I—connection 
for onen-end manometer. 


ORIFICE PLATE 


Fig. 4. Formation of a spherical bubble at 
a submerged orifice. 
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ing forces during its formation: the net 
bouyancy force gV Ap and the excess pres- 
sure force (4 D%/4) (p; — p), the surface 
tension force Do, the drag force, and 
the force required to overcome the inertia 
of the fluid surrounding the bubble. For a 
bubble moving with the instantaneous 
velocity, the latter force is given by m’ 
(dv/dt). Thus when the actual bubble is 
replaced by one moving with the in- 
stantaneous velocity and with the same 
set of forces acting on its external surface 
and when the vertical direction is taken 
as positive, one obtains by application of 
Newton’s second law 


d > 
Vo + 9V Ap 
(12) 
dv 
_ d(m) 


The pressure in the liquid at the level of 
the orifice is slightly less than the 
pressure of the gas at the top edge of the 
orifice because of the effect of surface 
tension. When the net buoyancy force is 
taken to be gVAp, it is implied that the 
pressure, p, instead of the actual pressure, 
pi, acts over the area of the bubble 
immediately above the orifice. In accord- 
ance with the treatment of Hughes e¢ al. 
(4), the excess pressure force was included 
to account for the error in the expression 
for the net bouyancy force. The fact that 
a pressure slightly greater than p; is 
required for the gas to flow from the top 
of the orifice to the various parts of an 
expanding bubble is neglected in the 
present treatment. Since the diameter of 
the orifice was always small as compared 
with that of the bubble, the excessive 
pressure force was relatively small. 
Because of the large chamber volumes 
employed, the pressure within the 
chamber was approximately constant 
and the well-known relationship 


(13) 


was employed for the evaluation of the 
excessive pressure force at the instant 
just prior to the release of the bubble 
from the orifice. Prandtl (9) has given 
an informative derivation of this relation- 
ship. It should also be pointed out that 
in the calculation of q the pressure 
within the gas chamber was employed, 
because in all experiments the pressure 
drops across the orifice were less than 
1 in. of water. 

Other terms in Equation (12) may be 
evaluated also at the instant just prior 
to the release of the bubble. When the 
first member of the left-hand side of 
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Fig. 5. Velocity of a point on the surface 
of a bubble during formation. 


Equation (12) is transposed to the right- 
hand side, the latter becomes 


— 


Substitution of 2v for dD/dt and gp, for 
dm/dt in Equation (14) yields 


d(mv) dm (# ) 
dt dt dD (15) 
+ (v — 
Since v = dv/dD = (—29)/ 


(rD*), vo = (4q)/(xD,2), and m = Vop,, 
it is readily shown that the above ex- 
pression reduces to 


d(mv) _ 


4q°p, 
dt 


a Do 


\p) | 
The total drag force was expressed in 
terms of the drag coefficient as 


(16) 


Cp piv A f 
2 


When the the assumption of spherical 
bubbles is made, the representative area 
may be replaced by 7D2/4. Since » = 
q/mD*, the drag force is readily stated 
in terms of the Froude number, the drag 
coefficient, and the volume of the bubble; 
that is, 


F = (17) 


A 


39pLCDN pr, 


(18) 


F = 
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(970) 


° 10 100 100 
FREQUENCY (CALCULATED BY USE OF EQUATION 27) 
Fig. 6. Comparison of experimental and 
calculated values of the frequency of bubble 
formation. 


where the Froude number is defined by 


Dg 

In the consideration of the last term 
on the left-hand side of Equation (12) 
Streeter (10) has shown that in the case 
of irrotational motion m’ equals one half 
of the mass of the displaced fluid. 
Although in the present case the flow 
was not irrotational, m’ was taken 
proportional to the mass of the displaced 
fluid. Thus 


,dv _ dv 


d dD 


When the derivatives appearing in the 
right-hand member are evaluated as 
outlined previously in the treatment of 
Equation (14), one obtains 


= —4prgxNr,V 

For irrotational motion the quantity x is 
of course equal to 14, but since it was 
not irrotational, the quantity x and the 
drag coefficient were correlated as a 
power function of the appropriate di- 
mensionless groups. 

When the results given by Equations 
(13), (16), (18), (21) are substituted in 
Equation (12), it reduces to 


V — 


The symbols yw and ¢, introduced for 
convenience, have the following defi- 
nitions: 
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Nr, = (19) 


(20) 


(21) 


10 oo 100 
BUBBLE VOLUME (CALCULATED BY USE OF EQUATION 286) 


Fig. 7. Comparison of experimental and 
calculated values of the bubble volume. 


The use of Equation (22) in the corre- 
lation of the experimental results follows. 


CORRELATIONS 


The variables contained in Equation 
(22) were evaluated at the instant just 
prior, to the release of the bubble from 
the orifice. Since the drag coefficient is a 
function of the Reynolds number, Equa- 
tion (23) demonstrates that y is a func- 
tion of both the Froude and Reynolds 
numbers. Because of the relative magni- 
tudes of the terms constituting Equation 
(22), the direct solution for and corre- 
lation of (ep — 16/3 x) proved im- 
practical; instead the positive difference 
of (1 — w) was correlated. 

Since the diameter of the bubble was 
always considerably greater than the 
diameter of the orifice, the expression for 
reduces to (49%p,)/(7D.2), which is the 
time rate of change of momentum of the 
gas added to the bubble at the instant 
just prior to its release from the orifice. 
In effecting a correlation, the data were 
divided into two groups. The first group 
consisted of the runs for which +rD,o 
(1 — D./D) > ¢; that is, the net- 
surface tension force was greater than 
the time rate of change of the momentum 
of the gas added to the bubble. In the 
actual classification of the runs the 
complete expression for @ [given by 
Equation (24)] was employed. 

The experimental value for the positive 
difference of (1 — wW) was obtained 
indirectly by the experimental determi- 
nation of the remaining terms of Equa- 
tion (22). For each set of data the 
absolute value of (1 — y) was correlated 
as a power function of the Froude 
number, the Reynolds number, and the 
ratio as 


— y)| = K(Ne.)" Del’ (25) 
where 


_WPL 
D 
BL ML (26) 


2/3 41/3 
PL 


= ~3/8ai/3 
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— BREAK POINT PRE - 
DICTED BY EQUATION 31 | 


LIQUID - GLYCERINE 

1.26 gms per cc 
= 0.001144 gms per cc 
HL = 10 | poise 

G =63 dyes perc m 


5.0 10.0 


$0.0 100.0 


FLOW RATE (c.c per sec.) 


Fig. 8. Prediction of the division of the two ranges of bubble 
formation. 


For those runs for which aD oc 
(1 — D./D) > ¢, the volume of the 
bubble varied little with the gas-flow 
rate, but the frequency of bubble for- 
mation changed appreciably with the gas- 
flow rate. In the upper range of flow rates 
{for which ¢ > (1 — the 
situation just described was reversed. In 
view of these physical considerations the 
frequency of bubble formation was se- 
lected as the dependent variable for those 
experiments where Doo (1 — Do/D) > ¢. 
For the range of flow rates in which 
> (1 — D,/D), the volume of the 
bubble was taken as the dependent 
variable. 

When Equation (22) is solved for V, 
one obtains V as a function of V, since 
(1 — ) is also a function of V. Similarly, 
since V = q/f, Equation (22) may be 
solved for the frequency as a function of 
the frequency. For those data in the 
range mDoc (1 —D,/D) > ¢, the best 
correlation for the calculation of the 
frequencies (or bubble volumes) was 
obtained by the use of the expression 
obtained by solving Equations (22) and 
(25) for f as a function of the other 
variables. Actually the diameter of the 
bubble was left in the expression for ¢, 
since the latter was relatively insensitive 
to the bubble diameter. The following 
correlation was obtained. For aD oc 
(l— D./D) > 


-3 
+) Re wh 
(27) 
D N —0.697 
where 


Np = WN 3 p 5/3 
r 6 / 


= modified Froude number 
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2/3 
-1/3 q_ 
Nee = Naf = 2736 1/8 
us 


= modified Reynolds number 


Those data falling in the variable 
volume range were correlated in a similar 
manner by solving Equations (22) and 
(25) for the volume of the bubble as a 
function of the other variables. Again the 
diameter of the bubble was left in the 
expression for @ because the latter was 
relatively insensitive to this diameter. 
The correlation for these data follows. 
For @ > (1 D,/D) 


23.4 75/3\0.4 
V (Np,’N 63 


where 
Nr,’ Nv, 
Ne.’ = Nre D 


Equations (27) and (28) apply for the 
case of infinite chamber volume. The 
constants and exponents in Equations 
(27) and (28) were determined by the 
method of the least squares through the 
use of a digital computer. The average 
percentage deviations of the calculated 
values of f and V [as given by Equations 
(27) and (28)] from the experimental 
values were 16 and 10 repectively. The 
corresponding correlation coefficients 
were 0.998 and 0.988. Graphs of the 
experimental values of f and V vs. the 
values calculated by the use of Equations 
(27) and (28) are shown in Figures 6 and 
7. The significance of each of the groups 
in these equations was shown by the 
determination of the correlation co- 
efficient and the average percentage 
deviation when each of the terms shown 
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Fig. 9. Experimental column. 


in the equation was omitted and the 
others were retained. When each of the 
groups containing the modified Froude 
number, the term (Vq), and the diameter 
of the orifice was omitted from Equation 
(27) and the others were retained, the 
correlation coefficients were 0.994, 0.994, 
and 0.997, respectively, and the corre- 
sponding average percentage deviations 
were 3 X 108, 44, and 14 X 10% 
Similarly, omission of the groups con- 
taining the modified Froude number, the 
modified Reynolds number, the diameter 
of the orifice, and the retention of all the 
other groups in Equation (28) gave the 
following correlation coefficients: 0.976, 
0.965, and 0.984 respectively. The corre- 
sponding average percentage deviations 
were 69, 16, and 11. Thus all the terms 
shown in Equation (27) are required in 
order to represent adequately the ex- 
perimental results. In the process of 
correlating the data, a surface-tension 
number [defined in the same manner as 
the one used by Hughes et al. (4)] was 
used together with those groups shown in 
Equations (27) and (28), and the average 
percentage deviations were only about 
1% better than those given by Equations 
(27) and (28). 

It is to be observed that little accuracy 
was lost when the term containing the 
diameter of the orifice was omitted in the 
correlation of the data for the upper 
region of the flow rates. In view of this 
the correlation is included. 

For > (1 — Do/D) 


5.94 74 


(29) 
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It should also be mentioned that when 
stated in terms of the diameter of the 
bubble, the average percentage deviations 
of the experimental values of D from the 
values calculated by the use of Equations 
(27) and (28) were 5.0 and 3.0 re- 
spectively. 

Some experiments were performed in 
which a silicone additive was used to 
alter the surface tension of the liquid. 
Those results were not employed in the 
determination of the constants for Equa- 
tions (27) and (28) because in some 
instances (7) such liquid mixtures do not 
appear to exhibit the characteristics of 
pure liquids having the same apparent 
physical properties. The average per- 
centage deviations of the experimental 
value of the dependent variable from the 
value calculated by the use of Equations 
(27) and (28) were 25 and 30 % re- 
spectively. The relatively poor agreement 
lends further support to the character- 
istics just discussed. 


DISCUSSION 


A comparison of the volumes of the 
bubbles obtained in the present work 
with those of other workers who employed 
essentially zero chamber volumes shows 
that at similar operating conditions the 
volumes of the bubbles obtained by the 
use of the system described herein 
(operation was at constant pressure 
within the gas chamber, or infinite gas- 
chamber volume) were always larger. 
The equations stated by Hughes e¢ al. 
(4) and given the numbers 19, 20, 23 and 
24 did not correlate the data obtained by 
the authors nearly so well as did Equa- 
tions (27) and (28), perhaps because of 
the large gas-chamber volumes employed 
in the present work. 

The theoretical treatment of the for- 
mation of bubbles led to a description of 
the two regions of bubble formation as 
well as a physical explanation for the 
division of the two regions. As discussed 
previously, at low gas-flow rates the 
surface-tension force was greater than 
than the time rate of change of the 
momentum of the gas entering the bubble, 
while at the higher rates of gas flow the 
order of magnitude of the two forces was 
reversed. Furthermore, according to the 
theory developed for the case of infinite 
chamber volume, the division of the two 
regions occurred when there was an 
equality between the two forces, namely 


2 
Doo(1 — = (30) 
0 


or 


[De — Di/D) (31) 


Pg 


In Figure 8 the experimental results as 
well as the predicted division of the two 
ranges are shown. Although there is no 
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sharp division between the lower range 
of relatively constant bubble volume and 
variable frequency of formation and the 
upper range of relatively constant fre- 
quency and variable bubble volume, the 
division predicted by Equation (31) 
appears adequate. 
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NOTATION 


A; = -representative area of the 
bubble, 7D2/4 for spheres; L? 
drag coefficient, dimensionless 
diameter of the bubble 
(assumed to have a spherical 
shape), L 

diameter of the orifice, L 

drag force, the sum of the 

vertical components of the 

viscous and form drag forces, 

ML/T? 

frequency of bubble formation 

acceleration of gravity, L/T? 

conversion factor, ML/T?F 

unit vector in the vertical 

direction, dimensionless 

= thickness of the orifice plate 

in the direction of flow, L 

mass of the bubble at any time, 

t; M 

m’ = mass term for the displaced 
fluid, 

N = a term defined below Equation 
(27), 

Nr, = Froude number defined by 
Equation (19), dimensionless 

Npre = Reynolds number defined by 
Equation (26), dimensionless 

p = pressure in the liquid at the 
level of the top of the orifice, 
M/LT? 

Di = static pressure of the gas 
stream at the level of the exit 
side of the orifice plate, M/LT? 

q = volumetric rate of gas flow 
evaluated at the conditions at 
the top of the orifice, (because 
of the small pressure drops 
involved the pressure was taken 
equal to that of the gas chamber 
in the calculation of g), L3/T 

time, T 

average of the vertical com- 

ponent of velocity over the 

surface of the bubble, L/7 

Vin» Vn, = vectors having the magnitude 
v, given by Equation (4) and 
directions indicated in Figure 
5, L/T 

Vr = velocity vector of any point on 
the surface of a bubble during 
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its formation at a submerged 


orifice, L/T 

v, = magnitude of the vertical com- 
ponent of the velocity vz, L/T 

Up = velocity at which the gas flows 
through the orifice, L/T 

V = volume of the bubble at the 


instant just prior to its release 
from the orifice, 


Greek Letters 


a = angle used in the vector 
diagram (Figure 5), radians 

Ap = density of the liquid minus the 
density of the gas, M/L3 

Mr = viscosity of the liquid, M/LT 

= 3.1416 

Py = density of the gas evaluated 
at the temperature and pressure 
of the gas chamber, M/L: 

PL = density of the liquid in which 
the orifice plate was submerged, 

= interfacial tension of the 


liquid with respect to air, M/T? 
CH) = a variable which was approxi- 
mately equal to the time rate 
of change of the momentum of 
the gas entering the bubble, 
defined by Equation (24), 
ML/T? 
= a function defined by Equation 
(20), dimensionless 
y = a function defined by Equation 
(23), dimensionless 


Mathematical Symbols 


eal = absolute value of x 
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Longitudinal Laminar Flow Between Cylinders 


Arranged in Regular Array 


E. M. SPARROW and A. L. LOEFFLER, JR. 


National Aeronautics and Space Administration, Lewis Research Center, Cleveland, Ohio 


An analytical solution has been obtained for the longitudinal fully developed laminar 
flow between cylinders arranged in triangular or square array. Numerical results for-the 
pressure drop and the friction factor are given over a wide range of spacing-to-diameter 
ratios. For large spacings the results can be represented by a single expression independent 
of the type of array. Plots are also given of velocity distributions and of the variation of 
the local shear stress around the periphery of a cylinder. 


The increasing complexity of heat 
transfer and process situations which 
involve fluid flow has demanded the 
frequent use of flow passages of unusual 
geometrical configuration. The present 
investigation is concerned with cne such 
novel configuration, namely the longi- 
tudinal flow between solid cylindrical 
rods which are arranged in regular array. 
A schematic diagram of the situation 
under study is shown in Figure 1. The 
rods may be located either in triangular 
or square array. The flow will be taken 
to be laminar and fully developed. 

The aim of this analysis is to determine 
the pressure drop, shear stress, and 
velocity-distribution characteristics of 
the system. The starting point of this 
study is the basic law of momentum 
conservation. The resulting differential 
equation has been solved in an approxi- 
mate, but almost exact, manner by the 
use of truncated trigonometric series. 
Results are obtained over a wide range of 
porosity values for both the triangular 
and square arrays. Heat transfer has not 
been considered. 

The configuration under investigation 
has potential application in compact heat 
exchangers for nuclear reactors and other 
situations. Further the results should 
also be of interest in the theory of flow 
through unconsolidated porous beds (/a, 
2a). 

The only related analytical work 
known to the authors is that of Emersle- 
ben (3), who considered only the square 
array. His rather involved solution, based 
on complex zeta functions, appears to be 
valid only at high porosities. Experiments 
covering a porosity range of 0.093 to 
0.984 have been made by Sullivan (4) 
using parallel-oriented fibers, most of 
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the tests being for fibers in random array. 
These previous investigations will be 
compared with the present theory in a 
later section. 


ANALYSIS 


The Governing Equation and 
Its General Solution 

The physical principle which governs 
the velocity distribution in a (isothermal) 
flowing fluid is conservation of momen- 
tum. To translate this physical law into 
mathematical terms, cylindrical coordi- 
nates will be used. The derivation is 
facilitated by Figure 2. The conser- 
vation principle requires that under 
steady state conditions the net change of 
momentum must equal the net forces. 
However for fully developed flow the net 
momentum flux is zero (no accelerations), 
and hence the forces must sum to zero. 
The forces involved in the problem are 
those of pressure and viscosity, and these 
must be in balance. Therefore 


 (» ++ iz) dé dr 
0 {ou 
= r dé az) dy (1) 


Ou 
30 30 dy az) ao 


When one rearranges, the governing 
equation for the velocity as a function of 
the coordinates r and @ is obtained: 


1 1dp 


(2) 


du 1 du 
or ror 
where the pressure gradient dp/dz is a 
negative constant. This partial differ- 
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ential equation called 
Poisson’s equation. 

It is not difficult to write a solution of 
this equation, but subsequently one must 
face the more challenging task of fitting 
the solution to the particular boundary 
conditions of specific problems. The 
general solution is dealt with here, leaving 
specific flow situations to later sections. 

In approaching Equation (2) it is 
convenient to introduce a reduced ve- 
locity defined by 


4 dz (3) 


is frequently 


By substitution into Equation (2) one 
finds that u* must obey 
1 


@ 


| Laut 
r or r oo 


or” 


which is the well-known Laplace equa- 
tion. The general solution of Equation 
(4) may be taken from numerous books 
on advanced calculus. Therefore 


ut = A+BiInr 
l 
+ >) Co" + Dr) (5) 
k=1 


cos + F, sin 


where & takes on integral values to 
ensure that the velocity is single valued, 
that is that the velocity computed at a 
location (7, @) is identical to that com- 
puted at (r, 6 + 2m). The constants A, 
B, etc., in Equation (5) are to be de- 
termined from the boundary conditions, 
as are the number of terms of the series. 

Thus a general solution for the velocity 
is obtained by the combining of Equa- 
tions (3) and (5) which yields 
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Fig. 1. Schematic of flow configuration. 


dz 


Fig. 2. Control volume for deriving momen- 
tum equation. 


l 
+ + (6) 


cos + F, sin ké) 


Now one may turn to the problem of 
specializing this solution to flow parallel 
to cylindrical rods in regular array. 


Cylinders in Triangular Array 


Consideration is first given to flow 
between cylinders arranged on centers 
which form the vertices of equilateral 
triangles. An end view of the arrangement 
is shown in Figure 3. From the symmetry 
of the situation it is easily seen that 
attention need be focused on only the 
cross-hatched element in the left-hand 
sketch. An enlarged view is shown at the 
right, on which has been noted the 
boundary conditions and dimensional 
nomenclature. The condition du/dn = 0 
is the expression of the symmetry 
property, while the condition that u = 0 
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TaBLeE 1. LisTINGS OF A; AND 6; FOR VARIOUS SpAcING Ratios 


(a) Values of Aj. 


8/ro A Ae As As As Ay 
4.0 —0.0505 —0.0008 0.0000 —> 
2.0 —0.0505 —0.0008 0.0000 
1.5 —0.0502 —0.0007 0.0000 —»> 
1.2 —0.0469 0.0007 0.0002 0.0000 
1.1 —0.0416 0.0028 0.0004 0.0000 —>» 
1.05 —0.0368 0.0043 0.0003  —0.0001 0.0000 —> 
1.04 —0.0357 0.0046 0.0002  —0.0001 0.0000 —>» 
1.03 —0.0345 0.0049 0.0002  —0.0001 0.0000 ———>» 
1.02 —0.0332 0.0051 0.0000  —0.0001 0.0000 —> 
1.01 —0.0319 0.0052 —0.0001 —0.0002 0.0000 —»> 
1.00 —0.0305 0.0053  —0.0003  —0.0002 0.0000 
(b) Values of 6; 
s/To 61 52 53 54 55 56 67 
4.0 —0.1253 —0.0106  —0.0006 0.0000 
2.0 —0.1250  —0.0105 -—0.0006 0.0000 
1.5 —0.1225 —0.0091 —0.0002 0.0000 ——> 
1.2 —0.1104 —0.0024  -—0.0015 0.0003 0.0001 0.0000 
—0.0987 0.0036 0.0029 0.0005 0.0000 —>» 
1.05 —0.0904 0.0073 0.0032 0.0002  —0.0001 0.0000 >» 
at the inner boundary stems from the V3 .( 1dp r 
no-slip requirement of viscous flow. 
az To 
One may now proceed to apply the 
boundary conditions to determine the 1 Ldp\, 
constants of Equation (6). Starting with a (9) 


the simplest conditions, one requires 
first that du/On = 0u/00 = 0 0 
deg. and at 6 = 30 deg. From the first 
of these it follows that since cos 0 ¥ 0, 
then 


F,=0 (7a) 
while from the second one finds that 
k = 6, 12, 18--- (7b) 


to guarantee that sin kr/6 = 0. Next 
imposing the condition that u = 0 at 
r = 1 one gets 


—Cyr,”*, 


Further it is required that the total drag 
force exerted on the fluid by the solid rod 
be balanced by the net pressure force 
acting over the entire cross section of the 
typical element (Figure 3b); that is 


dé 
s/cos 0 
= j dr dé 
dz 


The evaluation of this over-all force 
balance from Equation (6) yields 


dz 


(8) 


B ) (7d) 


Before going on to the final boundary 
condition the findings of the previous 
paragraph are brought together, and 
Equation (6) becomes 
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l 
+> ) cos 676 


where G; = C,E;. There still remains the 
task of determining the G;, and at one’s 
disposal is the condition that du/dn = 0 
on the right-hand boundary of Figure 
3b, on which r = s/cos 6. It is convenient 
to make use of the identity 


du _ du _ dusin 6 

or 06 
where one may associate x with n on the 
boundary under consideration. Intro- 
ducing Equation (9) and setting 
du/dn = 0 when r = s/cos 8, one finds 
after rearrangement 


l 
> A; (cos os (6j — 


where 


Equation (7e) provides a means for 
determining the A;(that is G;). The first 
thought for attacking this equation 
would be to apply the techniques of 
Fourier series. Such an approach, if 
possible, would provide an infinite set 
of A; while satisfying Equation (7e) at 
all points along the boundary (that is all 
0° < 6< 30°). Unfortunately the nature 
of Equation (7e) precludes the use of 
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(a) end view 


(bd) typical element 


Fig. 3. Diagram of equilateral triangular array. 


Fourier analysis, and some other ap- 
proach must be found for solving for the 
A;. 

The method used here is to apply 
Equations (7e) at a finite number of 
points along the boundary. Suppose for 
example that one successively evaluates 
Equation (7e) at six values of 0 between 
0 and 30°. This will provide six equations. 
If one truncates the series after six terms 
{that is 1 = 6), then there are sufficient 
simultaneous equations to evaluate the 
coefficients A,, A, --- As. This procedure 
may now be repeated with the use of 
seven boundary points and seven series 
coefficients, and so forth. The sets of 
coefficients A; from these repeated calcu- 
lations were compared. It was im- 
mediately seen that adding additional 
terms to the series did not significantly 
affect the numerical values of the first 
few coefficients. Further it was found 
that only these first coefficients are 
important in the computation of the 
shear stress and velocity distribution. 
In view of these favorable circumstances 
the method presented here for determin- 
ing the A; appears quite adequate. 

Numerical values of A;, computed as 
outlined above, have been listed in Table 
1. Inasmuch as the ratio s/7 (half 
spacing to rod radius) appears in Equa- 
tions (7e), so does it appear as a param- 
eter of Table 1. It is noted that for large 
spacings (that is large s/ro) the A; are 
little affected by increases of spacing, as 
might have been expected since s/ro is 
raised to a large negative power in 
Equation (7e). The tabulation is given 
to four decimal places because this is 
sufficient for the shear stress and velocity 
computations.* 

So with the determination of the A; 
(that is, G;) one may return to Equa- 
tion (9) and state that the velocity dis- 
tribution for the triangular array is now 
available. In a later section the authors 
will make use of this velocity solution to 
compute several quantities of engineering 
interest. But first they will solve for the 
velocity distribution associated with flow 
between rods in square array. 


Cylinders in Square Array 


An end view of the configuration for 
flow between cylinders in square array is 


_ *Additional figures were used in satisfying Equa- 
tion (7e). 
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shown schematically in Figure 4. Because 
of symmetry considerations attention is 
confined to the cross-hatched element of 
the sketch. This element has essentially 
the same form as that shown in Figure 
3b, except that now the opening angle is 
45 deg. rather than 30 deg. as before. 

The velocity solution as given by 
Equations (6) applies, and one now has 
to find the constants A, B, --- appro- 
priate to the square array. The pro- 
cedure is identical to that followed in 
the preceding section for the triangular 
array. From the conditions that du/dn = 
0u/00 = 0 at 6 = 0 deg. and @ = 45 deg., 
there is obtained, respectively 


F, =0 (10a) 

and 
k = 4,8,12--- (10d) 
Imposing the requirement that u = 0 


at r = fo gives 


2k 
D, = —Ciro'; 


(Lap) 
A= Binry +" ( 


while the over-all force balance between 
net pressure and wall shear, Equation 
(8) with 7/6 replaced by 7/4, provides 
the following value of B: 


2 


dz (10¢) 


Introducing these findings into (6) 
results in the following equation for the 
velocity: 


dp) 
— ro) (11) 


8] 
+> cos 470 


where the G; (= C;E;) still remain to be 
determined. The condition that du/dn = 
0 on the right-hand boundary of Figure 
3b, on which r = s/cos 6, may be used. 
The procedure for determining the G; 
follows along the lines previously dis- 
cussed. For several values of 6 between 
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s 


Fig. 5. Diagram for pressure-drop and 
friction-factor derivation. 


0 and 45 deg. one successively applies 
the condition of zero normal derivative; 
that is 


4; (cos (43 — 


++ cos (4j + 


The result is 7 simultaneous equations for 
5: Sufficient terms are retained 
in the series to assure good accuracy in 
shear-stress and _ velocity-distribution 
calculations. Numerical values of the 4; 
obtained in this manner are listed in 
Table 1 as a function of s/ro. 

So with the determination of the 4; 
(that is G,) the velocity solution for the 
square array, Equation (11), can be 
regarded as known, and one can pass on 
to the presentation of results of engineer- 
ing interest. 


RESULTS 


Attention will first be focused on the 
pressure drop-flow relationship, which is 
generally the result of greatest practical 
importance. Then this information will 
be rephrased in terms of the friction 
factor and Reynolds number. Finally 
plots will be given of velocity contours 
and also of the distribution of the wall 
shear stress around the periphery of a rod. 
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Pressure-Drop—Flow Relationship 


First the volume rate of flow Q which 
may be calculated by integrating the 
velocity over the flow area is introduced. 
As before, only a typical element of the 
flow configuration need be used (Figure 
5). In terms of symbols given there the 
integral for Q becomes 


| / ur dr dé 
Az 
s/cos 6 
= f [ ur dr dé 
0 “To 


In evaluating Equation (13) one intro- 
duces u from either Equations (9) or (11) 
depending whether a triangular or square 
array is being considered. As is shown in 
the Appendix the end result of inserting 
the velocity expressions takes the form 


(13) 


Q = ion (s/ro) (14) 


or 


function (s/ro) 


(14a) 


The function of s/ro is different for each 
array and has been computed by the 
use of the integrals given in the Appendix. 

Before numerical results are discussed, 
an important fact may be drawn from 
Equation (14a): for a given array with 
fixed-rod diameter and spacing (that is, 
fixed configuration) the pressure drop is 
directly proportional to flow rate. This 
finding is in accord with previous laminar- 
flow analyses. 

As a final prelude to presenting the 
pressure-drop results, the authors chose 
to replace the ratio s/ro by the more 
general variable, the porosity, which 
is the fraction of the total cross section 
available to flow. In terms of Figure 5 
one may write 


(15) 
4% 
(s/ro)” tan 4% 


where the facts that (A; + A.) is a right 
triangle and A, is a circular sector have 
been used in deriving the last expression. 
For the triangular array, 0. = 30 deg., 
and 


6(s/ro)” 


(15a) 


while for the square array, 00 = 45 deg., 
and 


With these expressions, plus the evalu- 
ated integrals of the Appendix, one is 
able to plot the pressure-drop-flow 
relationship as a function of porosity on 
Figure 6. There are several aspects of the 


(15b) 
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curves worthy of discussion. First it is 
seen that for the same flow, 7 and e, the 
triangular array gives rise to a higher 
pressure drop. This might have been 
intuitively expected because each rod in 
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(e+ 0.773) (e 0.251) 


Fig. 8. Representative velocity contour lines 
for equilateral triangular array. 
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the triangular array is surrounded by 
more neighbors and hence feels more flow 
disturbance than does a rod in the square 
array. 

It would appear that the two curves of 
the figure have generally the same shape, 
with possibly a growing deviation at 
smaller values of e. Consideration of the 
system suggests that, except for large 
spacings (large ¢), similar flow perform- 
ance need not necessarily be expected 
from the different arrays. At large 
spacings, where there is little effect of 
neighboring rods, the flow passages of the 
two arrays are almost geometrically 
similar. But at small spacings the flow 
passages of the two arrays are very 
different indeed. For the case of cylinders 
touching (s/r> = 1) the passages of the 
square array are curvilinear squares, and 
those of the triangular array are curvi- 
linear triangles. One would have no 
reason to expect that at small spacings 
the curves for the two arrays should be 
identical in form. (These observations 
will have even greater meaning when the 
friction-factor curves are given.) 

That the curves of Figure 6 should give 
increasing ordinate values with decreas- 
ing porosity is intuitively reasonable. 
If the flow and rod radius are regarded as 
fixed, and the porosity is decreased, this 
will give rise to an increase in flow 
velocity and a decrease in passage 
dimensions. Both these effects would be 
expected to contribute to an increase in 
pressure drop, and this is in accord with 
the findings of Figure 6. 

The rod radius is used here as a 
characteristic dimension because it can 
be easily measured and identified in an 
experiment or application. The equivalent 
diameter, = ed/(1 — €), was also con- 
sidered but not used because it is physi- 
cally somewhat obscure in the present 
instance and did not assist in correlating 
the results. 


Friction-Factor—Reynolds-Number Relationship 


The pressure-drop information may be 
rephrased into a friction-factor-Reynolds- 
number relationship. To begin, the defini- 
tion of the friction factor is 


—2 
f=i (16) 


The shear stress may be related to the 
pressure drop, dp/dz. When one refers 
to Figure 5, a force balance yields 


90) dz = —dp-Az, 
or (17) 
__ _(dp/da)As 


With this Equation (16) becomes 


_ 2 dp/dz) A, 


16a 
( 


f= 
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Fig. 9. Representative velocity contour lines for square array. 


and, after further rearrangement 


_|to (_dp\ || 4A.’ 


where Vz,, is based on the rod diameter 
d(= 2ro) and is given by 


In writing Equation (16b) the authors 
have used the fact that 7 = Q/A2. 

The first bracket of Equation (160) is 
the pressure-drop-flow ratio, which for a 
given array has been previously shown to 
depend only on the porosity. The second 
bracket is purely geometrical. When one 
uses the definition of «, Equation (15), 
in conjunction with the geometry of 
Figure 5, it is easy to show that for a 
given array the second bracket also is a 
function of porosity alone. 

The friction-factor-Reynolds-number 
relationship has been computed for each 
array from Equation (16b), and the 
results are plotted on Figure 7 as a func- 
tion of porosity. The curve representing 
the triangular array lies higher than that 
for the square array, but intuitive in- 
terpretation is not easy because, in 
addition to the pressure drop, compli- 
cated geometrical factors enter into the 
friction factor. For low porosities it 
would appear that the curves for the two 
arrays are not completely similar in 
shape, but, as previously discussed, 
similarity is not to. be expected in the 
low-porosity range. 

For high values of porosity it is 
possible to find a very accurate analytical 
representation of the  friction-factor 
results. Under these conditions, where the 
rods are relatively wide apart, the 
velocity distribution around any one rod 
depends very little on the angular 
position. So the velocity can be accurately 
represented by the first two terms of 
Equations (9) and (11). The friction- 
factor-Reynolds-number relationship cor- 
responding to both these abbreviated 
velocity expressions is 


I 
8(1 — (18) 


Qe* — In e* — (e*)?/2 — 1.5 


where e* = 1 — 
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By the comparison of the predictions of 
this relation with Figure 7 (which is 
based on the more complete velocity 
solution) it is found that Equation (18) 
is an excellent representation of the 
results for the conditions 


e > 0.80, triangular array 
. € > 0.90, square array 


In addition to the curves of the 
present analysis, Figure 7 also includes 
the results of related work. The analysis 
of Emersleben, represented by the 
triangles* and the dashed line, was 
carried out for the square array with 
complex zeta functions used. The nature 
of his solution is such that it can be valid 
only for large values of ¢, but heretofore 
the actual range of validity has not been 
known. Inspection of Figure 7 shows that 
Emersleben’s results are in close agree- 
ment with those of the current work for 
eé > 0.9, and this may be taken to 
define the limit of validity of his analysis. 

Sullivan’s experiments were carried 
out with parallel-oriented filaments of 
goat’s wool, blond hair, Chinese hair, 
glass wool, copper wire, and segments of 
drill rod. Each of these materials was 
used separately. The tests utilizing the 
drill rods corresponded to the situation of 
cylinders touching, and the associated 
data points are shown as black circles in 
Figure 7. For the triangular array these 
data are in excellent agreement with the 
present predictions and thereby provide 
support for the theory. For the square 
array the theory was not carried out for 
the situation of cylinders touching 
because of the relatively slower con- 
vergence of the truncated series. However 
inspection of Figure 7 leads to the belief 
that good agreement would also be 
obtained for this case. For the other tests 
(aside from those with the drill rods) the 
filaments were inserted in a tube in an 
array which was presumably random. 
Hence the experimental conditions corre- 
sponded to neither of the two regular 
arrays studied here. The data, shown as 
open circles in Figure 7, generally fall 
below the analytical curves. It is es- 
pecially interesting that the data con- 
tinue to fall substantially lower than 


*The points shown on Figure 7 are those reported 
by Carman (2). 


A.1.Ch.E. Journal 


Fig. 10. Local wall shear-stress distribution 
for equilateral triangular array. 


aia 


23 40 


Fig. 11. Local wall shear-stress distribution 
for square array. 


theory even for e > 0.9, where the rela- 
tively large spacing essentially removes 
the effect of rod orientation. This sug- 
gests the possibility of a shortcoming in 
the experimental apparatus, the most 
likely of which would be that the cylin- 
drical filaments were not tightly packed 
against the wall of the bounding tube. 
Such an occurrence would lead to rela- 
tively large, open flow areas near walls 
and a consequent decrease in pressure 
drop and friction factor. 


Velocity Contours 


The distribution of the velocity may 
also be of some interest. The authors 
have confined themselves to representa- 
tive situations, selecting results for a 
spacing ratio s/ro of 1.1 to represent 
close packings and those for a ratio 2.0 to 
represent open packings. Dimensionless 
velocity contours (lines of constant 
velocity) are plotted on Figure 8 for the 
triangular array for a typical flow 
element. Inspection of Figure 8a (rela- 
tively large spacing) reveals that the 
velocity contours are essentially circular 
for a sizable region near the rod surface, 
an indication that the neighboring rods 
have little effect there. In Figure 88, 
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where the spacing has decreased, the 
influence of the neighbors extends to 
regions very near the rod surface. Similar 
findings may be observed on the velocity 
contours of Figures 9a and 6b for the 
square array. 


Variation of Local Wall Shear Stress 


Since the velocity distribution around 
a rod varies with angular position, so 
also will the local shear stress exerted by 
the wall on the fluid. The manner in 
which the shear stress varies is shown 
respectively on Figures 10 and 11 for the 
triangular and square arrays. Using 
symmetry considerations as before one 
need consider only the typical elements 
which are shown cross hatched in Figures 
3 and 4, 

The curves of Figures 10 and 11 
graphically illustrate the role of neighbor- 
ing rods on the flow pattern around a 
given rod. For large spacings, for example 
s/ro = 4.0, the local shear stress is 
essentially a constant around the 
periphery of the rod, showing that 
neighbors have little effect on the flow 
pattern. As the spacing decreases, the 
angular dependence of the _local-wall 
shear stress increases, testifying to the 
increasing asymmetry of the flow due to 
interference of neighbors. 

As would be expected on physical 
grounds the highest shear stress is 
associated with the location of highest 
velocities (@ = 30 and 45 deg., re- 
spectively), and the smallest shear stress 
is at the location of lowest velocity 
(0 = 0 deg.). 


CONCLUDING REMARKS 


In the investigation reported here the 
analytical procedure based on truncated 
trigonometric series has been applied to 
symmetrical arrays such as the square 
and the equilateral triangle. However 
the same methods can be applied with 
no essential modification to unsym- 
metrical arrangements, examples of which 
are the rectangular and the _ isosceles 
triangular with various apex angles. 


APPENDIX 
Integration to Compute Flow Rate 


Equation (13) is the integral for the 
volume flow. For purposes of illustration 
attention is focused on the square array; 
the result for triangular array will be 
given later. 

The expression for the velocity for the 
square array is given by Equation (11). 
The G; are related to the tabulated con- 
stants 6; (Table 1) by 


(—dp/dz)s° 


G; = 6; (Al) 


For purpose of integration the dimension- 
less variable 


f= (A2) 
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is introduced. Then substituting Equa- 
tions (11), (Al), and (A2) into the flow- 
rate integral (13), one gets 


“ing ~ 1) 


4) 


— cos sio dt ao} 


where 6) = 7/4 has been introduced for 
the square array. Inspection of the con- 
tents of the brace shows that the only 
parameter is the ratio (s/ro), ¢ being 
a dummy integration variable. So the 
assertion of Equation (14) is shown to be 
correct. 

The integrals appearing in Equation 
(A8) can be carried out in a straight- 
forward way, giving 


(A3) 
+ 


(A4) 


cos 436 


w/4 
[ (cos 7? dé, 
cos 476 
B; [ (cos 
The definite integrals represented by A; 
and 6; were computed numerically by 
the Kutta-Runge method. 
For the triangular array the authors 
proceed as above, with the exception 


that the velocity is taken from Equation 
(9) with 


The final result for the flow rate for the 
triangular array is 


Qu _ (1 8 


5... 
— In cos 30° — 3) + 216 | 
A, 
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where 
cos 676 
NOTATION 


A,B,C,D,E,F,G = constants in velocity 


solution 

A; = solid area normal to flow direc- 
tion 

A, = flow area 

d = cylinder diameter, 27 

f = friction factor, 27/pi? 

n = direction of the normal 

Np, = Reynolds number, dip/p 

p = static pressure 

Q = volumetric rate of flow through 

typical element (See Figures 3a 
and 4.) 

r = radial coordinate measured from 
center of cylinder 

Yo = cylinder radius 

s = half spacing between cylinders 

u = velocity in +2 direction 

u* = reduced velocity defined by 
Equation (3) 

a = mean velocity 

Zz = longitudinal coordinate 


Greek Symbols 


6; = constants defined by Equation 
(120) 

A; = constants defined by Equation 

(7f) 

porosity, A2/(A: + As) 

solidity, 1 — 

fluid density 

angular coordinate 

angle subtended by flow element 

shear stress at cylinder wall 

average shear stress 

fluid viscosity 


mao 
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Some Aspects of Fluid Mechanics 


in Chemical Engineering 


B. H. SAGE 


California Institute of Technology, Pasadena, California 


The prediction of the transfers of momentum, energy, and material is of ever-pressing 
concern to the engineer interested in process design. Recently developed facts concerning 
the transport of momentum which are of particular use in predicting transfers of energy 
and material are reviewed, as well as the background of thermodynamics associated with 
transport processes. The more elemental relationships pertaining to thermal and material 
transfer in flowing streams are considered, and some of the interrelations of the transport 


processes are presented. 


Processes of interest in chemical engi- 
neering include the transfers of momen- 
tum, energy, and material. The science of 
fluid mechanics is primarily concerned 
with the transfer of momentum in fluid 
systems. Momentum by nature is a vector 
quantity; as a result, its proper evalua- 
tion involves more complicated math- 
ematical concepts than are encountered 
in the study of transfers of the scalar 
quantities, energy and material. In the 
first third of this century the chemical 
engineer was concerned chiefly with the 
application of macroscopic concepts to 
the prediction of momentum, energy, and 
material transport in fluid systems. Such 
interest led to the extensive application 
of the principles of dimensional analy- 
sis (20) and to a corollary, widespread use 
of dimensionless parameters in the corre- 
lation of experimental data. These treat- 
ments for the most part did not take into 
account the intensity or scale of turbu- 
lence as it influences each of the several 
transport processes. 

With the development of the airplane 
and consequent rapid advances in the 
science of fluid mechanics, it was found 
advantageous to consider momentum 
transport at a point in the fluid. The 
work of Horace Lamb and Theodore 
von Karman are examples of the early 
application of the conservation of mass 
and momentum to the prediction of 
velocity as a function of the spatial 
coordinates of fluid systems. Application 
of such concepts of fluid mechanics, 
together with the conservations of energy 
and of matter, to the prediction of energy 
and material transport in fluid systems 
was first made by men outside the 
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chemical engineering profession. Most 
chemical engineers were content until 
recently to consider all transport phe- 
nomena in their macroscopic aspect and 
treated in a simple manner the variation 
in molecular properties of a fluid in a 
conduit with respect to position at a 
section. These assumptions were usually 
adequate for the design of equipment 
used in the accomplishment of physical 
processes such as fractionation and distil- 
lation. Macroscopic methods were appli- 
cable also to the design of equipment in 
which fluids approached physicochemical 
equilibrium, or in which the approach to 
chemical equilibrium was _ sufficiently 
slow as to be of a time scale different 
from that associated with the transport 
processes involved. 

Such macroscopic concepts, however, 
are inadequate for dealing with many 
processes of widespread and increasing 
interest, such as jet propulsion and 
industrial processes in which the exchange 
between the kinetic energy of a flowing 
stream and the internal energy of the 
fluid is large. It has been recognized that 
in fluids flowing through the nozzles of 
gas turbines and rocket motors (26) 
deviations from physicochemical equi- 
librium are often encountered. These 
deviations are of such a magnitude as to 
suggest that the process of exchange 
between internal and kinetic energy 
within a nozzle or similar device might 
be used to freeze chemical reactions. 
Such rapid changes in thermodynamic 
state have been applied to the manu- 
facture of nitric oxide (9) and acetylene 
(2, 4), where the rapid change in 
internal energy is effected by thermal 
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transfer to solid or liquid phases. It is 
probable that rapid cooling may be 
employed to advantage in the manu- 
facture of a variety of other chemical 
compounds. The prediction of the mo- 
mentum of reacting fluids as a function 
of spatial position will, it seems, be of 
increasing importance to the chemical 
engineering profession. 

This discussion will outline briefly the 
interrelation of momentum, energy, and 
material transfer in fluid systems and 
treat briefly the effect of the level of 
turbulence upon such transfers. All the 
following equations are based on the 
dimensions of force, length, and time, 
which when taken with temperature 
serve as the undefined concepts sufficient 
to describe the phenomena. For con- 
venience, energy is expressed in con- 
ventional units, but density has the 
dimensions pounds seconds squared per 
foot‘ and specific weight the dimensions 
pounds per cubic foot. The equations 
for the sake of simplicity apply to mo- 
mentum transport in one dimension, un- 
less otherwise noted. 


TRANSFER OF MOMENTUM 


In a prediction of the transfer of 
momentum in fluid systems an under- 
standing of the pertinent variables is 
necessary. Knowledge of these variables, 
velocity and specific weight, as a function 
of the spatial coordinates of the system 
is sufficient to define the local values of 
the momentum flux. The momentum 
flux in the z direction can be described by 


° 2 
° m,U, ou, 
M, = me (1) 
g g 


It is essential that it be possible to apply 
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to the flowing system the equation of 
continuity, which can be expressed for 
one-dimensional flow as 


de) _ _(ain)) _ 

(% ox] Ox (2) 
The subsonic flow of fluids can be de- 
scribed by two typical kinds of flow, 
laminar and turbulent. In laminar flow 


the velocity gradients are related to the 
viscosity of a Newtonian fluid by 


dy yon ov (3) 
In this case the viscosity, which is a mole- 
cular property of the fluid, is solely a 
function of the thermodynamic state of a 
Newtonian fluid and can be determined 
from a knowledge of the temperature, 
pressure, and composition. 

Transition to turbulent flow occurs 
when velocities increase for a given set of 
physical boundaries and _ instabilities 
appear. Turbulent flow can be character- 
ized as a statistical phenomenon in which 
the situation at any point is random with 
respect to time. Application of the basic 
equations of fluid mechanics to turbulent 
flow is not very useful, except in un- 
usually simple situations. For this reason 
there has been some interest in a macro- 
scopic measure of the effects of turbu- 
lence. This involves the concept of eddy 
viscosity (14). 


o( ) 
dy 
Equation (4) is different from Equation 
(3) because the total viscosity is the sum 


of the kinematic viscosity and the eddy 
viscosity. 


(4) 


Em = 
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Em = En (5) 


The eddy viscosity is a function not only 
of the state of the fluid but of the con- 
dition of flow at and in the vicinity of the 
point in question. Furthermore the eddy 
viscosity may not be isotropic. 

One of the difficult problems associated 
with turbulence is the prediction of its 
rate of growth and decay under particular 
boundary conditions. This problem adds 
greatly to the complexity of predicting 
the flow pattern and the transport 
characteristics in turbulent flow. In 
addition the artificially induced turbu- 
lence associated with turbulence bars 
and grids in shear flow materially in- 
fluences values of the eddy viscosity. 

Variations in the relative viscosity 
¢€,/v in steady, uniform, turbulent shear 
flow of fluids in circular conduits have 
been shown to be a function of the 
position in the channel and the Reynolds 
number of the flow (24). Such variations 
are illustrated in Figure 1. From ex- 
perimental measurements of velocity 
distributions and _ pressure gradients 
values of the relative viscosity as a 
function of position in flow between 
parallel plates have been established 
(23). The velocity distribution in the 
turbulent boundary flow at Reynolds 
numbers above 20,000 can be con- 
veniently related to the velocity pa- 
rameter defined by 


K 


In(y*) =5.5 (6) 


+ 
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simple considerations of the principles of 
similarity (13), the velocity parameter u+ 
is not a single-valued function of the dis- 
tance parameter y+ at transition Rey- 
nolds numbers. In this region the relation- 
ship varies decidedly with the Reynolds 
number (Figure 2). 

The relationship between the Fanning 
friction factor and the position in the 
channel and the total viscosity ¢, for 
Reynolds numbers above 20,000 for flow 
between parallel plates (7) is given by: 


{0.0695 


for y < 27 


94 JE (L = 1 


for y > 27 to 


and 


< 0.66 
ly 
The first of the expressions is applicable 
only in the boundary flow, whereas the 
second may be used throughout all but 
the central third of the channel. 

At the present time it is difficult to 
predict the influence of turbulence upon 
nonuniform boundary flow. Application 
of the Blasius equation (3) permits ready 
evaluation of the velocity as a function 
of distance from the wall in the case of 
potential flow in the main stream for a 
flat plate. Such an approach has been 
expanded to include the boundary flow 
for cylinders (10, 22) and spheres (10). 
The predicted velocity distributions in 
the boundary flow about a 2-in. 
cylinder and a 2-in. sphere for an air 
stream velocity of 10 ft./sec: are de- 
picted in Figures 3 and 4. The normal 
distance from the surface to lines of 


September, 1959 


IN. 


NORMAL DISTANCE FROM CYLINDER 


= 


Vo 


| 
col 
as 
ste 
eff 
we 
fo 
gr 
ms 
is 
th 
the 
flo 
exi 
she 
the 
dis 
the 
th 
in 
lar 
an 
|| inc 
tra 
mo 
(6, 
THE 
= 


ram= 


hear 
duit. 
the 
es of 
ar ut 
dis- 
Rey- 
tion- 


1olds 


ning 

the 
for 
flow 
by: 


(7) 


0.66 


cable 
3 the 
| but 


lt to 
upon 
ation 
eady 
ction 
se of 
for a 
been 
flow 
(10). 
ns in 
2-in. 
n air 
> de- 
yrmal 
es of 


1959 


| | | | TANGENTIAL 
| | 4 | VELociTY 
Z 0.03 | 14 FT. PER Sec. 
| TANGENTIAL VELOCITY £ | | | 
| | FT. PER SEC. |/ / 
o | \ \ 
25 50 75 100 25 50 75 100 
ANGLE FROM STAGNATION DEG. ANGLE FROM STAGNATION DEG. 


Fig. 3. Estimated velocity distribution in boundary flow 


about a cylinder. 


constant velocity is shown in the diagrams 
as a function of the angle measured from 
stagnation. 

Experimental data illustrating the 
effect of position upon the velocity in the 
wake of a cylinder are shown in Figure 5 
for a Reynolds number of 4,440 and a 
gross air velocity of 45 ft./sec. (1). The 
marked complexity in the flow patterns 
is evident, and furthermore the flow in 
the wake is distinctly turbulent. Near 
the point of separation of the boundary 
flows, as described by Equation (7), there 
exist. regions in which vortex streets are 
shed from the cylinder. The existence of 
these vortex streets introduces periodic 
disturbances in the flow pattern in the 
wake which are of much lower frequency 
than the perturbations associated with 
the turbulent flow. It is obvious that as 
the scale or intensity of turbulence is 
increased, numerous inroads into the 
laminar boundary flows about cylinders 
and spheres are to be expected. Significant 
increases in the thermal and material 
transfer have been found to result from 
modifications in the level of turbulence 
(5, 21). 


THERMODYNAMICS 


Many of the concepts of thermo- 


dynamics, particularly those relating to 
the first law, are of importance in the 
application of fluid mechanics to problems 
of chemical engineering. The energy 
transfers to a system may be limited to 
heat, defined as thermal flux at the 
boundary, and work, defined as me- 
chanical transfers at the boundary of the 
system. The defining relations for heat 
and work are given by 


[2 


= m[C, dT + l, dP] (8) 


1 


w= PdV — dm —j 


av 
+ (2%) ap (9) 


PV, dm, 


| 


The coefficient \,; is the coefficient of the 
differential change in weight of compo- 


50 
44 
& o7s}—% 
46 
| 
36 
0.50 
< 46 
| 
2 46 FT. PER SEC. 40 
0.25 050 075 100 125 150 
LONGITUDINAL POSITION IN. 
Fig. 5. Variation in velocity throughout the wake of a cylinder. 
Vol. 5, No. 3 A.1.Ch.E. Journal 


Fig. 4. Estimated velocity distribution in boundary flow 


about a sphere. 


nent k. It may be evaluated by methods 
described later in the discussion. The 
quantity 7 is an infinitesimal that takes 
into account the mechanical irreversi- 
bility associated with changes in total 
volume of the system. It is considered to 
be associated with the boundaries. The 
conservation of energy may be written as 


dE =qa—w+E,dm (10) 


n 
+ > dm, 
1 


The basic expression for the first law of 
thermodynamics is 


dE = (#2 


+ (24) ar | + dm, 
ot 1 


The foregoing expressions apply to multi- 
component systems of variable weight. 
A combination of Equations (8) to (11) 
gives a useful expression relating the 
change in state of a system to the energy 
transfers across its boundary: 


(11) 


+ dm, 
1 


= m[C, dT + 1, dP] 


1 


— ml dl 
+ (27) ar | 
— (PV, — dm 
1 
dm, 
1 
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| 
= mi ar 
y= m| (28) ar 
+ oP df 


Equating coefficients one gets 


(8 


(14) 


oft, (22), ] 


and with the defining relationship for the 
partial enthalpy there results 


‘Equation (16) and the first equalities of 
Equations (17) and (18) serve as defining 
relations for the coefficients of change in 
weight, pressure, and temperature. The 
second equality of Equation (18) results 
from application of the test for exactness 
to relations involving both the first and 
second laws. Equation (8) serves as a di- 
rect and simple means of evaluating the 
thermal transfers to a system. The corres- 


= m| (28) ar (20) 
os 
+ (28) ap | + dm, 


The following coefficients may be defined 
in terms of the second law. The corre- 
sponding first-law evaluations are in- 
cluded. 


— _ (oH 

we, 


S. = (=) 23 
(23) 


The second equalities in Equations (21) 
and (22) are derived from simultaneous 
application of the first and second laws 
or from the first law alone. There is 
no expression for the coefficient for the 
change in entropy with respect to compo- 
sition. There exists no equivalent to the 
conservation of energy, and a combi- 
nation of Equations (19) and (20) does 
not lead to anything as useful as Equa- 
tion (12). 

From some of the concepts of irre- 
versible thermodynamics it may be 
readily shown that the existence of shear, 
transfer of energy, and the transfer of 
material each results in an entropy 
source 


(26) 


These expressions are limited to a steady 
uniform one-dimensional transfer of mo- 
mentum, energy, and material under 
nonturbulent conditions. The third 
equality of the first line of Equation (26), 
involves a frame 
of reference moving with a velocity equal 
to that of the system. It may be readily 
shown that the velocity of the system 
does not in itself contribute to the entropy 
production. The dissipative functions of 
Equations (24) through (26) indicate 
some of the ways by which the entropy 
of a system is increased as a result of 
momentum, thermal, and material trans- 
fers. The Onsager reciprocity relation- 
ships afford a simple linear approximation 
to the interrelation between fluxes, and 
these relationships can be employed with 
confidence at states near equilibrium but 
are not thought to apply with accuracy 
at steady states remote from equilibrium. 
Furthermore the concepts of irreversible 
thermodynamics have not been extended 
yet to transient processes and therefore 
are not directly applicable to local turbu- 
lent transport or to reaction kinetics in a 
turbulently flowing medium. 


THERMAL TRANSFER 


The macroscopic aspects of thermal 
transfer are well known and are not 
reviewed in this discussion. The predic- 
tion of convective thermal transfer from 
a macroscopic standpoint has not been 
so satisfactory as the prediction of the 
transport of momentum. In the case of 
molecular transport and in situations 
involving laminar flow the basic concepts 
of thermal transfer are well established 
and can be applied within the limits of 
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Fig. 7. Temperature distribution in turbulent flow be- 
tween parallel plates for a gross velocity of 30 ft./sec. 
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Fig. 8. Effect of turbulence level upon macroscopic thermal 
transfer. 


the solution of the applicable differential 
equation. 

The following equations represent 
approximations of the actual situation 
and neglect the differences between the 
normal-stress tensor and the pressure. 
For many purposes they prove to be a 
useful approximation, but care should be 
exercised in their application to situations 
where marked divergences between the 
pressure and the normal-stress tensor 
exist. In one-dimensional transport with 
laminar flow the transport of energy at 
a section may be described by 


If potential and kinetic energy are 
neglected; Equation (27) reduces to 


The conservation of energy may be 
written in the following form if the 
thermal conductivity is considered a 
constant: 


00 ox (29) 
If thermal transfer by diffusion takes 
place in two dimensions, Equation (29) 


may be written for steady, uniform, 
laminar flow in one dimension as 


(#i\_ 


As a matter of interest the exact form of 
Equation (30) may be shown to be 


ou oH Uu oP 
Ox Ox (31) 
E + ay? 


It should be noted that Equation (31) 
contains the dissipation function @ and 
the term — u, (0P/0x), which in part 
compensate each other; thus their 
omission from Equation (30) does not 
introduce as large an error as would the 
omission of only one of the terms. In 
many situations it is advantageous to 
consider the internal energy rather than 
the enthalpy, particularly when marked 
digression between the normal-stress 
tensor and the pressure exists. 

Equation (30) assumes the following 
form for cases in which the fluid follows 
the equation of state of a perfect gas or 
of a liquid in which the enthalpy is only 
a function of temperature: 


at at at 
(24) = + ou,C, (32) 
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Fig. 9. Effect of turbulence level upon local thermal trans- 
fer at an air velocity of 16 ft./sec. 
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In Equation (32), it is assumed that the 
transfer of momentum in the system is 
both steady and uniform. 

In the case of turbulent flow use of 
only the molecular properties of the fluid 
to describe its local thermal-transport 
characteristics is not sufficient, and it is 
necessary to consider eddy conductivity. 
Figure 6 shows the variation in eddy 
conductivity with position and Reynolds 
number during steady uniform flow 
between parallel plates. The eddy con- 
ductivity possesses the same dimensions 
as the thermometric conductivity and 
the kinematic viscosity. For turbulent 
conditions of flow Equation (32) can be 
rewritten as 


(33) 
0 ot ot 
+ uz = 


In Equation (33) it was not assumed that 
the eddy conductivity was isotropic, and 
if the Reynolds analogy possesses even 
qualitative significance, the recent work 
by Laufer (16) would indicate that the 
eddy conductivity may differ significantly 
in the longitudinal and normal modes. 
The importance of the difference between 
the longitudinal and transverse values of 
the eddy conductivity is probably of 
greatest magnitude in the transition 
region of the boundary flow. In any con- 
sideration of the local conditions in 
turbulent flow the nature of the fluctua- 
tions in temperature with time at a given 
point in the flowing stream becomes 
important. It is beyond the scope of this 
paper to discuss the interrelations of the 
local fluctuations in temperature and 
velocity. Nevertheless the influence of 
turbulence upon the transport is in a 
large measure influenced by the relative 
magnitudes of these two fluctuations. 

Figure 7 illustrates an application of 
Equation (33) to the prediction of 
temperature distribution in  two- 
dimensional turbulent flow between 
parallel plates. In this instance the 
temperature along one boundary under- 
goes an abrupt change from 100° to 
85°F. and effects a marked change in the 
temperature distribution within the 
stream. 

If Equation (80) is written for the two- 
dimensional laminar flow of a reacting 


system, the following equation is 
obtained: 

(34) 
+ O(ou,H) ot 


oy 


In Equation (34) the reaction rate per 
unit weight of system 7 is markedly a 
function of the state of the system, and 
its evaluation may not be a simple 
matter. 
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Effect of Level of Turbulence 


The foregoing discussion is related to 
thermal transfer in shear flow. Recently 
the influence of level of turbulence upon 
thermal and material transport has been 
investigated, and studies have been made 
by Sherwood (19), Kestin (15), Sato 
(21), Short (25), and Brown (6). 

Level of turbulence in the x direction 
can be conveniently defined as 


a, = (35) 
In most situations the turbulence is not 
isotropic. Figure 8 shows the influence 
of level of turbulence upon thermal 
transfer from a 0.5-in. silver sphere. It 
is apparent that the effect is not nearly 
so great at the lower Reynolds numbers 
as at the higher ones. The ordinate in 
Figure 8 is the ratio of the average 
Nusselt number for the entire sphere at 
the indicated level of turbulence and at 
constant Reynolds number to the same 
Nusselt number at zero level of turbu- 
lence. In some instances there is as much 
as: 40% increase in the thermal transfer 
with an increase in the level of turbulence 
to 0.15. The variation in the local trans- 
port around a sphere has been studied 
by Cary (6), Lautman and Droege (17), 
and Hsu (//). In Figure 9 the ordinate 
is the ratio of the local Nusselt number 
to the average Nusselt number for the 
entire sphere for the conditions of flow in 
question. The data shown in Figure 9 
were obtained with a 0.5-in. silver sphere 
and at an air velocity of 16 ft./sec. It is 
apparent that there exists a nearly 
fivefold variation in the local Nusselt 
number with variation in the angle from 


there exists a discontinuous increase in 
the Nusselt number. The location of the 
discontinuity, if it exists, is undoubtedly 
a statistical function of time. 


MATERIAL TRANSPORT 


In considering material transport it is 
necessary to take into account the mole- 
cular transport resulting from diffusion 
and the gross transport resulting from 
the velocity of the phase relative to the 
frame of reference. The transport of one 
component by diffusion can be directly 
related to the concentration gradient of 
that component and the Fick diffusion 
coefficient, if the influence of other fields, 
such as temperature and the gradients of 
other components, is neglected. To make 
the presentation relatively straight- 
forward, the influence of other fields is 
neglected in the following discussion. As 
a matter of interest the variation in the 
Fick diffusion coefficient of methane with 
the molecular weight of various paraffinic 
stagnant components is shown in Figure 
10. A nearly thirtyfold variation in the 
Fick diffusion coefficient occurs in passing 
from a stagnant component, such as 
propane, to a relatively heavy oil. 


Laminar Flow 


The material transport of component 
k can be established from 


Mn, 2 = ou — Dr, (36) 


From the conservation of material as 
applied to component k there follows, 
when D,;, is assumed to be a constant, 


Equations (36) and (37) are restricted 
to the one-dimensional transport of 
component k. In the case of the steady 
state transport of component & in two 
dimensions it follows that 


Ox oy 
Combining Equations (37) and (38), 
neglecting all gross motions in the y 
direction other than those introduced by 
diffusion, and remembering that 


one gets 
Oo; 
My + es) 
(39) 
0; Des Ox 0; ox 


The last two terms in Equation (389) 
arise from consideration of two-di- 
mensional diffusion. When one neglects 
those two terms, a combination of Equa- 
tion (39) with Equations (36) and (88) 
results for steady conditions in 


0 (ze) 
Ox Dri 0a” 


0 


Equation (40) may be solved by a number 
of the standard methods for solution of 
partial differential equations, for example 
that proposed by Longwell (18). Some 
simplifications are usually required. 


(40) 


Turbulent Flow 


In the case of turbulent flow the total 
diffusivity is substituted for the Fick 
diffusion coefficient, and Equation (40) 
becomes 


(41) 
-2 exe + 


In this instance, since the totalfeddy 
diffusivity is distinctly a function of 


0 to 180 deg. as measured from stagna- 90% _ _9M, _ _ Dox 
tion. It is not clear from the experimental 06 Ox Ox 37 
data available whether or not the local x (37) 
transport is in fact a continuous function Oo; 
or whether at the point of separation Ox 
a METHANE CONCENTRATION 
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Fig. 10. Variation in Fick diffusion coefficient for methane 


with molecular weight of the paraffinic stagnant 


component. 
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Fig. 12. Effect of level of turbulence upon local material 


150 


transfer at an air velocity of 16 ft./sec. 


position in the flowing stream and may 
not be isotropic, it has been kept within 
the partial differential rather than being 
removed from it, as was done in the case 
of the Fick diffusion coefficient in Equa- 
tion (40). It is apparent that if the 
variation in velocity with respect to the 
x direction is neglected, Equation (41) 
is analogous to Equation (33). 


Effect of Level of Turbulence 


From the earlier consideration of the 
influence of level of turbulence as 
defined by Equation (85), material 
transport would be expected to be 
markedly influenced by the level of 
turbulence. Figure 11 illustrates the 
variation in the average Sherwood num- 
ber with level of turbulence for several 
different Reynolds numbers. Again it is 
seen that there is approximately a 35 % 
increase in the material transfer with an 
increase in the level of turbulence to 
about 0.15; again the effect is much more 
pronounced at the higher Reynolds 
numbers. The data for Figure 11 are 
based upon evaporation from 0.5-in. 
porous spheres (6). 

The corresponding local material trans- 
port from spheres as determined from the 
local thermal transfer to the surface is 
presented in Figure 12. There exists 
nearly a fivefold variation in the local 
transport with polar angle measured 
from the stagnation point. The influence 
of the level of turbulence upon the 
distribution of material transport is 
significant. Again it is possible that there 
is a discontinuous change in the rate of 
material transfer at the point of separa- 
tion, and the polar angle corresponding 
to this separation probably varies statisti- 
cally with respect to time. The values 
shown in Figure 12 do not take into 
account the thermal conduction within 
the sphere which may have influenced 
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the results slightly. It should be recog- 
nized that there exist significant local 
fluctuations in the concentration of the 
diffusing component in turbulent flow. 
The interrelation of these fluctuations 
with the local fluctuations in velocity is 
a complicated matter and is not fully 
understood at present. It is beyond the 
scope of this paper to consider the nature 
of these fluctuations, although they 
undoubtedly control the effectiveness of 
turbulent transport. 


Analogies between Momentum, Thermal, and 
Material Transport 


The conventional Reynolds analogy 
assumes that transport in turbulent flow 
is identical for momentum, internal 
energy, and material. From this assump- 
tion it follows that 


Em = € = €4 (42) 


In this situation the total viscosity, con- 
ductivity, and diffusivity are related to 
the kinematic viscosity, thermometric 
conductivity, and Fick diffusion co- 
efficient by 


Em = Em + v (43) 


(44) 


(€a)x = + Dex (45) 


Recently Corcoran and Sage (8), utilizing 
some of the ideas of Jenkins (12), showed 
that there is a relatively small variation 
in the total Prandtl number with 
Reynolds number. With this in view it 
might be possible to describe another 
type of limiting analogy: 
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Fig. 13. Effect of Reynolds number upon total Prandtl 


number. 


_ 


(46) 


Dp, Dp, 


The function of Reynolds number and 
position in the stream is the same as that 
shown in Figure 1. Equation (46) is 
equivalent to the assumption that the 
turbulent Prandtl and Schmidt numbers 
are identical with the molecular Prandtl 
and Schmidt numbers and that in the 
end all transport is dependent upon 
molecular processes. It is well known 
that the Reynolds analogy is not true, 
and it is equally probable that the 
analogy set forth by Equation (46) is 
not true. At relatively low Reynolds 
numbers, however, and for fluids which 
possess Prandtl numbers that are not far 
different from unity, it is probable that 
Equation (46), which is the equivalent of 


Np, > Np, (47) 


Ne. = No. (48) 


is as descriptive of the actual situation 
as the conventional Reynolds analogy. 
On the basis of Jenkin’s theory, modified 
by recent experimental data, the effect 


_of Reynolds number upon the total 


Prandtl number is indicated in Figure 
13. As a first order of approximation it 
may be assumed that the same values 
apply to the total Schmidt number. 
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NOTATION 

A = area, sq. ft. 

C, = isobaric heat capacity, B.t.u./ 
(Ib.) (°R.) 

cosh = hyperbolic cosine 

Dr = Fick diffusion coefficient, sq. 
{t./sec. 

D, = diffusion coefficient based on 
chemical potentials 

E = internal energy, B.t.u./Ib. 

E = partial internal energy, B.t.u./ 
lb. 

E = total internal energy, B.t.u. 

& = kinetic and internal energy, 

B.t.u./Ib. 

& = energy flux, B.t.u./(sq. ft.) 
(sec.) 

f = Fanning friction factor 

g = acceleration due to gravity, 
ft./sec.? 

H = enthalpy, B.t.u./lb. 

H = partial enthalpy, B.t.u./Ib. 

h = height, ft. 

J = a flux 

; = total friction, B.t.u. 

K., K; = constants 

k = thermal conductivity, B.t.u./ 


(sec.) (ft.) (°F.) 

distance from 

channel, ft. or in. 

distance from center to wall, 

ft. or in. 

= natural logarithm 

= latent heat of pressure change, 
(B.t.u./Ib.)/(Ib./sq. in.) 

1 = momentum flux, lb./sq. ft. 

= weight of material, lb. 

= weight rate of flow, lb./ 
(sq. ft.) (sec.) 

Ny, = Nusselt number 


center of 


~ 


=~ 
II 


= 
| 


= space-average Nusselt number 


space-average Nusselt number 
at zero turbulence level 
Prandtl number 

total Prandtl number 


> 
Il 


= 
» 


molecular Prandtl number 
Reynolds number 
Schmidt number 

total Schmidt number 


= 
il 


= Sherwood number 


I | 


space-average Sherwood num- 
ber 

space-average Sherwood num- 
ber at zero turbulence level 
nth value or index 

weight fraction 

pressure, lb./sq. in. 

total heat, B.t.u. 


local thermal flux, 
(sq. ft.) (sec.) 
reaction rate, sec.~! 
radial distance, ft. or in. 
radius of conduit, ft. or in. 
entropy, B.t.u./(Ib.) (°R.) 


=I 
II 


B.t.u./ 


Il 


3 
Hou i il 


il 
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= partial entropy, B.t.u./(Ib.) 
(°R.) 

= total entropy, B.t.u./°R. 

absolute temperature, °R. 

temperature, °F. 

gross velocity, ft./sec. 

point velocity, ft./sec. 

velocity parameter, 


u/ V y2)0/o 


tes = mean fluctuating velocity in 
the x direction, ft./sec. 


V = volume, cu. ft./Ib. 

V = partial volume, cu.ft./lb. 

Vv = total volume, cu. ft. 

7) = total work, B.t.u. 

X = a potential 

zc = downstream distance along 
axis of flow, ft. or in. 

y = distance normal to axis of 
flow, ft. or in. 

Ya = vertical distance from wall, 
ft. or in. 

yt = distance parameter, 
= (y a/v) V (9/0) 

2 = distance normal to boundary 


Greek Letters 


OQ, = turbulence level 

A = difference 

AE, = change in internal energy 
resulting from a chemical re- 
action, B.t.u./Ib. 
eddy conductivity, 
sec. 

total conductivity, sq. ft./ 
sec. 

eddy diffusivity, sq. ft./sec. 
total diffusivity, sq. ft./sec. 
eddy viscosity, sq. ft./sec. 
total viscosity, sq. ft./sec. 
absolute viscosity, (lb.)/(sec.) / 
sq. ft. 

time, sec. 
thermometric 
sq. ft./sec. 
defined in Equation (16) 
chemical potential, B.t.u./Ib. 
kinematic viscosity, sq. ft./ 
sec. 

specific weight, lb./cu. ft. 
concentration, Ib./cu. ft. 
rate of entropy production 
shear, lb./sq. ft. 

dissipation function 

function of 


sq. ft./ 


ll 


conductivity, 


629090 9 


Subscripts 


material added 

ith property or index 
component j 
component k 

weight 

weight fraction 
reference 

pressure 

entropy 
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temperature 
volume 
in x direction 


T 
V 
y in y direction 
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Diffusion-controlled Chemical Reactions 


H. L. TOOR and S. H. CHIANG 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


Transformations are obtained which reduce the system of differential equations for 
certain types of diffusion-controlled reactions to the equation for pure diffusion. 

Simple relationships between the diffusion rate with and without reactions are presented 
for reversible unimolecular reactions, certain types of reversible bimolecular reactions, 
and irreversible reactions between species with equal diffusivities. It is shown that these 
relationships are independent of geometry, hydrodynamics, or boundary conditions, and 
so the mass transfer coefficient in the presence of reactions can be obtained from the 
coefficient in the absence of reactions without an explicit knowledge of the mass transfer 


mechanism. 


The reaction factor for irreversible reactions with equal diffusivities, obtained by others 
for specific mass transfer mechanisms, is found to be quite general and essentially inde- 


pendent of the mechanism. 


Some data on the absorption of sulfur dioxide in a laminar water jet is considered. 


The theory of simultaneous diffusion 
and chemical reaction is basic to the 
study of mass transfer in reacting 
systems. Although many systems are 
difficult to handle analytically, even 
when the reactions are rapid relative to 
the diffusion, a number can be con- 
siderably simplified by reducing them to 
pure diffusion problems. It will be shown 
that this reduction is possible for certain 
classes of reactions and that in these 
cases the effect of the chemical reaction 
on the transfer rate may be obtained even 
though the pure diffusion problem is too 
complicated to handle analytically. 

A combination of a differential ma- 
terial balance with Fick’s law gives the 
equation for pure diffusion in an iso- 
thermal system (2): 


De 


The diffusion coefficient is assumed con- 
stant, and the substantial derivative is 
used in this and subsequent equations 
to account for any bulk motion super- 
imposed on the system. If bulk motion 
is present, the term diffusion-controlled 
reactions is used in a somewhat general 
sense to include diffusion-convection con- 
trolled reactions as well. The system is 
taken to be dilute enough so that the 
hydrodynamic velocities are independent 
of the diffusion, and it is assumed that 
there is no convection across the bound- 
aries. Solutions of Equation (1) with the 
appropriate boundary conditions give the 
concentration profile of the diffusing 
species, which, upon application of Fick’s 
first law at the system boundary 


Nip = (2) 


yields the rate of transfer across the 
boundary. 

If the flow is turbulent, the equations 
can be considered to apply at every 
instant of time, and the solutions give 
the instantaneous concentration and flux. 
Although many of the conclusions given 


8S. H. Chiang is with Linde Company, Tona- 
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below are valid for turbulent flow, this 
paper is concerned specifically with a 
stagnant fluid or laminar flow. 

Equations (1) and (2) with the bound- 
ary conditions fix the diffusion rate and 
also yield the mass transfer coefficient. 
The two simplest solutions, which are 
used as models for mass transfer in 
systems such as packed towers (7), 
are the semi infinite slab solution (pen- 
tration model) 


Mis? = (C4 — 3) 
1B 1z /10 


and the steady state solution (film 
model) 


(Cir Cur) (4) 


When a chemical reaction takes place, 
Equation (1), with a source or sink term 
to account for the reaction, applies to 
each molecular species in turn, 


De Ci 


and there are n equations for n species. 
The diffusion flux for each species is 
given by Fick’s law, since the system is 
dilute enough so that there are no 
diffusional .interactions: 


N; — —D;VC; (6) 


In the presence of convection this is the 
flux with respect to the local bulk-fluid 
velocity. 


REVERSIBLE REACTIONS 


To determine the relationship among 
the concentrations of reversibly reacting 
species in a diffusion controlled system, 
it is necessary to examine the rate 
equation for reversible reactions. This 
can be written for species 1 as 


=k, A, (7) 


where A; depends upon the mechanism 
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of the reaction. For first-order reactions 
in both directions, for example, 


It will be seen later that the form of A, 
is not important here, but the important 
characteristic is that when A, is zero, 
local chemical equilibrium exists what- 
ever the order of the reactions. 

Now if a number of diffusion-reaction 
systems which differ only in their values 
of ky are examined, it is seen that at low 
values of k;, A; will not generally be zero. 
However if k, is allowed to increase with- 
out limit by the consideration of systems 
with larger and larger values of k,;, Equa- 
tion (7) shows that the reaction rate will 
also increase without limit unless A; 
approaches zero. But the reaction rate 
cannot increase without limit, since it 
will be limited at any point by the finite 
rate of supply and removal of reacting 
species to the region of the point. Con- 
sequently as k, gets large, A: must 
approach zero as the reactions become 
diffusion controlled, and local chemical 
equilibrium is approached at all points 
in the system. Equation (7) is then 
indeterminate, and the reaction rate must 
be obtained from the diffusion equations. 
[See Equation (20) for example.] 

Thus in general a diffusion-controlled 
reversible reaction system can be defined 
as one in which local chemical equilibrium 
exists at all points. Strictly this demands 
infinite reaction velocity constants, but 
for any system there is some finite value 
of ky which is large enough to render 
negligible the error caused by the assump- 
tion of local equilibrium. Reactions in 
which k, is equal to or greater than this 
value are considered to be rapid reactions. 
As long as the reactions are rapid, it is 
not necessary to restrict k;, but it is 
assumed in the subsequent work that 
the equilibrium constants are true con- 
stants. 

For rapid irreversible reactions the 
analogue of the above result is the well- 
known fact that the reaction must take 
place at a surface (15). 


REVERSIBLE UNIMOLECULAR REACTIONS 


An isothermal system with a dilute 
solute will be considered. Species 1 is 
diffusing in the solvent which is stagnant 
or in laminar flow, and it reacts rapidly 
and reversibly to form species 2. Species 
2 is not immobilized and is free to diffuse. 
The reactions are unimolecular or psuedo- 
unimolecular 
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so the equilibrium constant K is given by 


K= 
C, 


(9) 
Since the reaction is rapid, local chemical 
equilibrium exists at all points; therefore 
C, and C, are always in a constant ratio, 
and the diffusion and reaction rates are 
both controlled by the diffusion. If it 
it assumed that any intermediate re- 
actions are much more rapid than the 
first and last steps and that the amount 
of the intermediate species present at 
any time is negligible, 7, + rz = 0. (It 
is shown that these qualifications are 
unnecessary if the intermediate reactions 
are unimolecular). If the first two equa- 
tions of (5) are added together, since 


7, + 7 = O, the reaction terms are 
eliminated and 
D(C, + Cs) _ 2 
(10) 
+ 


This simplifies with the aid of Equation 
(9) to 


1+K 


(11) 


= D.V'C, 


Comparison of Equation (11) with 
Equation (1) shows that species 1 
diffuses as if there were no chemical 
reaction, but its effective diffusivity is 
given by 


ep, 


+ CD, 

Ci + C, 
and the effective diffusivity is the con- 
centration weighted, mean diffusivity. 
Since D;, D2, and K were assumed to be 
constants, D, is also a constant, independ- 
ent of concentration, and is a true 
diffusivity for the system. [If species 2 
is immobilized, D. is zero and the result 
given by Crank (4) is obtained. If the 
reaction is irreversible, K = © and 
D, = Dz; only species 2 exists inside the 
system.] 

Although it is tempting to visualize 
the complex 1 = 2 as diffusing as a unit, 
this is not generally the case, for a com- 
parison of Equations (11) and (5) shows 
that 


(12) 


a (18) 


Thus if the diffusivities are not equal, the 
reaction continues throughout the system 
and varies from point to point (unless 
V *C, = 0). This is a direct consequence 
of the diffusivity difference which tends 
to eliminate local equilibrium and which 
must be balanced by the reaction which 
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restores the equilibrium. The direction 
of the reaction depends upon the relative 
magnitude of the diffusion coefficients 
(it will shortly be shown that the sign of 
V °C, is unaffected by the reaction) so 
with V ?C, positive species 1 is removed 
by the reaction when Di > D2, but when 
Dz > Ds, species 1 is formed by the 
reaction. 

When D, = Dz, the rate of reaction is 
zero. After local chemical equilibrium is 
reached at the boundaries of the system, 
the complex 1 = 2 does diffuse as a unit, 
since as far as diffusion is concerned 1 
and 2 are the same species if their dif- 
fusivities in the solvent are equal. 

Equation (11) can be written in another 
form by noting that the concentration of 
species 1 is linearly related to the total 
concentration of diffusing species: 


Therefore 


“De = DV C, (15) 


If there are a series of reactions of the 
form 


12223 
or any combination of reactions of this 
type, then }-2_, r; = 0, and by the same 
procedure as before it can be shown that 


Equations (11) and (15) hold if the 
effective diffusivity is defined as 


D, = KD. / EK, (16) 


where the equilibrium constants K; are 
defined by 


K; = (17) 
and C, is 


C, = K; (18) 


Equations (17) and (18) show that the 
C; are linearly related to C, by 


K; 
K; 


j=1 


C, (19) 


The equilibrium constants defined by 
Equation (17) are not necessarily the 
normal chemical equilibrium constants 
but are combinations of them which 
depend upon the reaction scheme. 

The rate of reaction of species 7 is given 
by 


— D)) 


= 


(20) 


or alternately 
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K; K,(D; — Dj) 


(2%) 


Again the reaction rate in the system is 
zero only when all the diffusivities are 
equal, and the direction of the reaction 
depends upon the relative magnitudes of 
the diffusivities and the equilibrium con- 
stants. The total diffusion flux of solute 
is obtained by the summing of Equation 
(6) over all species; 


N, = LN, = (22) 


which from Equation (16) and (19) 
becomes 


N, = —D.VC; (23) 


If this equation is applied on the inner 
side of the system boundary, it gives the 
rate at which species 1 crosses the bound- 
ary, while inside the system it gives the 
rate of diffusion of species 1 in all forms 
with respect to the local bulk velocity. 
At the boundary then with no ambiguity 


Nip = —DA(VC) (24) 


Equations (15) and (24) are mathe- 
matically identical to the pure diffusion 
Equations (1) and (2), since D, is con- 
stant, and if the boundary conditions 
have the same form, the two solutions 
will be identical when the following 
transformations are carried out: 


D,° + B, 
(25) 
Nis’ — Nip 


These transformations are only of 
immediate use if the boundary con- 
ditions on C, can be obtained without 
the necessity of an explicit knowledge of 
the behavior of each species. When the 
reacting phase is contacted by another 
phase containing species 1, and there is 
no interfacial resistance, the interfacial 
concentration of species 1 is fixed by the 
physical equilibrium relationship between 
1 in the external phase and the reacting 
phase. But C, and C;, are related by the 
reaction equilibria [Equation (18)], and 
so C,,; is also fixed by the equilibria. 
Since the phase equilibrium relationship 
is usually reported in terms of the total 
amount of species 1 present in the react- 
ing phase at complete equilibrium, C,; 
is the normal equilibrium value. 

Generally the concentration of only 
one species can be fixed at a boundary; 
the others are then set by the chemical 
equilibrium relationships. If the reaction 
products are volatile, the external compo- 
sition adjacent to, the interface must 
adjust to satisfy the solubility relation- 
ship for each species. 

For example if a pure gas is absorbed 
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in a layer of stagnant liquid in which 
it reacts by one or more rapid unimole- 
cular reactions, the instantaneous absorp- 
tion rate is obtained by applying Equa- 
tion (25) to (3): 


Nip (Cuz Cul (26) 


and the transformation of Equation (4) 
gives the steady state solution 


D, 
Nip = (Cir C11) (27) 


Since equations of the above type are 
used to measure diffusivities, what is 
measured is D, as defined by Equation 
(16), and since D, is a constant (within 
the limitations of the previous assump- 
tions), it may be used in all the solutions 
to Fick’s law for pure physical absorp- 
tion. Consequently diffusion with rapid 
reversible (or irreversible) unimolecular 
reactions may be treated as a pure 
diffusion problem by ignoring the reaction 
altogether, since the diffusivity and 
solubility data will already contain the 
effects of the reaction. 

However if the diffusivity has not been 
experimentally determined and must be 
estimated from one of the correlations, 
Equation (16) should be used to deter- 
mine the effect of the reaction on the 
diffusivity. 

Although the above analysis has 
focused on diffusion rate, it can be seen 
that the reduced concentration profiles 
of total solute are identical to the profiles 
which would be obtained in a nonreacting 
system. The concentration profile for 
each species is then obtained from Equa- 
tion (19), and tie local rate of reaction 
then follows from Equation (20) or (21). 
Since the functional form of V 2C; and 
VC, are fixed by the boundary con- 
ditions and hydrodynamics, the rate and 
direction of the reactions are set by the 
relationships among the diffusion co- 
efficients and equilibrium constants. 

Finally since the transformations given 
by Equation (25) do not depend upon 
hydrodynamics, geometry, or boundary 
conditions, the mass transfer rate in the 
presence of rapid unimolecular reactions 
can be obtained from the rate in the 
absence of reactions by means of Equa- 
tion (25), even in such complex systems 
as packed columns. [Equation (25) 
applies directly to the various types of 
mixing models considered by Danckwerts 
(7) for packed columns, but if the re- 
actions are first order, it is easy to show 
that the result is valid even if the flow is 
turbulent.] 

The simplifications which occur with 
unimolecular reactions arise because of 
the simple relationship among concen- 
trations and cannot be expected to be 
general. However certain types of bi- 
molecular reactions can be reduced to 
simple forms by an approach similar to 
the one above. 
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REVERSIBLE BIMOLECULAR REACTIONS 


Diffusion with the bimolecular re- 
actions 


14+223+4 
is described by Equation (5) with 


When the reactions are rapid enough so 
that local chemical equilibrium exists 
at all points, the concentrations are 
related by 


C, 


It is convenient in this case to add the 
first and third equations of (5), and with 
Equation (28) 


D(C, + C2) 
Dé (30) 


= DV'C, + 


C,=Q4+0C; (31) 


is defined. At this point it should be 
noticed that the effective diffusivity for 
the total solute as defined by Equation 
(23) is given by 


+ 


so even if C, were fixed at the system 
boundaries, the transfer of total solute 
could not be treated as a purely dif- 
fusional problem, since the effective 
diffusivity would be a function of the 
concentration gradients. Only when the 
diffusivities of species 1 and 3 are equal 
does Equation (30) reduce to the simple 
form of Equation (15). It still does not 
follow that the problem can be treated 
as pure diffusion, for if the concentration 
of species 1 is held constant at the system 
boundaries, Equation (29) shows that 
C, is not fixed. 

To fix C, one must assume that species 
3 and 4 are initially at zero concentration 
or present in equal amounts and that 
D; = Ds, so C; = C;, at all points during 
the process. This also gives C; a clear 
physical meaning, for it can now be 
interpreted as the total concentration of 
species 1 in all forms at any point. 
Further it is necessary to reduce the 
forward reaction to psuedo first order by 
the assumption that species 2 is present 
in large excess. Then Equation (29) 
becomes 


= VKC.C, = VK'C, (38) 


and 


K= (29) 


(32) 


C,.=C,+ VK'C, (34) 


Under these conditions C, is a function 
only of C, so the relationship between C, 
at the system boundary and the concen- 
tration of species 1 in an external phase is 
the normal equilibrium relationship for 
total solute. Finally it is seen that the 
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rate of transfer of total solute is given by 
Equation (23). 

Thus this reaction problem is reduced 
to the equivalent pure-diffusion problem, 
and the mathematical solutions for the 
two cases are related by the transfor- 
mations (25) with D, = D: = D; = D,. 
The rate of diffusion of total solute, or 
species 1 at the boundary, then follows 
the equations for pure diffusion if the 
total solute concentration at the bound- 
aries is used in the integrated rate equa- 
tions. These results are only valid when 
species 3 and 4 are initially present in 
equal amounts, species 2 is in large 
excess, and D, = D; = D,. Generally 
the effective diffusivity may vary from 
D, to D;, and the interfacial concen- 
tration of total solute will vary with 
time and depend upon the conditions of 
the experiment as well as the relationship 
among the diffusivities. 


IRREVERSIBLE REACTIONS 


Diffusion with the rapid irreversible 
reaction 


al + 62 — products 


is discussed by Sherwood and Pigford 
(15) in terms of the film and penetration 
models for the case a = b. 

Previous methods of analysis have 
treated the diffusion-reaction equations 
for each species as a system of partial 
differential equations to be solved simul- 
taneously. The mathematics are quite 
complex, and only a few special cases 
have been solved. It will be shown by a 
modification of the method used in the 
preceding sections that very general 
solutions may easily be obtained for the 
special case of equal diffusivities. 

The defining equations are given by 
(5) but here 


n+ = 0 (35) 
Multiplying the first equation of (5) by 
b and the second by a, letting D. = D,, 
and substracting one from the other 
removes the reaction term and yields 


where 


C? bC, aC, (37) 


Although C,’ satisfies Equation (36), 
even for a slow reaction, generally the 
boundary conditions and the relationship 
between NV,’ and N; cannot be obtained 
without a direct solution of the separate 
diffusion-reaction equations. 

When the reaction is rapid and irre- 
versible, at no point can there be both 
species 1 and 2 present, and so C,’ at 
some points equals bC; and at others 
equals —aC;. As this is also true at the 
system boundaries, there is no difficulty 
in fixing the boundary concentrations. 
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For convenience one defines 


N,’ = -D,VC,’ (38) 


which from Equations (37) and (6) 
reduces to 


N,’ = bN, aN, (39) 


At a boundary where the concentration 
of species 1 is fixed, no species 2 can be 
present, so at this boundary 


N 8’ = bDNis (40) 


By the comparison of Equations (36) and 
(40) with the pure diffusion equations it 
is seen that the transfer rate with the 
reaction is obtained from the rate without 
reaction by the following transformations: 


ey —C,’ 
N, — (41) 
— D, 


These equations are quite useful; in 
addition to yielding explicit solutions 
when the pure diffusion problem can be 
solved, they also allow a quantitative 
determination of the effect of the reaction 
on the mass transfer coefficient for cases 
where the pure diffusion problem is 
intractable. 

The penetration solution follows im- 
mediately by the application of the above 
transformations to Equation (3). For a 
slab which initially has a constant compo- 
sition of species 2, Co’ = —aC2, and 
if the interface is saturated with species 
1 at time zero, C,,’ = bCi;. The rate of 
transfer of species 1 across the interface 
is then 


|D, a Coo 
Nis (1 b (42) 


which for a = 6 is the solution obtained 
by Danckwerts (6) by a direct solution 
of the equations for each species. 

If a plane at a distance L from the 
interface is held at the composition C%,,, 
then the steady state solution obtained 
by the application of the transformations 
(41) to Equation (4) gives 


D ac; 
Nip = (1 b (43) 
and for a = 6 this is Hatta’s solution 


(10). 

Since C; is zero at time zero and at 
plane II, the bracketed term in both of 
the equations above is a correction factor 
which accounts for the effect of the 
chemical reaction on the rate, the re- 
action factor. If C.;; = Cx, then for 
both the penetration and film mechanisms 


k = Cs) 
1+ +m (44) 
This equation is considerably more 
general than Equations (42) and (43). It 
holds for example if the transfer mechan- 
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ism is neither a pure penetration type nor 
a pure film type but a combination of 
both such as film penetration (16), and 
it is valid even in the presence of ex- 
ternally imposed convection. 

Friedlander and Litt (8) recently 
obtained Equation (44) by direct inte- 
gration of the separate diffusion equations 
for a laminar boundary layer on a flat 
plate, and they suggested that the same 
reaction factor be used as a first approxi- 
mation for geometries where the diffusion 
problem cannot be solved. The present 
approach allows a direct proof of the 
validity of this assumption, for it will be 
shown that the reaction factor does not 
depend upon geometry. 

A laminar boundary layer with a 
geometry such that the following 
boundary conditions may be applied in 
the case of pure diffusion will be con- 
sidered. 


y= 0, Cr (45) 
= L, thy = 


where L may be infinite. By the use of 
dimensionless units the solution to the 
pure diffusion problem, Equations (1) 
and (2) with the above boundary con- 
ditions, may readily be shown to have 
the form 


where k° depends upon the geometry 
and is a function of position. 

If the concentration of species 1 at 
the wall is C1; and species 1 reacts with 
species 2, which initially is evenly dis- 
tributed theoughout the fluid, the trans- 
formations (41) as in the previous cases 
immediately yield Equation (44) as the 
solution to the problem under consider- 
ation. Thus the reaction factor [1 + 
(a/b) (C2o/Ci7)] applies to any laminar 
boundary layer (even if the normal 
boundary layer assumptions do not hold) 
when the boundary conditions (45) apply, 
and it can be used to correct empirical 
mass transfer coefficients for the effect 
of an irreversible reaction. 

Friedlander and Litt also obtained the 
reaction factor for the flat plate when the 
diffusivities are not equal, and since the 
transformations (41) do not apply under 
these circumstances, it is likely that the 
reaction factor will have different forms 
for other geometries. 

The first equation of (41) transforms 
the equation for the concentration 
profile in the absence of reaction to the 
profile for C’,’ in the presence of the 
reaction. Generally it will be possible to 
obtain the separate concentration pro- 
files for both species 1 and 2 from the 
C,’ profile in the following manner. 

Since the two species will meet and 
react at surface moving in time, on one 
side of the surface only species 1 will 
exist and on the other side only species 
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2; at the surface itself C; and C, will be 
zero. Consequently on one side: C,’ 
reduces to 6C;, and on the other side it 
reduces to —aC,; the equation for the 
reaction surface can be determined by 
setting C',’ equal to zero in the equation 
for the C,’ profile. If so desired, the flux 
profile for each species can then be ex- 
plicitly determined by the application 
of Equation (6) to each of the separate 
concentration profiles. 

For example boundary conditions of 
the type considered earlier lead to 
solutions of the form 


he 
f(7, 0) (47) 


where f(7, 6) depends upon geometry 
and hydrodynamics; in the boundary- 
layer problem f does not depend upon 6, 
and Cro is Crs. 

Equation (47) transforms by (41) to 


when D; = D,° is assumed for simplicity. 
The reaction takes place on the surface 
at which C, = 0, and so from Equations 
(48) and (37) 


1 


a 


and this equation can be solved for the 
reaction surface as a function of time. 
On the side of the surface where only 
species 1 exists, Equation (48) yields 


= 6) (49) 


Cr + Cro 
Cir + b Coo 


and on the other side where only species 
2 exists 


Cro 


= 47,0) (61) 

a Cir 
The separate concentration profiles are 
now completely defined. 


ABSORPTION OF SULFUR DIOXIDE BY WATER 


Sulfur dioxide reacts with water as 
follows: 


SO, HSO,— + H* 
1+22324+4+5 


There is evidence that” all these forms 
are present at equilibrium, and although 
the equilibrium amounts of ionized and 
total unionized species are known, the 
amounts of sulfur dioxide and sulfurous 
acid present are not known (12). 

If the reactions ‘are assumed to be 
rapid, then in the absorption of sulfur 
dioxide by water the following equi- 
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(51) 


are 


libria exist at all points during the 
diffusion process, 


C; 

K. = CC (52) 
_ CC; 

Ky = (53) 


As discussed earlier, equilibria of these 
types generally will not reduce the dif- 
fusion equations to the form correspond- 
ing to pure diffusion. In fact if the above 
equilibria are not qualified, the effective 
diffusivity is a variable, and the inter- 
facial concentration of total solute de- 
pends upon the concentration profiles of 
all species even when there is equilibrium 
between the sulfur dioxide gas and the 
liquid solution at the interface. 

However if the sulfur dioxide concen- 
tration is not too large, then the water 
concentration may be taken as constant 
in Equation (52). Furthermore if the 
solution is not too dilute, the major part 
of the H+ is produced by the dissociation 
reaction, and so HSO;- and H+ are pro- 
duced at the same rate. As ionic forces 
will keep the two species from separating 
in order to preserve local electrical 
neutrality, it can be assumed that 

s= C; at all points. Equation (53) then 
reduces to 


Cs 

The total solute concentration is, from 
Equations (52) and (54), 


C= C,+¢,+C 


= Kz (54) 


1 

and Equation (55) shows that with C, 
constant C, is a function only of C;. Con- 
sequently the equilibrium relationship 
between sulfur dioxide gas and unreacted 
sulfur dioxide fixes the total solute con- 
centration at the interface. However 
unless all the diffusivities are equal, 
which is unlikely, or the amount of 
HSO;- is negligible, the effective diffusion 
coefficient will be a variable. 

Even if the ionized sulfurous acid is 
assumed to have the same diffusivity as 
the unionized form, the effective dif- 
fusivity should not be constant, for the 
ratio of total sulfurous acid in both forms 
to dissolved sulfur dioxide will vary with 
total concentration. 

In solutions saturated at 1 atm. sulfur 
dioxide partial pressure at room temper- 
ature about 10% of the total sulfur 
dioxide in solution is ionized, and the 
percentage ionized increases as the total 
sulfur dioxide concentration decreases, 
so that at 10% of saturation about 30% 
is ionized (13). 

Lynn e al. (12) have measured the 
rate of absorption of sulfur dioxide into 
water flowing down the outside of a rod. 
These data have been extended by the 
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absorption of pure sulfur dioxide into a 
laminar water jet, which is in rodlike 
flow (4), by a technique described in an 
earlier paper (14). In Figure 1 the average 
rate of absorption over the jet is plotted 
against 1/\/@, and the range of Lynn’s 
data is also shown. The absorption rate 
follows the reciprocal square-root time 
dependence over the full 300-fold range 
of contact time, and the data extrapolate 
to zero at infinite contact time. 

Since the mean absorption rate is twice 
the point rate, Equation (26) indicates 
that the effective diffusivity is a constant 
and the interfacial resistance is negligible. 
This constant effective diffusivity would 
result if the ionization reaction were so 
slow that this reaction did not occur over 
the range of contact time studied, for the 
hydrolysis step is psuedo first order, and 
it was shown above that this leads to a 
constant effective diffusivity. However 
Lynn (12) showed independently that 
the entire sequence of reactions reaches 
completion in less than 0.1 sec. and con- 
cluded that all the reactions must rapidly 
reach equilibrium. If this is the case the 
present data indicate that the reactions 
must be completed in less than 0.003 sec. 

Another possible explanation of the 
constant diffusivity is that the high 
ionization which takes place at the dilute 
end of the concentration profile has little 
effect on the diffusion rate, and since only 
10% of the total sulfur dioxide is ionized 
near the saturated jet surface, this small 
effect may be negligible. 

In any case the rate measurements 
allow determination of the effective 
diffusivity. The jet surface temperature 
is estimated to be 1°C. higher than the 
surrounding temperature of 22.2°C. (4), 


tion (26) it is found that the straight line 
through the data corresponds to an effec- 
tive diffusivity of 1.54 X 10-5 sq. cm./sec. 
When corrected to 20°C. by the Stokes- 
Einstein equation the measured value is 
1.41 X 10-5, compared with Lynn’s 
measurement (12) of 1.46 and 
Groothuis and Kramers’ (9) value of 
1.40 X 10-5. 

As mentioned earlier, in the estimation 
of the diffusivity of a solute in a solvent 
with which it reacts the various molecular 
species present should be taken into 
account. If the ionized sulfurous acid is 
assumed to have the same diffusivity as 
the unionized portion, then only sulfur 
dioxide and sulfurous acid need be 
considered. Table 1 gives the values 
calculated from Wilke’s correlation (17) 
at 20°C. 


TABLE 1. DirFusiviTies aT 20°C. IN 
WATER 
Experi- 
SO. H:SO; mental 


D X 105, sq.em./sec. 1.46 1.17 1.41 


Since the average deviation of Wilke’s 
correlation is 6% and there are other 
uncertainties as well, no definite con- 
clusions can be drawn from these figures; 
if they are accepted at their face value 
they indicate that most of the unionized 
material is in the form of sulfur dioxide 
rather than sulfurous acid. 
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and at 23.2°C. the total solubility of NOTATION 
sulfur dioxide in water is 1.42 X 10-3 a,b = stoichiometric coefficients 
g. moles/ec. (13). This solubility is con- C; = concentration of species 7 
sidered to be reliable and is within + 2% C;, = total solute concentration 
of two other independent measurements (C,’ = concentration of total 
(E55): solute defined by Equa- 
By the use of the time average of Equa- tion (37) 
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Fig. 1. Rate of sulfur dioxide adsorption into water. 
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effective diffusivity 

diffusivity of species 7 

functional symbol 

local mass transfer co- 

efficient 

forward 

constant 

equilibrium constants 

K; modified equilibrium con- 

stants defined by Equa- 

tion (17) 

= effective equilibrium con- 
stant defined by Equation 

(33) 

= film thickness, jet length 

in Figure (1) 

number of species 

flux of species 7 

flux of total solute 

flux defined by Equation 

(38) 

volumetric rate of produc- 

tion of species z by reaction 

position vector 

generalized position co- 

ordinates 

displacement from chemi- 

eal equilibrium 

time 


= 
II 


reaction-velocity 


| 


| 


= 


II 


2 
Il 


V = gradient 

V? = Laplacian operator 

D/D@ = substantial derivative 

Subscripts 

B = boundary 

1,j = indices taking on values 

m = main stream 

0 = time zero- 

I = boundary I 

II = boundary II 

Superscript 

0 = absence of reaction 
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Mechanism of Drying Thick Porous Bodies 
During the Falling-Rate Period 


II. A Hygroscopic Material 


A further analysis of the second falling-rate period in the drying of thick highly porous 
textile structures is made, this time in the case of drying wool, special attention being 
paid to the adsorbed water held by the wool in the air-dry region. As the solid-to-void 
ratio is low, the quantities of adsorbed water are small and have little effect on the general 
equilibrium. Values of thermal conductivity are calculated for wet wool. 


In part 1 (1) experimental results were 
given for the heating and air drying of 
two thick highly porous textile structures. 
Extremes were chosen in a Terylene 
(British form of a polyester fiber) net 
fabric of open structure and a woolen 
flannel of close structure and the results 
compared for the two materials. It was 
found that despite the difference in 
structure a similar equilibrium between 
heat transfer inward and vapor diffusion 
outward was established at a constant 
pseudo-wet-bulb temperature during the 
second falling rate period. 

A further important difference between 
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the fabrics, which was neglected in the 
first treatment, is the hygroscopic nature 
of the wool, whereby some 30% of 
bound water is in equilibrium with the 
fibers when the surrounding atmosphere 
is saturated with water vapor. In this 
paper the data given previously for the 
wool are further analyzed with the 
adsorbed water taken into account. 
Values of the apparent thermal conduc- 
tivity of the wet porous solid are also 
calculated. 


WATER DISTRIBUTION IN WOOL BOBBIN 


The woolen cloth, being wound on a 
spindle, formed an annular package just 
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over 1 in. thick of about 3-in. O.D. and 
6-in. long. The hot air flowed parallel to 
the outer surface, and thermocouples 
situated at each succeeding ¢ in. in depth 
and also just below the surface thickness 
of cloth provided a record of the tem- 
perature distribution during the drying 
cycle. Weighing gave the total weight 
of water held by the package as drying 
proceeded. 


The General Distribution Deduced from the 
Temperature Record 

In Figure 1 the curves showing the 
temperatures at the different depths are 
reproduced. In the case of Terylene it 
was shown that when the temperature 
registered by a thermocouple embedded 
in the cloth rises from the pseudo-wet- 
bulb temperature level, the material out- 
side the position of the thermocouple is 
dry and the material within is wet. In 
other words, as the thermocouple is left 
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in the dry region by the retreating water 
surface, the temperature rises sharply. 
In the case of the wool it is assumed that 
this temperature rise of the thermo- 
couples marks the passing of a boundary 
within which there is pore water and 
the maximum quantity of adsorbed water 
associated with the wool. Outside the 
boundary the layers will be termed air- 
dry.* The liquid-water boundary is con- 
sidered to be of uniform cylindrical 
shape, whereas in practice it will be 
irregular owing to slight inconsistencies 
in the material. 

The time at which the water surface 
passed each thermocouple was noted 
from Figure 1, and hence the position of 
the water surface was noted with respect 
to time plotted in Figure 2. It is interest- 
ing to note from this figure that the water 
surface appears to leave the fabric sur- 
face just after the end of the first falling 
rate period. Thus the drying out of the 
surface could coincide with the linearity 
in agreement with the classical concept. 

An average weight of free-water con- 
tent per unit volume appertaining within 
the water surface can be calculated from 
the total weight of water and the radius 
of the water surface at any time. Such 
values are plotted in Figure 3. 

The rapid fall of over-all free-water 
content (assumed uniform throughout the 
wet portion of the bobbin) during the 
constant-rate period represents the dimi- 
nution of the water content through the 
flow of water to the surface. This is 
followed by a period of transition to the 
new equilibrium conditions when the 
temperature of the free water is rising 
from the wet bulb to the pseudo-wet- 
bulb temperature, after which the average 
free-water content appears to remain 
constant with time. 


*The air-dry layer is one which is free from liquid 
water but which has a regain (% moisture content - 
dry basis) dictated by the local humidity of the air 
in the pores of the layer. 


The Distribution of Adsorbed Water in the 
Falling-Rate Period 

Although one cannot be certain that 
the limiting equilibrium between the 
amount of bound water and the vapor 
atmosphere in the pores is always reached, 
it is reasonable to assume that this is 
so and to obtain the amounts of adsorbed 
water from the appropriate desorption 
curve. King and Cassie (2) have deduced 
that the time to establish equilibrium con- 
ditions at the fiber is very short; it is 
the movement of vapor and changing 
temperature conditions which prolong the 
process. In the second falling rate period 
conditions are changing very slowly, and 
one might expect equilibrium conditions 
to be reached. McCready and McCabe 
(3) assumed this to be so in their analysis 
of the drying of slabs of paper pulp. 

The amount of adsorbed water in a 
layer thus depends on the vapor pres- 
sure appertaining, which in turn depends 
on how the vapor concentration gradient 
varies between the water surface and the 
air stream. Use is made here of the 
analogy between temperature gradient 
and concentration gradient. In Figure 4 
the temperature gradients are shown to 
be linear, and the assumption is therefore 
made that the concentration gradients 
are linear as well. 

For particular times the values of p/T 
representing concentrations were calcu- 
lated for each 3-in.—thick layer by propor- 
tion from the gradient (p,,/7. — 
thus the mean partial vapor pressures 
and relative humidities for each layer 
were evaluated. Speakman’s desorption 
data (4, 5) were used to give the moisture 
regain for each value of relative humidity. 
In this manner the moisture content of 
each of the §-in. layers outside the water 
boundary was calculated at a number of 
different times in the second falling-rate 
period. 

Table 1 gives the calculated values at 
times ¢ = 500 and 800 min. along with 
the results of some experimental deter- 
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Fig. 1. Temperature vs, time at various depths in wool bobbin. 
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Fig. 2. Water radius vs. time. 


minations. The latter were obtained at 
a later date, when the bobbin was cut 
up so that it might consist of a central 
portion and eight 4-in.thick layers which 
could be unwrapped and weighed after 
the bobbin had been dried for the appro- 
priate time under similar experimental 
conditions. 

There is good agreement between 
calculated and experimental values, 
which supports the many assumptions 
made in the calculations. The fact that 
the saturated vapor pressure increases 
rapidly with temperature means that 
the relative humidity falls off quickly 
with increased distance from the water 
surface. This and the sigmoid nature of 
the desorption curve produce the rapid 
fall off in the quantities of adsorbed 
water in the succeeding layers from the 
water surface; that is, most of it lies in 
the } in. adjacent to the water boundary. 

When one subtracts the adsorbed 
water in the air-dry region from the 
total water, the sloping dotted line in 
Figure 3 is produced, showing that the 
average free-water content within the 
boundary gradually decreases, a fact 
which is borne out by the experimental 
values. This presumably means that 
there is some form of water movement 
to the water surface. The experimental 
values also show that the free-water 
content is not constant throughout but 
increases slightly with increasing depth. 
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Fig. 3. Wetted-volume free-water content 
vs. time. 
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HEAT CONDUCTION 


Heat transfer in the drying-wool 
bobbin is studied, the bound water being 
taken into account as required. The 
method used in Part I of dividing the 
bobbin into $-in—thick annuli and con- 
sidering steady state conditions to apply 
for 5-min. intervals is again employed. 


The Total Heat Transfer 


Use is made of the drying-rate curve 
and temperature record (Figure 1) to 
calculate the total heat received by 
the bobbin from the air stream. 


dX 
dt 


+ sensible heat to wool, water, 
vapor, and heat of adsorption.* 


q = hA,(®, — 9,) = nN 


From this formula the heat transfer 
coefficient may be calculated, and Figure 
5 represents the variation of h with time. 
The first term on the right-hand side of 
Equation (1) is the dominant one, repre- 
senting some 95% of the total heat. 

There appears to be a significant fall 
in h during the first falling-rate period. 
The final tailing off of the plotted points 
is probably due to the high error in 
measuring the small temperature dif- 
ference (0, — 0,); a very slight over- 
estimate of 8 would produce such a fall 
off. 

If it is possible to rely on a thermo- 
couple just below the surface as a measure 
of surface temperature, then Figure 5 
means that the heat transfer to the 
bobbin is greater when the surface is 
wet than when it is dry. Coplan (7) has 
attributed the fact that a hairy surface 


_ *Data reported by Hedges (6) were used to obtain 
this small quantity of heat. 


TABLE 2. VALUES OF k X c.a.s. 
CENTIGRADE UNITS 


Average free-water Average k, 


Time, content, gm./cc. of annuli 2-7 
min. wetted fabric inclusive 
10-15 0.670 10.1 
15-20 0.645 9.6 
20-25 0.620 8.6 
25-30 0.595 8.4 
30-35 0.570 
35-40 0.545 7.3 
40-45 0.525 
45-50 0.500 6.5 
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TaBLE 1. VALUES OF PERCENTAGE REGAIN To NEAREsT 1% 1n Successive 1{-1n. 
Turck Layers From THE SURFACE 


Layer 1 2 


Experimental values 
At critical moisture 


3 4 5 6 7 8 


content 124 175 186 199 208 212 210 209 
At end of first falling- 
rate period 85 118 125 131 135 140 131 165 
Air-dry Wet 
Att = 500 min. 
Calculated 4 7 10 22 . 61 (average) 
Experimental 3 5 8 20 58 70 77 82 
Air-dry Wet 
At ¢ = 800 min. 
Calculated 3 5 7 9 12 23 = 49 (average) 
Experimental 2 2 4 6 9 18 54 62 


dries slower than a smooth one, which is 
borne out by the present work, to some 
modification (thickening) of the boundary 
layer as a result of the protruding hairs. 
Thus when a wool surface is dry the 
degree of hairiness would be increased 
and cause reduction of heat transfer. 


k for Wet Wool 


The first 50 min. of the temperature 
record, representing the heating of the 
wet wool, has been used, in the manner 
already described in Part I for the dry 
material, to give values of k for the 
z-in.-wide annuli; that is 
ee of heat rate of heat} 


entering leaving J 
2 


{mean area) 


= (& annulus) X | annulus) 


temperature gradient 
x across annulus (2) 


The rate of heat leaving an annulus is 
compounded from the rate of supply of 
sensible heat to water and wool contained 
in the enclosed portion of the bobbin. 
When one uses the average free-water 
content value from Figure 3, it is assumed 
that the water distribution is uniform 
throughout the wet material. Adsorbed 
and pore water are considered identical 
so far as uptake of sensible heat is con- 
cerned, the wool and water being dealt 
with separately. Wahba and Nashed (8) 


° 


T 
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T T T 
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Fig. 5. A vs. time. 
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from their experiments with cellulose 
suggest that the specific heat of adsorbed 
water may be higher than for ordinary 
water. 

The complete results are given in 
Table 2. Values for the outermost and 
innermost annuli are omitted from the 
final-average values. In the case of the 
former these tend to be low, possibly be- 
cause there may be less water in the layer; 
in the case of the latter a high error can be 
present in measuring the small amount 
of heat passing through the annulus. 
Another value which might be added to 
Table 1 is the value when the wool is 
in equilibrium with tunnel humidity, 
that is, when the free-water content is 
zero. The value previously reported from 
a dry wool experiment was k = 1.07 X 
10-4 c.g.s. centigrade units. 

Calculating & for fibers packing into 
a space between two concentric cylinders, 
Schuhmeister (9) assumed that they were 
distributed uniformly in all directions or, 
for the purposes of calculation, that 4 
were plane slabs parallel to the direction 
of heat flow and } were slabs at right 


oEXPERIMENTAL 
RESULTS 


THERMAL CONDUCTIVIT Y(cgs centigrade units) 
@ 


A x=l y=O 
B x=09 y=0l 
C x=0.8 y=0.2 
6 D x=07 y=03 
05 0.6 0.7 


SATURATION (GMS/CC) 


Fig. 6. k vs. average free-water content 
for wet wool. 
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angles to the direction of heat flow. On 
these assumptions 


Re = 4(kyv, kov2) 


2 ) (3) 
kywe + kw, 

Using & for wool fiber as 4.6 X 10-4 and 
k for air at the average experimental 
temperature as 0.661 X 10-4, one gets 


kn X 10° = 0.53 + 0.55 


= 1.08 


Thus the experimental value in the dry 
case fits this formula. If the formula is 
extended te three components, it becomes 


km X 10* = x(kyv, + hove + 


k, kok (4) 
+ kyksvo + 


where the mixture is represented by com- 
parison with an arrangement of x parts 
where conductors are in parallel and y 
parts where they are in series. In Figure 6 
the experimental values are compared. 
A value of k = 7.0 X 10-‘ is used for 
saturated wool fiber and values appro- 
priate to the average temperature for the 
rest of the water and air. It can be seen 
that when the wool is very wet the 
system giving the closest agreement is 
the one where all the conductors are in 
parallel. One might expect the dominant 
conduction of the water to tend to pro- 
duce the parallel case as all the pores 
are filled. At the lower end of the ex- 
perimental range of saturation the line 
representing « = 0.8 y = 0.2 gives 
better agreement. 


k for Air-Dry Layers 


Values were calculated for the quanti- 
ties of adsorbed water in the various 
annuli at times 300, 400 --- 900 min. 
after the method given previously. The 
amount in an annulus at 500 min. minus 
that at 700 min. would give the loss of 
adsorbed water in 200 min., the rate of 
loss of water being taken as that applying 
at t = 600 min. In this manner rates of 
evaporation of adsorbed water were cal- 
culated for t = 400, 500 --- 800 min.; 
for example at t = 800 min. the rates in 
grams per minute were 0.0003 (outer 
annulus), 0.0008, 0.001, 0.002, 0.005, 
0.008, and at the water surface 0.043, 
making a total rate of drying of 0.06 
g./min. Thus some 90% of the evapora- 
tion takes place within } in. from the 
pore-water surface. Allowance was made 
for the latent heat and heat of adsorption 
required by the rate of evaporation, as 
well as for the sensible heat to the water 
present, in the case of each layer when 
the & value was calculated for a particular 
layer. The temperature gradient, the 
same for all layers, came directly from 
Figure 4. 

Table 3 sets out the results for the 
five times considered. The k values are 
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TABLE 3. VALUE ork X 104 c.G.s. CENTIGRADE Units 


t = 400 min. 500 min. 600 min. 700 min. 800 min 

Regain k, Regain k, Regain k, Regain k, Regain 
Annulus % % % % % 
1 (Outer) 4.0 1.66 3.5 1.34 3.4 1.39 3.3 1.19 3.2 1.00 
2 9.5 1.67 6.6 1.44 5.8 1.53 5.3 1.29 5.0 1.08 
3 22.7 1.58 10.4 1.46 8.3 1.63 7.3 1.41 
4 22.1 1.35 12.1 1.68 9.9 1.52 8.8 1.29 
5 23.4 1.58 14.8 1.54 12.2 1.38 
6 25.0 1.48 23.1 1.42 


compared with the appropriate average 
regains for the layers. There is a fair 
amount of scatter in these results; the 
correlation coefficient is only 0.436, but 
the regression line to give the best value 
of k, in terms of R*, is 


kX 130+ 0.011 R* (5) 


Thus when the regain increases from 
2 to 20%, & increases from 1.32 to 1.52, 
an increase of 0.20. Baxter (10) reports 
an increase from 1.10 to 1.25, an increase 
of 0.15, when the bulk density is 0.335 
g./ec. compared with 0.283 g./cc. in the 
present case. Thus the variation with 
regain is reasonable, though the absolute 
values are high. 

Nevertheless the agreement is sufficient 
to indicate that the general approach, 
involving the calculated distribution of 
adsorbed water, fits the experimental 
data. 


CONCLUSION 


The basic theory of the second falling- 
rate period indicates that a balance 
between heat transfer to and water 
vapor diffusing from the retreating water 
surface establishes equilibrium at the 
pseudo-wet-bulb temperature. If the tex- 
tile adsorbs water, most of the evapora- 
tion of the adsorbed water takes place 
close to the boundary of the pore water, 
so that the over-all balance remains. 

The theory in its present stage is 
still descriptive. It could be used to 
predict the second falling-rate curve 
only if some further knowledge is avail- 
able as to the variation of the free-water 
content with time and depth. It is also 
necessary to find whether the pseudo- 
wet-bulb temperature appears with sys- 
tems other than textile fibers or whether 
it is specific to these systems alone. 

Current work along these lines is 
aimed at establishing further the gen- 
erality of the pseudo-wet-bulb tempera- 
ture and at deriving exact quantitative 
evaluation of the rate of drying during 
the falling rate period. 


NOTATION 


A, = area of bobbin surface, sq. cm. 

h = surface heat transfer coefficient, 

cal. cm.~? sec.-! (°C.)7 

thermal conductivity coefficient, 

cal. em.~! sec.—! (°C.)- 

km = thermal conductivity coefficient of 
mixture, cal. em.~! sec.-! (°C.)— 


k 
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k, = thermal conductivity coefficient of 
first component, cal. cm.- 
(°C.)> 

k. = thermal conductivity coefficient of 

second component, cal. em.-! sec.- 

(°C.)7 

thermal conductivity coefficient of 

third component, cal. em.-' 

(°C.) 

vapor pressure, mm. Hg. 

vapor pressure in air stream, mm. 

Hg. 

vapor pressure at water surface, 

mm. Hg. 

rate of flow of heat, cal. sec. 

radius of water surface, cm. 

radius of bobbin surface, em. 
regain, dimensionless (gm. gm.~) 
time, sec. 

absolute temperature, ° abs. 

2 = absolute temperature of air stream, 

° abs. 


Il 


II 


by 


T.. = absolute temperature of water sur- 
face, ° abs. 

v; = volume of first component, cc. 

ve = volume of second component, ce. 

vs = volume of third component, cc. 

X = free-water content of bobbin, g. 

E = void fraction, dimensionless (cc. 
cm.—%) 

0, = temperature of air stream, °C. 

0, = temperature of bobbin surface, °C. 

0, = temperature of water surface, °C. 

\ = latent heat of evaporation, cal. g.-! 
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Initiation of the Homogeneous 
n-Butane Oxidation 


J. F. SKRIVAN and H. E. HOELSCHER 


Initiation of the oxidation of hydrocarbons, an important part of many flame systems’ 
remains largely unsolved. This paper reports a study of the oxidation of butane under 
conditions that yield information on the homogeneous initiation reactions. 

A sequential reaction mechanism is proposed involving activation of an oxygen molecule 
followed by attack on a butane. This leads to rate equations which accurately describe 
the observed butane decomposition rates. Activation energies have been calculated from 
experimental data with this equation and are found to check values obtained from the 


literature and from theoretical considerations. 


The tentative initiation mechanism is used to explain the existence of three classes of 
products in the exit gases: hydrocarbons other than butene, butene, and oxygenated 


products. 


Under some operating conditions periodic cool flame phenomena are observed, and 
their effect on the course of the reaction has been explained. 


Although considerable progress has 
been made in the field of low-temperature 
hydrocarbon oxidation, kinetic data 
which could be used as a basis for the 
formulation of reaction mechanisms are 
lacking. Methane and formaldehyde, 
the two simplest members of their re- 
spective series, have been studied ex- 
tensively, and their oxidation reaction 
kinetics has been clarified by Norrish and 
his co-workers (10). However for hydro- 
carbons above methane only a few 
systematic kinetic studies have been 
made, and virtually no information is 
available for hydrocarbons above 
heptane. The large number of reaction 
products, their isolation, identification, 
and quantitative analysis have without 
the use of expensive mass spectrographic 
techniques presented a considerable 
barrier to the characterization of the 
oxidation reaction. Although the develop- 
ment of gas chromatography as an 
analytical device has given a powerful 
new tool to investigators in this field, 
nevertheless the myriad chemical re- 
actions occurring simultaneously in the 
oxidation of even such apparently simple 
molecules as ethane prohibits the writing 
of any single rate equation descriptive of 
the entire process. An excellent review 
article by Tipper (14) points up the com- 
plexity of the problem. 

There are at least three different 
regions of interest: a precool-flame region 
in which slow, partial oxidation occurs, 
usually accompanied by a faint lumines- 
cence; the cool flame region, evidenced 
by higher rates of partial oxidation, 
usually characterized by periodic pressure 
fluctuations which correspond to the 
alternate formation and extinction of 
cool flames; and two-stage ignition, lead- 
ing to complete reaction. The last of 
these is always preceded by a single cool 
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flame. Which of the above phenomena is 
realized in a given experiment depends 
on the pressure, temperature, concen- 
tration, and reactor geometry. 

By far the large majority of partial- 
oxidation studies have been performed 
in batch systems in which reaction rates 
are followed by a measurement of pressure 
increase, and quenching of the reaction 
is accomplished by removing the system 
from its oven and plunging it into a cold 
bath. There are, however, several advan- 
tages of flow system over batch systems 
for partial oxidation studies. In addition 
to their obvious manipulatory ad- 
vantages, flow systems are capable of 
yielding much larger quantities of product 
for analysis and are far more flexible to 
operate. Flow systems have been used 
by King, Sandler, and Strom (8), 
Kovijman (9), Garner and Petty (6), 
Frank and Blackham (5), Quon, Dalla 
Lana, and Govier (1/1), and _ others. 
Stable (nonperiodic) cool flames have 
been obtained in flow systems of the 
proper configuration by Boord and 
associates (2) and Williams, Johnson, 
and Carhart (14). 

The effect of surface on the partial 
oxidation of hydrocarbons is particularly 
difficult to characterize. The nature and 
state of the surface and _ surface-to- 
volume ratio often play important roles 
in the reaction. Surface is generally 
acknowledged to have an_ inhibitory 
effect on the reaction by free radical 
destruction. Although free radicals can 
be destroyed and initiated both homo- 
geneously and heterogeneously, surface 
destruction is more efficient than gas- 
phase destruction. Hence an increase in 
surface to volume ratio should yield a 
decreased reaction rate. This has been 
observed experimentally. However 
surface initiation is known to play an 
important role in many partial oxidation 
reactions (13). One of the goals of this 
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research was to attempt clarification of 
this point. 

The paper then reports results from a 
kinetic investigation of the initiation of 
normal-butane oxidation in a flow reactor. 
As will become evident, wall effects were 
proved negligible, and only the homo- 
geneous reaction was studied. Normal 
butane was chosen because less attention 
has been paid to it than to any normal 
hydrocarbon in the C; to Cs range and 
because it is the logical precursor to an 
understanding of the combustion of 
higher hydrocarbons which may be of 
more practica! interest. The latter arises 
because butane is the first member of the 
series having both primary and secondary 
carbon atoms adjacent to the points of 
most probable attack. 


EXPERIMENTAL PROGRAM: EQUIPMENT 


The equipment used in this project 
consisted of the normal sequence of 
reaction system and analytical apparatus. 
The reactor is shown diagrammatically 
in Figure 1. A mixture of oxygen and 
normal butane of better than 99.5% 
purity was fed to the reactor through 
standard flow regulation and metering 
devices. Gas pressure at all flow meters 
and in the reactor was measured mano- 
metrically, and temperatures were 
measured throughout the apparatus by 
iron-constantan, glass-insulated thermo- 
couples. Surface temperatures were 
measured at the inlet to the reactor, at 
the axial center of the reactor, and at the 
reactor outlet (Figure 1). All temper- 
atures were recorded continuously. The 
reactor and gas preheaters were sur- 
rounded by a high-temperature oven 
providing the primary heat source. 

The reactor consisted of three parts. 
The first was a packed inlet section, the 
second the reactor proper, the third a 
packed outlet section. The packing was 
random chips and turnings of stainless 
steel washed with acetone and dried over- 
night at 110°C. It was supported by a 
stainless steel screen. The conical inlet 
and outlet sections served two purposes. 
They served as smooth enlarging and 
reducing sections, thus eliminating any 
large stagnant areas upstream or down- 
stream to the reaction zone, and they 
provided effective heat transfer sections. 

Product gases were led to a cold-finger 
type of condenser. Liquid product was 
collected in standard 0°C, cold traps, 


September, 1959 


TI 


MOLES FORMED /MOLE C,H,, FED 


a 
it 
u 
n 
a 
tl 
a 
ul 
Se 
al 
b 
i 
ty 
al 
m 
] 
| | 
Fis 
35 
V 


and 


1 of 


ma 
1 of 
tor. 
vere 
mo- 
mal 
tion 
mal 
and 
an 

of 
> of 
the 
lary 
s of 


ject 
of 
tus. 
ally 
and 
9% 
yugh 
ring 
ters 
ano- 
were 
by 
rmo- 
were 
r, at 
the 
\per- 
The 
sur- 
oven 


arts. 
, the 
rd a 
was 
nless 
yver- 
by a 
inlet 
oses. 
and 
any 
own- 
they 
ions. 
inger 
was 
raps, 


959 


FLARE TEE 


4, TUBING 


REACTOR 
THERMOCOUPLES —> 
SAMPLE 
PRESSURE TAP 


| 


Fig. 1. Reactor assembly. 


TO CONDENSER 


and the uncondensed gases were sampled 
in conventional gas-collecting bulbs. 

For analysis a gas chromatographic 
unit was constructed. Helium of 99.99% 
minimum purity was used as a carrier 
gas. Details of the construction, oper- 
ation, and use of this device as well as of 
the complete experimental apparatus are 
available (12). 

Because of the large number of prod- 
ucts present in the exit gases, five 
separate columns were used for the 
analysis. All columns were made of 14-in. 
copper tubing and were packed tightly 
by use of an electric vibrator. The follow- 
ing columns were used: 

1. Column 1, 7 ft. of 30 to 60—mesh 
type 5A molecular sieve, was used for 
analysis of hydrogen, oxygen, nitrogen, 
methane, and carbon monoxide. 


fe CO+COD 
H,0 


MOLES FORMED /MOLE FED 


CONTACT TIME (SEC.) 


Fig. 2. Sample product distribution; moles 
of product formed vs. contact time at 
350°C., 20% initial oxygen concentration. 


Vol. 5, No. 3 


MOLES FORMED /MOLE C,Hio FED 


—Fe\o 


CONTACT TIME (SEC.) 


Fig. 3. Sample product distribution; moles of product formed vs. contact 
time at 350°C., 40% initial oxygen concentration. 


2. Column 2, 4 ft. of 80-mesh activated 
charcoal, was used for analysis for 
methane, ethylene, and ethane. This 
column could also be used for carbon 
dioxide but was not nearly so sensitive 
for this as was column 3. 

3. Column 3, 3% ft. of 40 to 60—-mesh 
silica gel, was used for analysis of carbon 
dioxide. 

4. Column 4, 3 ft. of 20-mesh activated 
alumina, was used for analysis of 
ethylene, propane, acetylene, propylene, 
butane, and the butylenes. 

5. Column 5 was 10 ft. in length, 4 
ft. of which were packed with di-n-octyl 
phthalate supported on 60 to 100-mesh 
acid-washed celite, and the remaining 6 
ft. consisted of celite impregnated with 
glycerol. The packing of each section 
was prepared by contacting 35 wt. % of 
the liquid with 65 wt. % celite in an 
acetone slurry. The acetone was subse- 
quently removed by overnight oven 
drying at 110°C. Column 5 was used for 
analysis of the liquid product (aldehydes, 
alcohols, ketones, and water). 

The chromatographic columns and the 
thermal-conductivity cell were enclosed 
in a constant-temperature oven, with 
heat supplied by nichrome-resistance wire 
coils mounted on the inner surface of the 
oven. Temperatures in excess of 200°C. 
were obtainable and were measured at 
the center of the oven. Temperature 
control was effected by standard devices. 


EXPERIMENTAL PROGRAM: PROCEDURE 


After preliminary start-up operations 
had been completed, a reaction was initiated 
and the reaction temperature was ad- 
justed to the desired value. The system 
was allowed to equilibrate and was operated 
continuously for 2 hr. before any product 
was collected. The duration of any single 
run was usually determined by the rate of 
liquid-product formation, 2 ce. being re- 
quired for all analyses. If more than one 
run was made in any given day, 2 hr. was 
allowed for the system to reequilibrate at 
the new conditions. 

Preliminary experimentation established 
that reaction temperatures from 275° to 
350°C., contact times between 1 and 10 
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sec., and from 20 to 40% inlet oxygen 
concentrations would be suitable for the 
purposes of this work. To randomize errors 
throughout the program an experimental 
sequence was set up in which the runs 
were made in random order. To obtain 
information regarding the reproducibility 
of the work, a set of check runs was super- 
imposed on the random series. Complete 
details of the experimental work and the 
results obtained are, again, available in 
reference 12. 

The preliminary work also served to 
prove the absence of surface effects. For 
this purpose the entire reactor assembly 
was packed with stainless steel chips and 
turnings. The reactor temperature was 
adjusted to 335°C., and the reactor was 
fed with a 30% oxygen-to-70% butane 
mixture at a rate such that the contact 
time was 7 sec. Over 7} hr. of operation no 
measurable reaction of any kind was found. 
After the detailed experimental program 
had been completed, a check on this was 
made with the conditions under which the 
highest reaction rate had been observed. 
At a temperature of 350°C., 40% initial 
oxygen concentration, and 1.09 sec. con- 
tact time no reaction was observed in 2 
hr. of operation with the completely packed 


TaBLeE 1. Typrcat Propuct DIsTRIBUTION 
Run conditions: temperature = 300°C., 
contact time = 3.35 sec., initial oxygen 

concentration = 40% 


Total moles exit 


Constituent reactor X 103 
H, 3.61 
72.1 
CH, 9.61 
Co 84.1 
14.7 
0.37 
16.5 
C3Hs 0 05 
14.0 
C,H, 17.5 
299.0 
HCHO 37.0 
CH;CHO 3.56 
(CH3)2.CO 1.28 
CH;0H 30.0 
15 161.0 
Acid 2.58 


Butane conversion, oxygen conversion, material 
balances, mole fractions, etc., may be calculated 
from these data, 
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TaBLe 2. MATERIAL BALANCE 


Oxygen 
Run (12) Carbon balance balance 
24 100.9 99.6 
25 102.1 97.6 
26 100.0 97.9 
47 105.8 92.9 
48 93.0 98.0 
49 98.1 97.5 


The data are reported as percentage of reactant 
fed which was accounted for in the exit stream. For 
the carbon and oxygen the mean balances yield 
100.0 and 97.4% respectively, and the coefficients 
of variation are 3.63 and 2.13. 


reactor. The reactor temperature was then 
gradually increased. At 420°C. a reaction 
was obtained. This reaction was charac- 
terized by a very low carbon monoxide 
formation, approximately 2.5% of the 
methane-formation and approximately 3 
of the hydrogen-formation rates previously 
observed. This reaction was sustained as 
the reactor temperature was decreased 
below 420°C., but the rate dropped off 
very sharply. At 370°C. the reaction was 
again below the detectable level. Since the 
maximum operating temperature through- 
out this work was 350°C., it is evident that 
reaction in the inlet packed section may be 
ignored in this study. 

To study the quenching action of the 
packed outlet section, samples were taken 
directly from the reactor and compared 
with those removed from the condenser 
outlet. The samples from the reactor were 
removed at a rate slower than the flow 
rate in order to avoid sucking of gas back 
from the packed section. There was no 
detectable difference between the con- 
centrations of products in the sample taken 
just prior to the packed section and in 
those taken from the condenser. 


RESULTS 


A typical list of products obtained at 
one set of operation conditions is shown 
in Table 1. Forty-nine experimental runs 
were made, approximately half at 20% 
inlet oxygen concentration (the remainder 
being normal butane) and approximately 
half at 40% inlet oxygen concentration. 
Contact time was varied between 1 and 
10 sec. and the temperature between 275° 
and 350°C. All product analyses were 
obtained by means of gas chroma- 
tegraphy with the exception of analyses 
for acid, formaldehyde, and peroxide in 
the liquid, which were made chemically. 
The absence of peroxides in the products 
is interesting but easily explained by 
the configuration of the reactor and con- 
denser system; peroxides are known to be 
unstable and to decompose on the walls 
of a reactor or on other surfaces. 

Figures 2 and 3, which illustrate typical 
product distributions as a function of 
contact time, formed the basis for the 
kinetic analysis which was made. Com- 
plete material balances were made for 
six of the runs; the results are shown in 
Table 2. A reproducibility study was 
made on five of the runs. Statistical 
analysis of the results indicated that all 
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Bae 20% (INITIAL) 
O40 40% Op (INITIAL) 


L 
1.70 1.74 1.78 1.62 
( K) X 103 


Fig. 4. Estimation of activation energy from 


deviations from the mean were random, 
and the standard deviation for all con- 
stituents varied between 0.50 and 2.06. 

Table 3 presents a sample of the ex- 
perimental data which formed the basis 
for the conclusions presented in this 
paper. Similar tables were obtained for 
each run and are available (12). These 
data were correlated graphically by the 
preparation of plots of product distri- 
bution as a function of contact time. 
Because of the configuration of the 
reactor and condenser system, the pres- 
ence of peroxides in more than trace 
quantities is not to be expected. Chemical 
analysis of the liquid product indicated 
an average peroxide concentration of 
0.5% based on the liquid product. 

It will be noted that the data from runs 
using 40% initial oxygen concentration 
show a maximum in the conversion- 
contact time curve which is not observed 
in the 20% data. This peak was due to 
periodic cool-flame formation which 
manifested itself by strong pressure 
fluctuations and marked increases in the 
cracking reactions leading to the for- 
mation of unusually large amounts of 
hydrogen, methane, ethylene, and propy- 
lene. The final conversion rate at high 
contact time in this 40% data is approxi- 
mately double that observed in the 20% 
data. 


ANALYSIS OF THE RESULTS 


Wall Effect 


As previously noted, surface was shown 
to have an inhibitory effect on the over-all 
oxidation reaction. To estimate the effect 
of surface in the unpacked reactor (the 
effect of any quenching at the wall), it 
was necessary to calculate a range of 
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+ E/2. 


effectiveness of the wall. The range of 
effectiveness may be defined as that dis- 
tance from the wall at which the prob- 
ability of a free radical-wall collision 
(and subsequent destruction) is equal 
to the probability of a radical-molecule 
collision (leading to chain continuation). 
When one assumes a free radical at dis- 
tance 6 from the wall, and when one 
assumes that in its next move it moves 
toward the wall, the ratio of the prob- 
ability of a collision with the wall to that 
of a collision with another molecule may 
be calculated (as a function of 6) and 
set equal to unity. For Tz = 600°K., a 
typical reactor temperature, and with 
Tm = 4X 10-8 em., such a calculation 
yields 6 = 4.06 X 10-* cm. Hence the 
range of effectiveness of the wall extends 
approximately 10-* cm. into the reactor. 
The authors have assumed in this calcu- 
lation that all collisions between free 
radicals and surface or molecules are 
effective. Even if the wall collisions are 
1,000 times as effective as homogeneous 
collisions, 6 is only } 10-% cm. Thus the 
volume bounded by 6 is negligible by 
comparison with the total reactor 
volume, and the wall effect in the homo- 
geneous section may be neglected. 


Temperature Gradient 


To employ the surface temperature 
measured at the axial center of the 
reactor in subsequent calculations of the 
activation energy, it is necessary to show 
that this temperature is an adequate 
representation of the true reactor temper- 
ature. Since it was not feasible to obtain 
a radial temperature profile experiment- 
ally, this gradient was calculated for the 
most drastic conditions (that is, run 34, 
in which the maximum heat generation 
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TABLE 3. SAMPLE Data SHEET—-RUN 26 


Initial oxygen concentration = 39.9%, reactor temperature = 299°C. (572°K.) 
contact time = 3.34 sec., room temperature = 29°C. 


Reacted 


Moles formed/ 


Constituent Mole oxygen carbon, % Mole % mole C, Hiofed 
He 0.47 0.0094 
On 0.144 9.39 
Ne 
CH, 2.75 1.25 0.0249 
CO 0.084 24.1 10.9 0.218 
CH,(c) 

CoH, 8.39 1.9i 0.0381 
CoH. 0.21 0.048 0.00096 

CO, 0.033 4.72 2.15 0.0427 

C2H,(AlLO;) 
C3Hs 0.04 0.007 0.00013 
16.0 1.82 0.0362 
C,Hs 20.0 2.28 0.0454 
38.9 
HCHO 0.037 10.6 4.81 0.0959 
CH;CHO 0.0036 2.04 0.463 0.0092 
(CH3)2CO 0.0013 1.10 0.167 0.0033 
CH;0H 0.030 8.56 3.90 0.0777 
H.O 0.161 20.9 0.417 
*Acid 0.0052 1.48 0.336 0.0067 
Totals 0.499 


Rate of liquid product formation = 4.28 g./hr.; 5.35 g. total 


Moles O2 fed = 0.255 


Moles C,yHio fed = 0.386; moles carbon fed = 1.544 = C 


Total mass fed = 30.57 g. 


R, = 1.65 
= 0.925 
Rs = CO./C2H, = 1.12 


T; = 28.3/224 X 273/302 X 0.465 N; = 


per unit volume per unit time was 
obtained). 

Assuming radial symmetry and no 
axial gradient, one can solve the heat 
transfer equation with a heat-generation 
term. Assuming that half the butane 
reacts (all going to carbon dioxide and 
water), one obtains a generation rate of 
0.00125 cal./(ee.) (sec.) This is un- 
doubtedly much higher than the values 
realized during the experimentation. An 
average value of the thermal conductivity 
was estimated to be 1.03 K 10-4 cal./ 
(see.) (em. °C.), and a maximum temper- 
ature difference between reactor center 
and wall was calculated to be 6.9°C. The 
axial temperature gradient, as measured 
by surface thermocouples, was found to 
be 2°C./em. Since the length of the 
reactor is 3 cm., this represents a 6°C. 
maximum variation in temperature under 
the worst possible conditions. Thus the 
assumption of an isothermal reactor is 
justified, and the reaction temperature 
(as measured by a center axial-wall 
thermocouple) is subject to an un- 
certainty of approximately 6°C. This 
represents a temperature variation of less 


than 2% on the Kelvin scale. 


Preliminary Estimate of Over-all Activation 
Energy 

In order to postulate a set of initiation 
reactions which would lead to a rate 
equation to be tested against the ex- 
perimental data, some information con- 
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Material Balances: 


Oxygen 97.9% 
Carbon 100% 
Conversions: 


Oxygen 71.7% 
Butane 22.7% 
% to: 
oxygenated 
products 11.9% 


0.0531 N; 


cerning the energies of the reaction was 
required. An estimate of the over-all 
activation energy was made as follows. 
In a flow reactor 


radV = F dX, (1) 
when one rearranges and integrates, with 
vy 
_ ds 


= @ 


dt 
where d(',/dt = rate of consumption of 
butane, 7‘ C,i = the product of all of 
the molecular concentrations upon which 
the rate depends, raised to the appropri- 
ate power j, and with 


F = pQ (3) 
one obtains 
> XA r 
pQ) k J0 iat C F 


But 
Q 


= contact time based on inlet flow rates. 
Then 


aXaA r 
ar 

Taking the logarithm of each side and 
substituting the Arrhenius form for k, 
one obtains after slight rearrangement 
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-0.84 0.92 1.00 1.08 1.16 


LOG Co, (MOLE %) 


LOG r 
(MOLES C4Hip CONVERTED / MOLE FED PER SEC.) 


Fig. 5. Test of second-order oxygen de- 
pendence (20% oxygen data). 


XA r 
0 I] 


Since butane is present in large excess, 
oxygen is the limiting reactant and to a 
first approximation will be the major 
term in 7‘ C;i. At constant oxygen 
concentration the second log term will 
be approximately constant, and a plot 
of Inz vs(1/T) should yield an activation 
energy. At very low contact times, con- 
versions are small and the oxygen con- 
centration does not change radically 
through the reactor. Plots of outlet 
oxygen concentration as a function of 
contact time were made, and from these 
curves for each value of oxygen con- 
centration values of 7 and 7 were taken 
and plotted as log 7 vs. (1/7). These 
results are shown in Figure 4 for both 
40 and 20% initial oxygen concentrations. 
Activation energies between 7.7 and 
10.3 keal./mole were obtained. 


Initiation Reaction 


With a knowledge of the approximate 
activation energy, obtained in the pre- 
vious section, some tentative statements 
can be made regarding the nature of the 
controlling step or steps in the partial 
oxidation reaction. Over-all activation 
energies in the range of 8 to 10 keal./mole 
could indicate either a diffusion-con- 
trolled step or a low-energy gas phase or 
wall activation. Since the reaction has 
been shown to be surface inhibited, a dif- 
fusion or activation involving the wall can 
play no part in the activation process. 
This leaves the possibility of a low-energy 
gas-phase bond-activation step, involving 
either ‘CH, or 
collisions. 

Of the three possible types of initiating 
collisions the oxygen-butane and the 
butane-butane collisions may be elimi- 
nated from consideration due to the 
number of degrees of freedom involved. 
The energy transferred by the collision 
is dissipated among these many degrees 
of freedom, and as a result no one of the 
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Fig. 6. Test of rate equation (20% oxygen data). 


bonds is likely to undergo activation. 
However in an oxygen-oxygen collision 
only one bond is available for activation 
in each of the two participating mole- 
cules. The following tentative mechanism, 
descriptive of the initiation process, may 
now be written 


0.+0,2 + 0, 


koa 


(7)* 
0,+ 4 20.* +4 (8) 


O.,* + Es, HO, (9) 


Equation (7) represents a collisional 
activation-deactivation process resulting 
in the formation of excited oxygen mole- 
cules. Equation (8) indicates that the 
activation and deactivation could also 
involve another species A, where A may 
be any other molecule present with the 
exception of O, and O.*. Equation (9) is 
the free radical initiation step. The rate 
of O,* formation is then 


Boe + 
dt 
— k-CowCo, — k-2CowCa (10) 
— 


*Bleakney (1) has recently reported the relaxa- 
tion time for excited oxygen to be approximately 
10-5 sec. under the conditions of this work. Since 
the collision frequency is many orders of magnitude 
greater than this, the proposed mechanism involving 
vibrationally excited oxygen molecules appears not 
to be unreasonable from this point of view. 


when one makes the steady state assump- 
tion for the active species 


_ 

“a 0 (11) 
and 
+ keCo,Cu 


= 1 
+ 


Since butane is present in large excess, 
C4 Cp, and 


C k,Co,” k.Co,C 


(13) 


It seems reasonable to assume that 
,Cz is much smaller than and 
similarly that k_. Cg «K k_1 Co,. Hence 


Cop 
The rate of butane conversion from (9) is 


dC 
dt 


(15) 


An approximate second-order oxygen 
dependence, confirmed in the next sec- 
tion, indicates that the term k_, Co, must 


Paik e= 
Co, 
ef 
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Fig. 8. Test of rate equation (40% oxygen data). 
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Fig. 7. Conversion to oxygenated products 
(40% oxygen data). 


be negligible in comparison with k; Cz 
and that for subsequent development 
and testing the following over-all rate 
equation may be used: 


—k,Co,” 


dt (16) 


Test of Rate Equation 


The validity of Equation (16) was 
tested by the experimental data. Figure 
5 shows a check of the second-order 
dependence on oxygen concentration. 
A plot of log r vs. log Co, should have a 
slope of 2 if the proposed rate equation 
is correct. The rates were obtained from 
the butane conversion-contact time 
curves. At a given contact time the rate 
was measured graphically, and the corre- 
sponding value of oxygen concentration 
at this contact time was used to prepare 
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Fig. 9. Arrhenius plot. 
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Figure 5. A slope of 2.2 was obtained in 
excellent agreement with the proposed 
second-order oxygen dependence. 

The entire rate equation was next 
tested for constancy of the specific rate 
constant. To satisfy the rate equation, 
plots of rate of butane conversion vs. 
Co .? must be linear and pass through the 
origin. Rates were obtained by graphical 
differentiation of the data. These data 
are plotted for the 20% oxygen runs in 
Figure 6. The results are in definite 
agreement with the rate equation. 

As has previously been noted, cool- 
flame formation was observed in some of 
the runs made at 40% initial oxygen 
concentration. The innate unsteadiness 
of this periodic phenomenon precludes 
the direct use of the proposed rate equa- 
tion for this data. However some interest- 
ing information can be obtained by a 
modification of the rate term itself. If, 
instead of over-all butane conversion, 
butane converted only to oxygenated 
products is plotted against contact time, 
a smooth curve is obtained (Figure 7). 
Bearing in mind that the rates obtained 
from this data are of different significance 
than the rates used previously one may 
make a similar type of analysis (Figure 
8). In Figure 8 the rate of conversion to 
oxygenated products only is plotted 
against Co ,%. The linearity of these plots 
confirms the validity of the rate equa- 
tion and indicates that the initiation 
mechanism is probably the same as for 
the 20% runs. 

Values of k were obtained from the 
slopes of the lines shown in Figures 7 and 
8. The over-all energy of activation of the 
process was then determined from plots 
of log k vs. 1/T (Figure 9). The values 
obtained for EZ, are in good agreement 
with those estimated in the previous 
section. 

The postulate of an activated oxygen 
molecule resulting from an oxygen- 
oxygen collision seems to be in agreement 
with the over-all activation energies 
obtained. The energy F; required for a 
transition from the oxygen ground state 
to the first vibrational level is 4.6 kcal./ 
mole, and 10 keal./mole is required for 
the second (7). Excitation to the second 
or third level then seems necessary for 
this process. 


Over-all Reaction 


Over twenty products of the partial 
oxidation of n-butane were observed; 
there are no doubt traces of many more. 
To set up a reaction sequence which not 
only leads to all the observed products 
but also agrees with the distributions 
obtained experimentally is an insur- 
mountable task at this time. Many of the 
products react further, and it is not 
feasible to specify completely the inter- 
relations of these products with the 
reactants, radicals, and other products 
involved. A partial list of reactions which 
probably occur has been prepared (12). 
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Three general types of products have 
been found: butenes, cracking reaction 
products, and oxygenated products. The 
reactions leading to the formation of 
each of the classes depend either directly 
or indirectly on the fate of the butyl 
radical. Butene formation by hydrogen 
abstraction from the butyl radical seems 
most probable. The butyl-peroxide radical 
formed by oxygen addition to the butyl 
radical leads to the oxygenated products. 
Decomposition of the butyl radical leads 
to formation of cracking products. 
Reactions of the types suggested are 
validated in the literature (3, 4). 


CONCLUSIONS 


1. An initiation step for the homo- 
geneous butane oxidation involving acti- 
vated oxygen molecules resulting from 
oxygen-oxygen collisions has been pro- 
posed. A rate equation involving a 
second-order oxygen dependence was 
derived and confirmed by testing against 
experimental data. The initiation step 
was shown to be the same for both cool- 
flame and noncool-flame regions. 

2. Activation energies resulting from 
the use of the derived rate expression are 
in agreement with those obtained by 
other techniques and were comparable 
with those found in other investigations. 

3. The products and product distri- 
butions obtained indicated that the butyl 
radical is a critical intermediate in the 
partial oxidation process studied. The 
types of products obtained and their 
relative importance depend in large 
measure on the fate of this radical. 
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NOTATION 

A = Arrhenius frequency factor, 
sec.—? 

A = symbol for a gas-phase con- 
stituent 

cc. = size of sample analyzed 

C = total moles carbon fed 

Cp = butane mole fraction 

C; = mole fraction of 7 

Co, = mole fraction of oxygen 

Co,+ = mole fraction of activated 
oxygen molecules 

Cp = specific heat, cal./(g. mole) 
(°K.) 

E, = apparent activation energy, 
keal./mole 

E = activation energy, kcal./mole 

F = feed rate, mass per unit time 
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k = specific reaction rate constant, 
sec.—! 

M.W.= molecular weight 

N; = cc.‘/10cce. total exit gas 

Q = inlet flow rate, cc./sec. 

R = gas constant, cal./(mole) (°C.) 

R = gas-phase concentration ratio 

r = reaction rate, moles/(mole feed) 
(sec.) 

Tin = molecular radius, cm. 

= temperature, °K. 

T; = total moles 7 leaving reactor 
during run 

Tr = reactor temperature, °K. 

Tw = wall temperature - 

V = reactor volume, cc. 

X, = moles of A converted per unit 


mass of feed 


Greek Letters 


6 = range of effectiveness of the 
wall, em. 

v = molecular concentration, mole- 
cules/ce. 

p = gas density, g./cc. 

T = contact time based on inlet 


flow rate, sec. 
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Experimental Foundations of 
Chemical Engineering 


Fundamental knowledge consists of understanding not only the models which correlate 
and rationalized observations but also the quantity and quality of the observations. The 
degree of correlation attempted should be consistent with this quantity and quality. 

The scientist correlates and rationalizes observations primarily to broaden his general 
understanding of the physical universe, and his efforts at correlation are more often than 
not a way of speculating on the future experiments which should be undertaken to test 
his concepts. For this purpose he is often satisfied with accuracy to one order of magnitude. 
The engineer, faced with the design and operation of expensive equipment, is almost 
always interested in a much higher accuracy in his correlations. 

Virtually all existing data in the rate processes are forced into rationalizations based 
upon either potential-difference or potential-gradient models. The application of these 
models to systems of even relatively simple geometry gives rise to mathematical complexity 
beyond present analytic ability. Even so, our ability to measure and observe seems to be 
far below our ability to analyze. These two models have been used effectively in chemical 
engineering in the past and have served to organize a great deal of information in the 
rate processes. Present research efforts appear to be directed primarily toward filling in 
gaps in available data and in refining the application of the models. We seem to suffer 
from a lack of models to test and a lack of data designed to test critically the existing 
models. There is relatively little exploratory research in chemical engineering as compared, 
for example, to physics. 

When one views chemical engineering as a chain extending from economics, markets, 
mechanical design, process design, and process development to process research, the 
uncertainties inherent in some of the links easily involve variances of 50 to 80%. Under 
these circumstances it would appear that the present orientation of research is distributed 
much too heavily toward refinement of existing ideas and not nearly enough toward 
exploration. 


The observations made by scientists 
and engineers form the basis of chemical 
engineering. These observations are col- 
lected in a concise form as correlations 
and rationalized in terms of models or 
mechanisms, which are referred to as 
hypotheses, theories, and laws. 

It is natural that the consideration of 
engineering problems is focused on 
theories. In today’s explosive production 
of engineering data the pressure on the 
engineer to follow the patterns of thought 
and technique suggested by existing 
theory is almost irresistible; thus it is 
ironic that in a time of “plenty,” with 
respect to engineering accomplishment, 
the phenomenological bases of chemical 
engineering seem to be _ increasingly 
ignored, 

Typical of this tendency is the fact 
that publication of original data has 
largely been abandoned in favor of 
deposition in such repositories as the 
American Documentation Institute or in 
the original research records, which are 
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relatively inaccessible. As a result present 
knowledge, as represented by the litera- 
ture, has the appearance of correlation 
resting upon correlation, theory upon 
theory, and the data presented consist 
of a few graphs greatly reduced in scale, 
with only a few major coordinate lines. 
It is becoming more and more usual to 
accept the general statements and con- 
clusions of the authors because of the 
time and trouble involved in obtaining 
the data necessary to test alternate 
correlations or even to appraise the 
quantity or quality of the expreimental 
work. 

While the editors of technical publi- 
cations justify the omission of experi- 
mental data on the grounds of cost, it is 
the profession that must be blamed. 
Obviously the profession as a whole 
values the literature more as a record of 
theory than as a repository of data. 

The rationalization of data in terms of 
models and mechanisms is of paramount 
importance in scientific and technological 
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development. However in the absence of 
an understanding of the quantity and 
quality of the data being rationalized, 
rationalization becomes meaningless spec- 
ulation. The Greeks of ancient times were 
superb philosophers but poor scientists 
and engineers because they did not wish 
to be bothered with experimental meas- 
urements. As Alfred North Whitehead 
stated, ‘‘There are these hard and irre- 
ducible things we call facts; you hear 
them, you smell them, you see them, 
you taste them and you feel them, 
directly or by instrumental extension. 
Without them you may think indefinitely 
and have nothing.” An understanding 
of the phenomenological bases of the 
rate processes is overwhelmingly im- 
portant in developing the judgment that 
is crucial in engineering. It seems fitting, 
therefore, that this paper, as part of a 
symposium on fundamentals discusses in 
a general way the kinds of observations 
with which chemical engineers are con- 
cerned, the implications of the rate 
concepts which are used to summarize 
these observations, and the requirements 
and experience which are peculiar to 
chemical engineering. 


DESCRIPTION OF RATE PROCESSES 


There are two principal aspects to the 
rate processes, the phenomenological and 
the theoretical. The phenomenological 
aspect is concerned primarily with identi- 
fication of the phenomenon under con- 
sideration. The need for identification 
does not arise from thin air but from 
highly practical considerations. We wish 
to rationalize the performance of heat 
or mass exchangers, or we wish to say 
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something about time and the composi- 
tion of a reacting system, etc. Therefore, 
we attempt to define processes in such 
a way that the definition will be use- 
ful either for comparing processes under 
different conditions or for designing 
equipment in which processes are carried 
out. Isaac Newton encountered these 
same problems with respect to velocity 
and solved them by devising the calculus. 
The general definition of rate processes 


(1) 


Where r is the change in some quantity 
S per unit time @ per unit extent of the 
system L, is essentially the expression 
devised by Newton. When applied to 
heat transfer, r is the heat flux density 
expressed in British thermal units per 
hour per square foot, S is energy in 
British thermal units, and LZ is the area 
through which the energy is transferred; 
when applied to mass transfer, S is the 
mass of some component transferred 
per unit time through the area L. For 
a homogeneous chemical reaction S is the 
mass of some species produced per unit 
time per unit volume ZL, etc. The sign 
of the derivative is usually chosen to 
yield a positive rate. 

The rate of a steady state process 
can alternatively be written as 


r= — (2) 


where s is the flux of some quantity and 
L is again the extent of the system. The 
rate in each case has the same dimensions 
as in the corresponding unsteady state 
process. For heat transfer s is the heat 
flux in British thermal units per hour, and 
L is again the area through which the 
the heat is transferred. For mass trans- 
fer s is the component flux in mass per 
unit time and L is the area through 
which the component is transferred. For 
a chemical reaction s is the mass flux of 
some species and L is the volume of the 
system. 

All these particular definitions incor- 
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porate a time rate of change of a property 
or quantity per unit extent of the system 
and, explicitly or implicity, an indication 
of the direction of the change. 


DETERMINATION OF THE RATE 


A definition is essentially a set of 
instructions as to what to measure in 
order to determine a rate. Thus in 
transient heat transfer one must measure 
the enthalpy or energy of a given system 
and time or its equivalent. In mass 
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Fig. 1. Conversion as a function of space 
time. 


transfer and chemical reactions the mass 
of a particular species in a chosen system 
must be measured as a function of time. 
In steady state heat transfer the heat 
flux must be measured as a function of 
area, etc. 

While the basic concepts of the calculus 
with respect to the limiting process 
represented by the derivative is taught 


to, and apparently understood by, most 
engineering students when presented in 
the frame of reference of mathematics, 
it appears to be rather easy to forget 
these concepts in an engineering frame 
of reference. One is likely to forget that 
rate is a concept and that instantaneous 
or point rates of any kind are very dif- 
ficult if not impossible to measure 
directly. Ordinarily one can obtain data 
from which average rates can be com- 
puted over finite intervals of time or 
over finite areas or volumes, but one 
is then forced to smoothing or some other 
interpretative process in order to deduce 
or estimate instantaneous or point rates. 
Basically the problem is one of numerical 
differentiation or smoothing of integral 
data. Whenever integral data are numeri- 
cally differentiated, errors or irreproduci- 
bilities of the integral data are ex- 
aggerated by approximately one order 
of magnitude. Thus integral data which 
are precise to 10% commonly yield 
values of average rates which are precise 
only to 50 to 90%. 


PROCESS CALCULATIONS 


The use of measured rates in process 
design involves precisely the same mental 
operations as the definitions or measure- 
ments, since the process calculation is 
in a sense a hypothetical or mental 
experiment. This is illustrated by re- 
writing the definition in the form of 
Equation (3), which indicates how one 
would calculate the size of batch equip- 
ment required to transport a certain 
amount of heat or mass in a certain time. 


(3) 


A similar integral 
ds 
(4) 
r 
arises for steady state heat or mass trans- 
fer. 
The most important consequence of 
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Fig. 3. Original correlation for convection between a gas stream and 


Fig. 2. Average rates for space-time increments. 
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a cylinder (5). 
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Fig. 4. Corrected correlation for convection between a gas stream and a cylinder (1). 


Equations (3) and (4) is that in order to 
carry out the indicated integration, it 
is necessary to know the rate at which 
the process occurs as a function of the 
properties undergoing change. In the 
case of heat transfer this property is 
enthalpy or energy; in the case of mass 
transfer or chemical reaction it is com- 
position. 


CORRELATION 


The primary purpose of correlation is 
to provide convenient and compact 


summaries of the relationship between 
the rate and the environment. This is 
the practical reason that scientists and 
engineers devote so much attention to 
the correlation of experimental facts and 
to the postulation of theories which 
provide models for the economical sum- 
mary of the facts. 

Generalization of rate data means that 
a set of measurements of a change can 
be associated with a description of the 
environment in which the change 
occurred. If a relationship between a rate 
of change and the environment can be ex- 


pressed with a reasonable economy of 
words or other symbols, a correlation re- 
sults that simply an assumed cause-and- 
effect relationship between variables. The 
scope in relatively limited. 

If the statement covers a somewhat 
limited field of knowledge, we say we 
have a theory, which is a picture invented 
to classify as far as possible but not 
necessarily completely the knowledge of a 
group of events and further to describe 
speculative results of observations yet 
to be made. 

When a very large number of observa- 
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Fig. 5. Modified correlation for convection between a gas stream and a cylinder (1). 
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Fig. 6. Parallel-resistance correlation for convection between a gas stream and a cylinder (1). 


tions show reproducible behavior, we 
may be able to make a general state- 
ment. If virtually no exception is found 
in our collective experience, and if the 


_ statement covers a relatively wide field 


of knowledge, it is then called law or 
principle. The statement of the first law 
of thermodynamics, ‘matter and energy 
cannot be created or destroyed,” is an 
example. A law is useful because it 
describes in brief but complete form a 
very large body of knowledge. Obviously 
correlations lead to theories, which in 
turn lead to laws. 


ILLUSTRATIONS OF THE 
CORRELATION PROBLEM 


Chemical Kinetics 

Integral vs. differential representations 
Much of the previous discussion is 

illustrated by the data Figure 1 relating 

conversion to space velocity at a number 


of pressures for a catalytic decomposition. 
The reaction was of the type 


(5) 


with no identifiable side reactions. 
The curves in Figure 1 are based upon 
a correlation of the form 


Kapa Krpe 


and the summary of the paper from which 
the data are reproduced states, “It has 
been shown that a single site surface reac- 
tion is the controlling mechanism. . . ”’ 


r 


(6) 
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The rate of reaction is defined by 
dw d("/F)  d("/F) 
This definition indicates that the basic 


rate information consists of average 
rates. 


(7) 


Af 
8 


These values of the average rate over 
finite steps of ”/F are shown in Figure 
2, the preparation of the data for which 
conversions at virtually the same value 
of were averaged. 

The values of Figure 2 are the only 
known rates and constitute the raw 
material for correlation. They scatter 
widely and are typical of the data avail- 
able from this type of experiment. The 
data, in fact, scatter so much that reason- 
ably good correlations could be made on 
a zero-order basis, that is a straight 
horizontal line to represent all of the 
values, a somewhat better correlation on 
the basis of a simple first, second-order- 
reversible reaction, and perhaps a better 
correlation by Equation (6) as proposed 
by the experimenter. While the data can 
be represented adequately by Equation 
(6), there is a real question as to whether 
so complex a correlation is justified. It 
seems obvious that the reliability of the 
previously quoted conclusion as to mech- 
anism is extremely dubious. The real 
point is that the presentation of the 
experimental results in the form of 
Figure 1 and Equation (6) without 
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tabulation of the experimental data and 
without showing the rate values in 
Figure 2 may be extremely misleading 
not only to the scientist but especially 
to the perhaps less sophisticated prac- 
ticing engineer. 

There seems to be a strong psycho- 
logical resistance to the differential 
treatment of data, particular on the 
part of those who have labored long, hard 
hours in the laboratory obtaining the 
data. The inconsistencies, errors, and 
uncertainties which the differential treat- 
ment brings to light constitute “bad 
news” to the experimenter, who, being 
human, wishes to view the results of his 
work in the most favorable light, as 
contrasted with the engineer, who in 
designing equipment wants to know the 
worst, since his design must allow for 
the uncertainties so that he may guar- 
antee successful operation of the equip- 
ment. This conflict in viewpoint between 
the engineer and the laboratory is never 
ending and often difficult to resolve. 


Over Correlation 


The elucidation of the absolute— 
reaction-rate theory (2) and the presenta- 
tion by Hougen and Watson of this 
material in parctical form (3) has pro- 
moted a considerable volume of research 
and has led to the presentation of fairly 
extensive sets of chemical reaction-rate 
data for gas-solid systems. The correla- 
tions involve as many as five parametric 
constants. It was only recently pointed 
out (6) that many of these data can be 
expressed by simple two-constant kinetic 
relationships as well as by the multi- 
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constant relationships reported by the 
investigators themselves. The improve- 
ment in the degree of correlation through 
the use of several additional constants 
is often negligible as compared with the 
intrinsic scatter of the data, and it is 
rather clear that little meaning can be 
attributed to the magnitude of the 
adsorption equilibrium constants, the 
frequency factor, apparent energy of 
activation, etc., obtained by fitting the 
data to such multiconstant equations. 


Heat Transfer 


Improper Model 


Unrecognized shortcomings in the 
models used may also be responsible for 
poor correlation. For example, the usual 
definition of heat transfer coefficients for 
a double-pipe exchanger involves the 
relation 


h(t — t,) (9) 


This model, which ignores ijongitudinal 
transport due to eddy or back-mixing 
mechanisms, provides satisfactory cor- 
relations of h in fluid dynamic regimes 
which approximate piston flow. When the 
same definition is applied to contacting 
equipment, such as packed towers and 
fluidized beds where extensive back- 
mixing may occur, difficulty is en- 
countered in obtaining general correla- 
tions of the transfer coefficients so 
defined. Present investigation of back- 
mixing by means of response techniques 
may soon make it possible to obtain 
more satisfactory results when models 
which allow for back-mixing effects 
separately are used, as by 


2 ? de (10) 


Misinterpretation of Data 


The data for heat transfer to a gas 
flowing normal to a single cylinder pro- 
vide an excellent example of the danger 
of the acceptance of correlations without 
examination of the raw data, as well as of 
the inhibiting effect of traditional models. 
The correlation for this system included 
in McAdams (4) is shown in Figure 3. 
It appears to be an excellent one. How- 
ever examination of the raw data in the 
original references (mostly in German) 
revealed (1) that some of these points 
were transferred directly to Figure 3 
without conversion of the physical pro- 
perties from those used by the different 
authors to those in Figure 3. A corrected 
plot is shown in Figure 4. Unfortunately 
the ratio of the temperature of the sur- 
face to the temperature of the gas is 
now revealed to be a parameter. This 
error or its equivalent has been made in 
many other books on heat transfer. The 
parametric effect indicated in Figure 4 
can be minimized by the use of DVop;/py 
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as the abcissa instead of DVopo/u; as 
shown in Figure 5. 


Inhibitions 

The curves through the data in Figures 
3, 4, and 5 have definite curvature in 
log-log coordinates, an indication that 
they cannot be: represented by the 


favorite type of equation of chemical 
engineers: 


Nu = A Re” (11) 


Nevertheless this equation has been 
recommended by almost all textbooks on 
heat transfer, with a whole series of 
values of n and A being given for different 
ranges of Re, such as those given in the 
legend of Figure 3. The representation 
of these same data by the equation 


Nu = AVRe+BRe (12) 


which can be rationalized on the basis 
of the summation of the contributions 
of heat transfer through a boundary 
layer on the forward portion of the 
cylinder and purely turbulent transfer 
through the wake on the rear portion, 


which agreed with the dotted line bull 


which were not published because of 
failure to agree with McAdam’s well- 
established curve. 


Integral Correlations as Tests of Dif- 
ferential Models 


Misleading conclusions are frequently 
drawn from integral correlations as 
opposed to differential correlations as 
suggested by the following examples. 
King (4) derived an expression for the 
loca] rate of convection to a cylinder by 
utilizing the theoretical flow pattern 
derived for potential (nonviscous) flow. 
The over-all rate obtained by integrating 
his expression is in reasonable agreement 
with the data in Figure 5, giving con- 
siderable credence to his expression for 
the local rates. However subsequently 
obtained experimental data for local 
rates reveal (Figure 7) that the agreement 
for the over-all coefficient was only 
fortuitous. 

The differential energy balance result- 
ing from an expression of heat transfer 
in fully developed turbulent flow in a 
pipe in terms of effective conductivities 
can be integrated formally to yield 
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Fig. 7. Local rates of heat transfer between 
a gas stream and a cylinder (5). 


is illustrated in Figure 6. At first glance 
this is a poor correlation, but the co- 
ordinates here are linear instead of 
logarithmic and absolute deviations 
rather than percentage deviations are 
observable; the straight line in Figure 6 
when replotted in logarithmic coordinates 
in Figure 5 appears to be a good repre- 
sentation except at low Re in logarithmic 
coordinates as shown in Figure 5. Re- 
examination of the points in Figure 5 for 
low Re indicates that they were all 
obtained at a sufficiently high At so 
that natural convection may have led 
to higher transfer rates than forced con- 
vection, and the appearance of Figure 5 
in the literature immediately produced 
correspondence from two investigators 
who had obtained data for low At’s 
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2 
ad) 
V,, 02 \a 
This triple integration is a very effective 
smoothing operation, and as might be 
expected hD/k proves to be quite in- 
sensitive to the velocity and eddy con- 
ductivity disturbances assumed in the 
various theoretical expressions which 
have been obtained by Von Karman, 
Martinelli, Lyon, Poppendick, ete., who 
integrated this equation by making 
various idealizations. hD/k therefore is 
not a sensitive characterization of heat 
transfer rate data. This fact is also 
apparent from the observation that hD/k 
approaches an asymptotic value in, say, 
ten pipe diameters while the temperature 
profile in the fluid is still developing 
thirty pipe diameters later. 


Momentum Transfer 


The differential momentum balances 
for a fluid, called the Navier-Stokes 
equations, have a great deal of game- 
value accuring from their complexity and 
virtual insolubility. However these equa- 
tions and in particular the viscous stress 
terms which are derived on the basis 
of an assumed analogy between the shear 
and normal stress in a fluid and the 
stresses in a deformed plastic solid have 
not been tested experimentally. The 
system of momentum, energy, and 
material-balance equations if reducible 
to a single equation would contain high- 
order derivatives of the velocity. A 
critical test would therefore require 
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instantaneous velocity-distribution data 
that would stand four or more differentia- 
tions, more precise data than have been 
obtained to date. The Navier-Stokes 
equations therefore consist of a more 
complex model for correlation than there 
are data to justify. Agreement between 
between experimental data and integral 
results obtained by analytical or numeri- 
cal integration of the Navier-Stokes equa- 
tions is subject to the same possibility 
of coincidence and the same problem of 
lack of sensitivity as illustrated above 
and cannot provide a critical test of the 
differential representation. 


Simultaneous Heat and Mass Transfer 
The Wet-Bulb Temperature 


The problem of simultaneous heat and 
mass transfer through the same phase 
will be considered. Perhaps the simplest 
illustration of such a case is the so- 
called ‘“wet-bulb temperature.” If the 
wet-bulb process is described by a 
potential-difference . model, the rate of 
heat transfer from the gas to the wick 
may be expressed as 


q = hA(t — t,) (14) 


and the rate of component transfer 
from the wick to the gas as 


k, A(pw (15) 
At dynamic equilibrium the energy 
received by the wick from the gas must 
be equal to the latent heat of vaporiza- 
tion of the liquid at the wick temperature. 
Therefore 


— = k,MAX[p. — p] (16) 


which may be rearranged to give the 
so-called “wet-bulb depression” the dif- 
ference between the dry- and wet-bulb 
temperatures: 


t—t, = [pw — pl (17) 


Equation (17) has been reasonably 
successful as a correlation model for 
wet-bulb behavior. The values of h/k, 
evaluated from wet-bulb measurements 
agree reasonably well with values cal- 
culated from the j-factor concept. While 
the use of wet-bulb thermometers is 
quite old, the amount of data available 
is surprisingly small and limited almost 
entirely to air systems. It is instructive 
to inquire somewhat more deeply into 
the correlation of such data, since they 
are closely related to other processes, 
particularly evaporation and drying. 
Because the data are limited and are 
well correlated by Equation (14), we 
cannot expect better correlation, but 
perhaps only a better insight into the 
mechanism of the transfer processes. 

The logic by which Equation (17) was 
derived dodges a point which illustrates 
the basic difficulty of the potential- 
difference model. The heat transfer 
coefficient in Equation (17) was defined 
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in terms of the energy received by the 
wick from the gas. Obviously at equili- 
brium the heat transfer rate must equal 
the component transfer rate times the 
latent heat of vaporization of the liquid 
at the wet-bulb temperature, since the 
vaporized liquid leaves the interface at 
the wet-bulb temperature. However the 
vaporized Jiquid as it diffuses and mixes 
with the gas stream comes to the tem- 
perature of the gas streams, so that the 
total enthalpy change involved is X + 
— ty). 

The question therefore arises as to 
whether the heat transfer coefficient 
should be defined to include just the 
energy received by the wick or the total 
enthalpy. The reason for the question is 
of course that one would like to measure 
the heat transfer coefficient between air 
and a cylinder having the same geometry 
as the wick in the absence of component 
transfer and apply the coefficient to the 
performance of wet-bulb thermometers. 

The only answer that can be given 
today is that heat transfer in the presence 
of component transfer is a different 
phenomenon from heat transfer in the 
absence of component transfer, and there- 
fore there is no common meaning for 
the heat transfer coefficient. It is known 
that when the component transfer rate 
is small, the difference in the meaning 
of heat transfer coefficients is negligible 
compared with experimental error. How- 
ever the potential-difference model re- 
mains uncomfortable. 

These questions can be _ partially 
alleviated by the use of a potential- 
gradient model for the  wet-bulb 
phenomena instead of the potential- 
difference model. Consider a flat plane 
of infinite extent with countercurrent 
heat and component transfer by diffusion 
across a differential element dy at a 
distance y measured normal to the plane. 

Under steady conditions there is no 
accumulation of enthalpy in the dif- 
ferential element due either to the tem- 
perature gradient or to the flow of 
enthalpy accompanying the flow of mass. 
Expressing this energy balance mathe- 
matically, one obtains 


dy” GC, dy 
At the interface, where y = 0, ¢ = ¢ and 


k(dt/dy),-. = Gd. Integrating equation 
(18) yields 


k (18) 


C, 
In E + (t | (19) 
Equation (19) is somewhat disturbing 
in that as y approaches ~, ¢ also ap- 
proaches ©. This raises again the incom- 
patibility of the potential-gradient and 
the potential-difference model. Obviously 
a heat transfer coefficient based upon 
the difference between a bulk value of 
t and a surface temperature ¢,, must be 
related to some finite value of y. The 
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normal impulse is to say that the bulk 
value of ¢ is some value far removed. 
from the surface, but this implies the 
selection of some arbitrary and large 
value of y according to Equation (19). 
Perhaps it is not necessary to reconcile | 
this difficulty in matching what may be 
unmatchable models. One evaluates w 
in Equation (19) as a function of partial 
pressure so as to obtain a relation for 
the wet-bulb phenomena. If one follows 
a similar procedure in evaluating the 
mass transfer equation, 


D P-»p 

G="tmn5—P 

Combining Equations (19) and (20) to 

eliminate G gives the wet-bulb relation- 
ship 


pDsCp/k 
| (F=2) (21) 


Equation (21) correlates the available 
wet-bulb data as readily as Equation 
(17). However the comparison suggests a 
number of experiments designed to 
test the new model. A large factor is 
the ratio of A/C, in Equation (21), 
which suggests an experiment to test 
whether the heat capacity of the vapor- 
ized liquid indicated by Equation (21) 
is important. Experiments in the 
hydrogen-carbon tetrachloride system 
with large values of p approaching P 
should therefore be interesting. 

It is natural for the engineer to fall 
into a typical trap and to assume that 
because Equation (21) is a more “mathe- 
matical” model it is a better one. Only 


_data can decide this. The use of Equation 


(21) for the data now available in the 
literature would represent overcorrela- 
tion, even though successful. 

The basic difficulty with the potential- 
difference models is further illustrated 
by consideration of simultaneous heat 
and mass transfer in a gas-liquid con- 
tactor, such as a dehumidifier. The mass 
balance around a differential section is 


dL = GdH (22) 
and the mass transport relationship is 
GdH = k,aM,(p; — p) dZ (23) 


Similarly the enthalpy balance around 
the differential section is 


Gis dt + [A, + — 
— Citi — dH} (24) 
= LC, dt, 


A flux balance around the interface of 
the differential section may be made by 
equating the rate of heat transfer through 
the gas and liquid phases to the inter- 
face and the enthalpy requirement for 
vaporizing the material at the interface, 
leading to 


h,a(t t;) h,att, t;) 
= k,aM (p; — p)r\ 


(25) 
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There is now a need for additional heat 
transfer relationships, and it is customary 
in the literature to write 


—Gs dt = h,a(t — t;) dZ (26) 
LC, h,att t;) dZ (27) 


Equations (23, 26, and 27) are sub- 
stituted into (25), 


Gls di +2; dH] = LC, dt, 


is obtained and comparison of Equation 
(28) with Equation (24) requires that 


Ae + — 


(29) 
t,) = i; 
Equation (29) leads to 


sincee0< >1¢4-t>t 
t; > t always. This cannot apply in 
a cooling tower with hot water and 
and cold dry gas. 

Thus Equations (25) through (27) are 
basically incompatible. This results from 
the fact that while we can conceive of 
the right-hand side of Equations (26) 
and (27) as being the energy transferred 
to the interface, we cannot identify 
such heat in the enthalpy balance, since 
the enthalpy of the gas is a function 
both of temperature and composition 
and the entahlpy of the liquid is a func- 
tion of its flow rate and its temperature. 
Arbitrarily segregating the so-called ‘“‘sen- 
sible” heat part of the enthalpy change 
as indicated in Equations (26) and (27) 
is not operationally sound. 

Thus if Equations (26) and (27) are 
used, we are in the impossible position 
of having to repeal the second law of 
thermodynamics as expressed by Equa- 
tion (24) or to discard the concept of 
the flux balance as expressed by Equation 
(25). This constitutes a basic defect in 
the model, and while in the air-water 
system the defect is unimportant because 
the heat capacities are small as compared 
with the latent heat of vaporization, the 
defect may become very serious in other 
systems, such as hydrogen-carbon tetra- 
chloride. Furthermore the defects may 
be serious when similar procedures are 
applied to the treatment of heat and 
mass transfer in catalytic reactors, where 
not only heat transfer but multicom- 
ponent mass transfer across the fluid 
phase are present. No satisfactory 
rationalization or model has been sug- 
gested to take care of this difficulty. 


CONCLUSIONS 


All the foregoing suggests that in 
chemical engineering we are still infants 
in treating adequately the complex 
problems encountered even in relatively 
simple processes. The profession suffers 
from a lack of data that will stand 
differentiation so as to give raw materials 
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which are actual values of rates. Further- 
more it suffers conceptually in that 
essentially all existing data and ideas 
are forced into two models, the potential- 
difference and the potential-gradient 
models. The potential-difference models 
contain basic defects when applied in 
complex transport systems involving 
both heat and mass transfer; the poten- 
tial-gradient models suffer because in 
their application to flow systems they 
lead to nonlinear, second-order, partial- 
differential equations which are extremely 
difficult to handle mathematically and 
which place extreme requirements on the 
precision of the data which is necessary 
to evaluate the various terms. We tend 
to overcorrelate the data because we do 
not appreciate the intrinsic defects of 
the available rate information. This all 
suggests that the field of chemical engi- 
neering is still wide open for precise and 
careful expreimentation on relatively 
simple systems to provide the foundation 
for experimental evidence which by 
and large is still missing. One is reminded 
of the words of Mark Twain, who wrote 
in “Life on the Mississippi,” 


In the space of one hundred 
and seventy-six years the lower 
Mississippi has shortened itself 
two hundred and _ forty-two 
miles. That is an average of a 
trifle over one mile and a third 
per year. Therefore, any calm 
person, who is not blind or 
idiotic, can see that in the Old 
Oolitic Silurian Period, just a 
million years ago next Novem- 
ber, the lower Mississippi 
River was upward of one mil- 
lion, three hundred thousand 
miles long, and stuck out over 
the Gulf of Mexico like a fishing 
rod. And by the same token 
any person can see that seven 
hundred and forty-two years 
from now the lower Mississippi 
will be only a mile and three- 
quarters long, and Cairo and 
New Orleans will have joined 
their streets together, and be 
plodding comfortably along 
under a single mayor and a 
mutual board of aldermen. 
There is something fascinating 
about science. One gets such 
wholesale returns of conjecture 
out of such a trifling investment 
of fact. 


NOTATION 

A = area; also a constant 

a = radius of pipe; also surface area 
of packing per unit volume 

B = a constant 

C = heat capacity 

D = diameter 

D, = diffusivity 

Dy = cylinder diameter 


dy = differential element 
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feed rate 

fractional conversion 

mass velocity 

humidity 

heat transfer coefficient 
equilibrium constant 

reaction-rate constant; also thermal 
conductivity 

effective conductivity 

mass transfer coefficient 

extent of the system, usually area 
or volume; also liquid mass velocity 
molecule weight 

hD/k, Nusselt number 

molal flux; also an exponent 
pressure 

partial pressure 

heat flux 

DpV/p, Reynolds’ number 

general symbol for a rate; also 
radius 

general symbol for a quantity 
general symbol for the flux of a 
quantity; also humid heat 
temperature 

surface temperature 

velocity 

mass of catalyst 
mass flux 

distance from surface 

height 

axial distance 


OFF 


sys 
ll 


Greek Letters 


latent heat of vaporization 
viscosity 

density 

kinematic viscosity 


ime 


p 
v 
0 


Subscripts 

A, R, S, = components A, R, S$ 
film. 

interface 

liquid 

mean 

free stream 
constant pressure 
reference 

vapor 

wet bulb; also wall 
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Vinyl Chloride from Acetylene and Hydrogen 


Chloride: Catalytic-Rate Studies 


R. D. WESSELHOFT, J. M. WOODS, and J. M. SMITH 


The reaction rate of gaseous acetylene and hydrogen chloride was studied experimentally 
on a mercuric chloride—activated carbon catalyst at pressures from 1 to 4 atm. and temper- 
atures of 167°, 212°, and 257°F. The measurements were made in a differential reactor 
packed with mercuric chloride impregnated on activated carbon, the data being taken to 
obtain the separate effect of the partial pressure of each of the components on the rate. 

The results indicated that hydrogen chloride was strongly adsorbed on the catalyst and 
that vinyl chloride was also adsorbed to a significant extent. A rate equation, which well 
represented the data, was developed from the following postulates: (a) acetylene is ad- 
sorbed on the catalyst on one type of site, (b) hydrogen chloride and vinyl chloride are 
adsorbed on a different kind of site, (c) the formation of vinyl chloride occurs by reaction 
of adsorbed acetylene and adsorbed hydrogen chloride, and (d) the rates of adsorption 
and desorption are fast compared with the formation rate of vinyl chloride. 


Vinyl chloride is produced commer- 
cially by the hydrochlorination of acety- 
lene with anhydrous hydrogen chloride or 
by the chlorination of ethylene. The avail- 
ability of low-cost acetylene from natural 
gas has increased the significance of the 
first method. In it acetylene and hydrogen 
chloride in the gas phase are passed over 
a solid catalyst carrier containing 
mercuric chloride. While the commercial 
process (1, 2, 3) has been in operation 
for some time, suitable rate data for 
studying the kinetics of the reaction are 
lacking. 

Wakano and Shenichi (13) proposed 
an empirical expression of the exponential 
form for the rate 


(1) 


in which the values of a, h, B, and C, 
depended upon the operating conditions. 
Lynn and Kobe (8) presented data 
showing the effect of impurities in the 
acetylene feed and variations in catalyst 
preparations on the product obtained. 
The reaction product was identified as 
pure vinyl chloride. Conversions were 
measured as a function of space velocity, 
but accurate rate data could not be 
deduced from the measurements. 

A number of laboratory investigations 
have been carried out in fluidized beds 
(4, 5, 11, 16) over limited ranges of 
conditions and with varying precision. 
Because of these limitations substantial 
conclusions regarding a rate equation 
could not be reached. 

The chief objective of the present 
study was to obtain reliable rate data 
for the mercuric chloride-catalyst reac- 
tion over a range of pressure and com- 
position. Because of the uncertainties in 
interpretation introduced by back-mixing 
in fluidized beds, a fixed-bed, differential 
type of reactor was used. The total 
catalyst bed of about 22 in. was diluted 
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to a ratio of approximately one part 
of catalyst (mercuric chloride impreg- 
nated on activated carbon) to sixteen 
parts of inert packing (porcelain). This 
arrangement resulted in conversions from 
2 to 3%, based upon total feed, and 
reduced the temperature gradients in 
the bed to a few degrees (maximum 
radial temperature difference = 6°F.). 
No evidence of by-product formation 
(dichloroethane) was found in operating 
at these conditions. 


EXPERIMENTAL WORK 


There were three main parts to the 
experimental equipment used to obtain 
rate measurements: gas purification and 
metering system, the reactor system, and 
the product gas-analysis system. Figure 
1 shows a schematic diagram of the 
reactor and product gas-analysis system. 


Feed gases from commercial cylinders 
were purified and dried to minimize cata- 
lyst poisoning and corrosion. The feed 
rates of acetylene, hydrogen chloride, and 
vinyl chloride were controlled with needle 
valves augmented with constant-differ- 
ential pressure flow meters. Steel-encased 
glass capillary meters were used in the 
flow measurement. Wherever either hy- 
drogen chloride or vinyl chloride was 
present, the connecting lines were con- 
structed of 144-in. Hastelloy-B tubing to 
resist corrosion. A nitrogen feed was pro- 
vided for purging the system. 

The acetylene was purified by passage 
through water, a ferric chloride solution 
(an aqueous solution containing 5% ferric 
chloride, 0.5% mercuric chloride, and 1% 
acetic acid), and a silica-gel column before 
metering. Traces of moisture were removed 
from the hydrogen chloride and nitrogen 
by scrubbing with concentrated sulfuric 
acid and from the vinyl chloride by passage 
through a column of silica gel. 

The reactor (Figure 2) was fabricated of 
standard 1-in. stainless steel pipe with a 
length of 36-in. Heat transfer oil was 
circulated through a jacket surrounding 
the central section, 22-in. long. The reactor 
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wall temperature was held constant to 
within 0.25°F. Temperatures within the 
reactor were measured with seven thermo- 
couples at fixed positions in an axial well 
of l%-in. stainless steel hypodermic tubing. 
The well extended the entire length of the 
reactor. The end sections of the reactor 
were packed with glass beads and heated 
electrically to minimize thermal gradients. 
Preliminary studies (9) indicated that one 
part of catalyst (by volume) in sixteen 
parts of inert packing minimized the com- 
bined uncertainty due to temperature and 
composition effects. Initial tests showed 
that the inert material, 6- to 8-mesh crushed 
porcelain, had no catalytic activity. The 
catalyst bed contained 9.08 g. of catalyst 
particles and 285 cc. of inert material. 

A diaphragm type of  back-pressure 
regulator at the outlet from the reactor 
permitted operation at any pressure up to 
60 lb./sq. in. gauge over the entire range 
of flow rates. The gases were metered with 
a precision rotameter and then scrubbed 
in a water-spray column before venting. A 
soap-bubble meter, especially constructed 
for corrosion resistance, was inserted after 
the rotameter and used to calibrate all 
flow meters in place 

Product gas analysis was based upon a 
comparison of the thermal conductivity 
of a small portion of the feed gases with a 
small portion of the product gases by the 
use of a thermistor type of thermal-con- 
ductivity cell. Flow rates to the cell were 
held at fixed known values. This procedure 
gave greater precision than the use of a 
single reference gas for two reasons: the 
cell was used to detect directly the differ- 
ence in thermal conductivity due to re- 
action, and the effect of small errors in 
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Fig. 1. Flow diagram. 
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setting the relative flow rates of the feed 
gases was almost completely canceled. 

In the use of thermal-conductivity 
measurements for a three-component sys- 
tem the mole fractions of the components 
must be interrelated in a known manner. 
In the present investigation the ratio of 
acetylene to hydrogen chloride in the feed 
gas could be set, and the molal composition 
of the product gases was related to the 
feed by the stoichiometry of the reaction. 
To determine this information, the cell 
had to be calibrated for various ratios of 
the reactants and various conversions. This 
was accomplished by preparing known 
mixtures of the three components. In the 
calibration procedure the cell imbalance 
[difference in cell electromotive force when 
the feed gas was passed through both sides 
of the cell and when the product gas 
(synthetic sample) was passed through the 
sample side] was measured under constant 
current conditions. From this information 
calibration curves were prepared giving 
the mole fraction of vinyl chloride in the 
product stream as a function of the im- 
balance and the feed-gas composition. 

The acetylene used in these experiments 
was a commercial grade. Besides the ace- 
tone solvent, the principal impurities were 
phosphine, arsine, ammonia, and hydrogen 
sulfide. The hydrogen chloride was 99.8% 
pure; air was the principal contaminant, 
although traces of carbon dioxide, 
benzene, and chlorobenzene were present. 
Vinyl chloride contained 0.1% each of 
polymer and water vapor. The monomer 
was inhibited by 1,000 p.p.m. of phenol. 

Mercuric chloride, 8.7% by weight of 
the total mass, was deposited on granular 
activated carbon. A 6- to 8-mesh size with 
an average particle diameter of 0.00833 ft. 
was used. The fresh catalyst had a total 
area of 868 sq.m./g.; this had dropped to 
130 sq.m./g. at the end of the experiments. 
The bulk density of the active catalyst 
particles (undiluted) was 25 lb./cu. ft.; 
the external surface per unit volume, 504 
sq. ft./cu. ft.; and the external void fraction, 
approximately 30%. 

Because of the potential explosion hazard 
of acetylene, high surface-volume ratios 
were maintained in all lines and vessels. 
Extensive data on the conditions and 
hazards of acetylene decomposition have 
been presented by Sargent (10). 


RANGE OF MEASUREMENTS 


Most of the rate measurements were 
carried out at 212°F., although data at 
a few feed compositions were obtained 
at 167° and 257°F. The partial pressures 
of reactant gases for which runs were 
made are shown in Table 1. The pressure 
combinations were chosen so that the 
feed ratios corresponding to the thermal- 
conductivity-cell calibrations were used. 
The total pressure varied from 1 to 4 atm. 
Flow rates were chosen for each feed com- 
position so as to give the best precision in 
evaluating the average reaction rate and 
temperature and in reading the flow-rate 
manometers. The order of the runs was 
randomized, and duplicate runs were 
made for each condition at 212°F., since 
these data were most important in 
analyzing the kinetics of the reaction. 
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Fig. 2. Reactor details. 


CALCULATION OF RESULTS 


To have the data in a form suitable 
for interpretation it was necessary to 
convert the measured conversion to 
vinyl chloride in each run to a rate at 
a known temperature and composition. 
Because of variations in catalyst activity 
with on-stream time, the treatment of 
the measured conversions included cor- 
rection to a standard activity. 

Before the corrections were carried 
out to a point rate at a standard acti- 
vity, the importance of diffusion had to 
be estimated. When one used the pro- 
cedures of Hougen and Yang (7) and 
measured rate data, it was found that 
the partial pressure difference between 


TABLE 1. EXPERIMENTAL DESIGN 


= 212°F (wo CHLORIDE IW 


0.5 0.66 1.0 


0.5 ax xx 


1.33 2.0 2.66 3.0 


0.66 xx ax 

1.0 xx ax 
1.33 ax 

2.0 xx xx xx 

2.66 xx xx 


3.0 xx 


Temperature = 167°F ano 257°F 


NP (arm) 0.5 2.0 


0.5 x x 


2.0 x x 


Tewpenatune 212°F (with vinve cHLoniog im reco) 


Py Amo Pi Pvc 0.25 0.5 0.75 1.0 1.5 
0.25 x 
0.375 x x 
0.5 x 
0.75 x xx 


1.125 x 
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the bulk gas and catalyst surface was 
about 10-* atm. An estimate of the 
effectiveness factor from the reaction 
rate, pore volume, particle size, and 
diffusivity data following the procedures 
of Smith (12) gave a value greater than 
0.99 under the worst conditions. Under 
these circumstances it was supposed that 
neither external nor internal diffusion 
resistances were significant in the over- 
all reaction. Thus the bulk-gas partial 
pressures could be substituted for the 
values at the catalyst surface in the 
kinetic interpretation. 

The conversion for each run was used 
to evaluate an average rate for the 
differential reactor by 


Ax’ 
WiF (2) 


Corrections for the significant varia- 
tion of catalyst activity with time (the 
rate, at the same conditions, decreased 
to one-third the initial value from the 
initial to final run) were made by alter- 
nating standard runs with data runs. 
The conditions for the standard run 
were a feed of 50 mole % acetylene and 
50 mole % hydrogen chloride, total 
feed rate of 0.06 cu. ft./min. (at standard 
temperature and pressure) total pressure 
of 1 atm. and a reactor temperature of 
212°F. A standard conversion curve of 
x’ vs. W/F was prepared by varying the 
feed rate while maintaining the other 
standard conditions constant. This curve 
and the results for the alternating 
standard runs were employed to obtain 
a corrected value of W/F for each run. 
Then assuming that the activity of the 
catalyst was directly proportional to the 
rate, one obtains the corrected rate by 


(W/F)cors | 
| const Ar’ ( ) 


The rate evaluated from Equation (8) 
is an average value for the varying 
compositions in different parts of the 
differential reactor. To place these results 
on the basis set forth in the experimental 
design, each rate was corrected to a 
zero-conversion value, that is the rate 
corresponding to conditions at the inlet 
to the reactor. Since the conversions 
were low in all cases, these corrections 
were likewise small. They were made by 
using the approximate values from Equa- 
tion (8) to determine the variation in 
rate with partial pressures of each of 
the components, acetylene, hydrogen 
chloride, and vinyl chloride. Knowing 
these individual gradients and _ the 
average conversion in the bed, one could 
correct the average rate to a zero-con- 
version value. 

Similarly the average rate from Equa- 
tion (3) represents the combined result 
of the temperature variations with 
position in the reactor. The method of 
correction of all runs to a single tempera- 
ture must be approximate without 
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multiple temperature measurements in 
the bed. Preliminary work (14) indicated 
the thermocouple readings in the well, 
and the adjacent gas temperature agreed 
within 1°F. Also the radial gradients 
were small, and most of the resistance 
to heat transfer in the bed is probably 
near the wall. Hence the measured 
temperatures in the thermocouple well 
were-assumed to be the same as the bulk 
mean-radial temperature. 

The axial temperature changes in the 
bed were somewhat larger. Whereas a 
maximum change of 15°F. was obtained 
at the highest operating temperature, 
most of these changes were about 6°F. 
An average gas temperature was cal- 
culated from the values determined at 
the six axial positions in the thermo- 
couple well. 

Once the average gas temperature was 
obtained for each run, the rate was 
corrected to one of the reference tempera- 
tures (167°, 212° or 257°F.) by the 
Arrhenius equation. The approximate 
activation energy (determined from the 
data at different temperatures) used for 
this correction was 12,400 B.t.u./lb. mole. 
The Arrhenius plot was based upon 
catalyst-surface temperatures rather than 
gas temperatures. These surface tem- 
peratures were estimated from the heat 
(—71,500 B.t.u./lb. mole) and rate of 
reaction and a dimensionless correlation 
(6) of heat transfer coefficient between 
the fluid and solid particles in a packed 
bed. This difference became very signi- 
ficant at 257°F. The rate measurements 
in the vicinity of 212°F. were referred 
to the average gas temperature rather 
than to the estimated surface value 
because of the uncertainties in the latter 
temperatures. 

The resultant values of the rate and 
temperature along with the initial com- 
position are shown in Table 2.* Both 
initial rates (no vinyl chloride) and 
values for vinyl chloride in the feed are 
shown. Complete data for each run are 
also available (14). The results are 
represented graphically by the indicated 
experimental points in Figures 3 to 6. 
Figures 3 and 4 show initial rates; Fig- 
ures 5 and 6, the effect of vinyl chloride. 


PRECISION OF RESULTS 


The primary sources of error in the 
rate data are the measurements of flow 
rates, the assignment of an average tem- 
perature for the gas in the reactor and 
for the catalyst particles, and the varia- 
tion in catalyst activity. 

Errors in flow-rate measurements 
affected the results in several ways: in 
the calibration of the thermal conduc- 
tivity cell, in the value of W/F assigned 


*Complete tabular material has been deposited 
as document No. 5973 with the American Docu- 
mentation Institute, Photoduplication Service, Li- 
brary of Congress, Washington 25, D. C., and may 
be obtained for $1.25 for photoprints or for 35-mm. 
microfilm. 
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TABLE 2, TABLE or RESULTS 


Run Py ExPeRiMENTAL CALCULATED Deviation PERCENT 
Rate Rate Dev tation 
260 0.5 0.5 0.0130 0.0120 -0.0010 -7.7 
304 1.0 0.5 0.0200 0.0202 0.0002 1.0 
383 1.0 0.5 0.0195 0.0202 0.0007 3.6 
327 2.0 0.5 0.0275 0.0308 0.0033 12.0 
371 2.0 0.5 0.0290 0.0308 0.0018 6.2 
300 0.6€ 0.66 0.0175 0.0169 -0.0006 -3.4 
373 0.66 0.66 0.0174 0.0169 -0.0005 -2.9 
321 1.33 0.66 0.0260 0.0273 0.0013 5.0 
356 1.33 0.66 0.0266 0.0273 0.0007 2.6 
341 2.66 0.66 0.0378 0.0396 0.0018 4.7 
370 2.66 0.66 0.0384 0.0396 0.0012 3.1 
302 0.5 1.0 0.0154 0.0152 -0.0002 -1.3 
362 0.5 1.0 0.0152 0.0152 0.0000 0.0 
310 1.0 1.0 0.0261 0.0257 -0.0004 -1.5 
317 1.0 1.0 0.0250 0.0257 0.0007 2.8 
364 1.0 1.0 0.0251 0.0257 0.0006 2.4 
331 2.0 1.0 0.0400 0.0391 -0.0009 2.2 
360 2.0 1.0 0.0400 0.0391 -0.0009 2.2 
336 3.0 1.0 0.0496 0.0470 -0.0026 -5.2 
387 3.0 1.0 0.0484 0.0470 -0.0014 -2.9 
319 0.66 1.33 0.0201 0.0205 0.0004 2.0 
385 0.66 1.33 0.0201 0.0205 0.0004 2.0 
347 1.33 1.33 0.0333 0.0333 0.0000 0.0 
368 1.33 1.33 0.0312 0.0333 0.0021 6.7 
391 1.33 1.33 0.0333 0.0333 0.0000 0.0 
350 2.66 1.33 0.0490 0.0483 -0.0007 -1.4 
377 2.66 1.33 0.0503 0.0483 -0.0020 -4.0 
392 2.66 1.33 0.0501 0.0483 -0.0018 -3.6 
325 0.5 2.0 0.0184 0.0176 -0.0008 4.3 
354 0.5 2.0 0.0175 0.0176 0.0001 0.5 
329 1.0 2.0 0.0290 0.0297 0.0007 2.4 
358 1.0 2.0 0.0291 0.0297 0.0006 2.0 
338 2.0 2.0 0.0450 0.0452 0.0002 0.4 
389 2.0 2.0 0.0458 0.0452 0.0006 -1.1 
343 0.66 2.66 0.0222 0.0230 0.0008 3.6 
366 0.66 2.66 0.0223 0.0230 0.0007 3.1 
344 1.33 2.66 0.0340 0.0373 0.0033 9.7 
375 1.33 2.66 0.0364 0.0373 0.0009 2.5 
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TABLE 2. (CONTINUED) 


Run Pa Pu ExPERIMENTAL CALCULATED DeviaTIOn PERCENT 
Rate DeviaTION 
352 1.33 2.66 0.0351 0.0373 0.0022 6.2 
334 1.0 3.0 0.0297 0.0314 0.0017 5.7 
379 1.0 3.0 0030S 0.0314 0.0005 1.6 
3.35 
412 0.5 0.5 0.00684 0.00633 -0.0005 -7.5 
413 2.0 0.5 0.0158 0.0152 =0.0006 -3.8 
415 0.5 2.0 0.00935 0.00913 -0.0002 -2.3 
416 2.0 2.0 0.0203 0.0221 0.0017 8.4 
509 
416 0.5 0.5 0.0235 0.0216 -0.0019 -8.1 
420 2.0 0.5 0.0590 0.0572 -0.0018 -3.0 
421 0.5 2.0 0.0350 0.0322 -0.0028 -8.0 
423 2.0 2.0 0.0800 0.0850 0.0050 6.2 
6.3 
398 0.25 0.5 0.0030 0.0021 -0.0009 -30 
400 0.375 0.25 0.0067 0.0056 -0.0011 -16.5 
403 0.375 0.75 0.0043 0.0034 -0.0009 -21 
405 0.5 1.0 0.0065 0.0046 -0.0019 -29 
396 0.75 0.5 0.0117 0.0119 0.0002 1.7 
407 0.75 1.5 0.0065 0.0067 0.0002 3.8 
410 0.75 1.5 0.0068 0.0067 0.0001 -1.2 
409 1.125 0.75 0.0162 0.0169 0.0007 4.3 
507 
Temperature = 212°F (without vinyl perature was accurate within 2°F. Esti- 
chloride in the feed). mates of the temperature difference 
Temperature = 167°F. (without vinyl! between gas and catalyst surface should 
chloride in the feed). be accurate to +2°F. The total tempera- 
ture error of +4°F. suggests a maximum 
Temperature = 257°F. (without vinyl 


chloride in the feed). 


Temperature = 212°F. (with vinyl chloride 
in the feed). 


to a run, and in determining the compo- 
sition of the feed gas. Analysis of magni- 
tudes of flow-rate fluctuations indicated 
that maximum errors of a few per cent 
were possible from this source. 
Temperatures were read to +3°F. on 
the recorder, which was calibrated to 
the same accuracy. Since the maximum 
radial-temperature difference between the 
oil (in the jacket) temperature and that 
in the center of the reactor was 6°F., it 
was believed that the average gas tem- 
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error in rate of about 5%. 

The variation in catalyst activity with 
time was taken into account by alter- 
nating runs at standard conditions, as 
already described. While the variations 
in activity were large, there were indica- 
tions that the correction method ade- 
quately accounted for the possible errors. 
The repeat runs made at different times, 
and hence different activities, were in 
good agreement after correction for 
activity variations. This is evident from 
Table 2, for example, by comparing runs 
304 and 383, 327 and 371, 300 and 373, 
etc. (The runs were numbered in sequence 
so that the difference in two numbers is 
a measure of the time interval between 
the two runs.) 
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The summing of all the errors indicates 
a maximum error in reaction rate of 
10 to 15%. At most conditions the error 
would be less than this maximum. The 
scatter in the data, as seen in Figure 3 
for example, is well within the maximum 
predicted error. 


KINETICS OF THE REACTION 


The determination of a mechanism for 
most gas-solid reactions from over-all 
rate measurements is virtually impossible. 
The hydrochlorination of acetylene is 
no exception. Information on adsorption 
rates of reactants and products on the 
catalyst at reaction conditions, as well as 
identification of intermediate products, is 
necessary before conclusions about the 
mechanism can be stated. Over-all rate 
data can be used only to test rate equa- 
tions determined from likely postulates 
about the mechanism of the reaction and 
to reject those which are incompatible. 

From the data as plotted in Figure 3 
it is seen that the initial rate (no vinyl 
chloride present) increased with partial 
pressure of hydrogen chloride at low 
values of py, and then became constant 
at higher partial pressures. This behavior 
suggests that hydrogen chloride is 
strongly adsorbed, filling most of the 
active sites available to it at relatively 
low partial pressures. In contrast, Figure 
4 indicates that the rate increases with 
pa over the whole range of partial pres- 
sures of acetylene. The curves in Figure 
4 are evidence that acetylene is less 
strongly adsorbed than hydrogen chlo- 
ride, if it is adsorbed. If both acetylene 
and hydrogen chloride are adsorbed on 
the same types of sites, and reaction 
occurs between the adsorption com- 
pounds, the rate would be expected to 
pass through a maximum and ultimately 
to decrease with continually increasing 
partial pressures of hydrogen chloride. 
Thus the more strongly adsorbed hydro- 
gen chloride would displace acetylene 
from the active sites. This would result 
in fewer adjacent pairs of adsorbed 
hydrogen chloride and acetylene and a 
lower rate, particularly if the surface 
re: ution between adsorption compounds 
were a relatively slow step in the over-all 
reaction. The data (Figure 3) did not 
show this maximum in rate. This be- 
havior and the chemical dissimilarity 
between acetylene and hydrogen chloride 
suggest that the two components, if 
adsorbed, reside on different types of 
sites. 

The effect of vinyl chloride on the 
rate is shown directly in Figure 5 and as 
a parameter in Figure 6. Since the reac- 
tion is essentially irrev-rsible at the 
conditions studied (equubrium con- 
stant = 10° at 212°F.), the decrease in 
rate with the partial pressure of vinyl 
chloride suggests that this component is 
adsorbed and occupies active sites on 
the catalyst. Other evidence is available 


September, 1959 


r. ('b moles vin chloride 


moles vinyl! chloride\ 


| Fi 
in 
F 
p 
fl 
a 
tl 
fo 
Ta 
t 
It 
al 
si 
cl 
b 
T 
) p 
t 
} a 
{ 


ates 
of 
rror 
The 
re 3 


for 
r-all 
ible. 
is 
tion 
the 
ll as 
s, is 
the 
rate 
jua- 
ates 
and 
e. 
re 3 
inyl 
tial 
low 
tant 
vior 

is 
the 
vely 
yure 
vith 
Tes- 
rure 
less 
hlo- 
lene 
on 
tion 
om- 
1 to 
tely 
sing 
“ide. 
dro- 
lene 
sult 
‘bed 
da 
face 
inds 
r-all 


0.03 
T= 212°F T= 212°F 
3 
3 
i 
3 2 
38 Pas 0.666 
Pa=Pu=0.75 
4 
o Pas 
e Pa=Pu=0 375 
Pas 
05 10 5 
; Pvc (atm) 
2 3 
Px (atm) Fig. 5. Effect of vinyl chloride partial pressure on rate. 


Fig. 3. Effect of hydrochloric acid partial pressure on initial 


rate. 


indicating the viny] chloride is adsorbed. 
Frescoln (4) found that this component 
produced channeling and slugging in a 
fluidized catalyst bed. In an adsorption 
apparatus he noted that vinyl-chloride 
adsorption was irreversible, and he 
theorized that short-chain polymers 
formed on the catalyst. 

On the basis of this information a 
rate equation, which agrees well with 
the experimental data, can be derived. 
It is supposed that all three components 
are adsorbed, acetylene on one type of 
site and hydrogen chloride and vinyl 
chloride on another. The reactions may 
be written 


A S, A S, (4) 


(6) 


The reaction to form vinyl chloride is 
postulated to occur by interaction be- 
tween adsorbed acetylene (A : S;) 
and adsorbed hydrogen chloride (H :S2) 


If the fraction of the sites of type 1 
occupied by acetylene is 64: and the 
fraction of type-2 sites occupied by hydro- 
gen chloride is @g2, the rate may be 
written 


r= ks04,9n, (7) 


At steady state conditions the fraction 
of the surface occupied by the three 


— — On) 
= 0 


(10) 


In these expressions (1 — 44:) is the 
fraction of type-1 sites which are vacant, 
and (1 — @2 — Oyc2) is the fraction 
vacant of sites of type 2. Equations (8) 
through (10) can be solved for 04, 4x2, 
and @yc2. The expression for 0,2 is 


= 


components will not change with time. 
Hence the net rate of formation of each 
of the three adsorption compounds may 
be set equal to zero. Thus for acetylene, 
when one follows Langmuir’s formulation 
of rates of adsorption, 


kyps(1 — 04:1) — 
k50.41 9x2 = 0 (8) 


Similar equations for hydorgen chlo- 
ride and vinyl! chloride are 


(11) 
kskipa | 
+ ke + 


and in terms of 02 


+ + ksOn2 


These two expressions can be adapted 
to explicit equations for 64: and 4y2 
and substituted in Equation (7) to give 
an equation for the rate of reaction in 
terms of the partial pressures and con- 
stants (at a given temperature). However 
the result is too complex to be useful. 

Simplifications are possible if one 
makes assumptions regarding the relative 
magnitudes of some of the reaction rates. 


O41 (12) 


on adjacent sites; that is kspa(1 — @vca — Ona) It is evident that many sets of assump- 
ks ; (9) tions may be made, each leading to a 
A:8,+H — — = final rate equation which will contain 
T*212°F 
005+ 4 
Pu= 1.33 8 003 
PH 
3 OO04F Pu=066 3 
003+ Pus30 T= 212°F 0.027 
3 = Pye (atm) 
& 
0.75 
1 1 1 1 ° 
Pa (atm) Pa and Px (atm) 


Fig. 4. Effect of acetylene partial pressure on initial rate. 
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Fig. 6. Effect of hydrochloric acid and acetylene partial pressure 


on rate. 
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several constants. One set which leads 
to a result in agreement with the data is 
as follows. 

It is supposed that the rate of reaction 
given by Equation (7) is slow compared 
with the rates of desorption and adsorp- 
tion of both acetylene and hydrogen 
chloride. Then the term k504:042 can be 
neglected in Equations (8) and (9). 
Under these restrictions Equations (11) 
and (12) reduce to 


k 


= 
+ kak + (13) 
03 
Pu 
1 + k Pu + k Pye 
and 
Pp 
kipa ke 
k, k ky 
Da ke 
2 


Substituting these quantities in Equa- 
tion (7) gives the following equation for 
the rates: 


Cpapu 


of the constants from Equations (16) and 
(18) are shown by the solid lines in 
Figures 3 to 6 and numerically in Table 
2. The absolute deviation between ex- 
perimental and calculated rates (all the 
runs being employed) averaged 3.3% at 
212°F. and increased to 5.5 and 6.3% at 
167° and 257°F. where only a few runs 
were made. The values used for the 
constants at 167° and 257°F. are 


167°F. 257°F. 
0.08 0.232 
Ky 2.9 2.5 
0.58 0.40 


It is apparent that Equation (15) closely 
follows the data within the range of 
conditions studied. However extrapola- 
tion of the equation beyond these con- 
ditions may lead to considerably larger 
errors. 

As mentioned earlier, previous investi- 
gations (4, 5, 11, 15) of the kinetics of 
the reaction did not result in quantitative 
rate measurements. Hence numerical com- 
parison with these studies is not possible. 


where 
<2 
K, = Kye ker 


The constants C, Ky, and K,4 in 
Equation (15) were determined first, 
with the initial rate data given in Table 
2 used. The numerical values were 
obtained by an iterative procedure, with 
one of the constants changed at a time 
and the agreement of the rate data 
with Equation (15) evaluated (with 
Pvc = 0). The values which gave the 
minimum absolute deviation are 


C = 0.14, Ky = 2.67, 
Ky, = 0.46 


Kyc was determined by relating the 
rate data with vinyl chloride and the 
initial rate. Thus the ratio obtained from 
Equation (15) is 


1 + Kupu 


1 + Kupu 
A plot of ro/r vs. pyc, at constant partial 
pressures of hydrogen chloride, gave a 
series of straight lines whose slope was 
equal to Kyc/(1 + Kuypyz). The slope of 
these lines was plotted vs. the reciprocal 
of 1 + Kypy. The slope of the least- 
mean-square line fitted to the points 
gave 


(16) 


(17) 


Kye = 3.8 (18) 
The rates from Equation (15) pre- 
dicted by means of the numerical values 
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(i +- Kupu + Kycpve)(1 + Kapa) 


(15) 


Based upon different postulates for 
the mechanism, other rate equations can 
be derived which would agree as well 
with the data. Hence the results for 
Equation (15) cannot be cited as con- 
clusive evidence for the postulates. 
However the mechanism of rapid adsorp- 
tion and desorption of the components, 
and a slow conversion to vinyl chloride 
by interaction of adsorbed acetylene 
and hydrogen chloride, does predict 
rates in agreement with the data. 
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NOTATION 


A 
AE 


acetylene in chemical equations 

thermal—conductivity-cell 

balance, emf. 

over-all rate of reaction constant 

[Equation (15)], lb. moles of 

vinyl chloride/(lb. of catalyst) 

(hr.) 

activation 

mole 
flow rate, cu. ft./min. 

hydrogen in chemical equations 

heat of reaction, B.t.u./lb. mole 

reaction-rate constant 

ratio of forward and _ reverse 

reaction-rate constants for ad- 

sorption reactions; adsorption 
equilibrum constant, atm.-! 

p = partial pressure, atm. (defined 
as total pressure times mole 
fraction) 

r = reaction rate, lb. moles/(hr.) (Ib. 
of catalyst) 

Teorr = rate of reaction corrected to a 


C 


energy, B.t.u./Ib. 


& 

wed 
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standard catalyst activity [used 
only in Equation (3)] 


ro = initial rate of reaction, that is 
rate with no vinyl chloride pre- 
sent 

R= gas constant 

R. = reactants ratio in feed, moles 
acetylene per mole of hydrogen 
chloride 

8 = active site on catalyst 

S = entropy, B.t.u./(lb. mole) (°R.) 

S: = active catalyst sites of type 1 

S2 = active catalyst sites of type 2 

T = temperature, °R. 

VC = vinyl chloride in chemical equa- 
tions. 

W =mass of catalyst (including 
carrier) 


W/F = reciprocal space velocity, (Ib. of 
catalvst)(hr.)/Ib. mole 


x = conversion of acetylene based 
upon total feed, moles of 
acetylene converted per mole of 
feed 

y = mole fraction 

0 = fraction of catalyst sites 

Az’ = conversion 

Subscripts 

A = acetylene 

H = hydrogen chloride 

VC = vinyl chloride 

1 = adsorption site type 1 

2 = adsorption site type 2 
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Thermal Conductivity of Diatomic Gases: 


Liquid and Gaseous States 


CHARLES A. SCHAEFER and GEORGE THODOS 


The Technological | 


After an extensive literature survey the experimental thermal-conductivity data for 
twelve diatomic gases were utilized to produce an accurate and expedient means of pre- 
dicting values over extensive ranges of temperature and pressure. Plotting values of k* 
against 7’, on logarithmic coordinates produced similarities pointing to the existence of 
corresponding states behavior for this family of substances with the exception of hydrogen. 
Because hydrogen cannot be included in a correlation generalized for the diatomic gases, 
it has been eliminated from this study. Based on atmospheric pressure data, ratios of 
k*/k*, produced a unique relationship with reduced temperature. To include the effect 
of pressure, residual thermal conductivities were correlated with density for nitrogen and 
oxygen, the only substances for which high-pressure data exist. These relationships enabled 
the determination of the thermal conductivity at the critical point. When the value k, = 
8.55 X 10-° cal./sec. cm. °K. for nitrogen was used, an extensive reduced thermal- 
conductivity correlation was constructed against reduced temperature for parameters of 
constant reduced pressure. This chart, extending to reduced pressures of 100 and to re- 
duced temperatures of 85, is recommended for the diatomic gases in their gaseous and 
liquid states. 

The developed correlation reproduces experimental nitrogen data to within 1.39%. 
For the other diatomic gases experimental agreement extends from 1.00 to 3.20%. Such 
agreement indicates that this correlation is more reliable for the diatomic gases than are 
other generalized plots presented in the literature. 


Present technological advances con- 
tinue to depend upon progress in under- 
standing the fundamentals of mass and 
energy transfer; consequently, more 
careful scrutiny of these operations has 
stimulated an increasing interest in 
transport properties. An accurate but 
simple means of predicting coefficients of is most desirable, such direct values are 
diffusion, thermal conductivity, and vis- limited to a few substances. Furthermore, 
cosity is needed to meet the demands of even for the more common substances 


current engineering practice. Besides 
proving useful in practical applications, 
a reliable method of determination will 
be of value in testing and extending 
modern theories associated with trans- 
port phenomena. 

Although the use of experimental data 
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difficulties inherent in obtaining experi- 
mental thermal conductivities restrict 
the majority of values to the low-pressure 
region. Where experimental data are 
lacking, theoretical and empirical equa- 
tions have been presented (12, 23, 31, 56). 
For accurate usage these are limited in 
application to the conditions of tempera- 
ture and pressure for which they have 
been developed; furthermore, the nature 
of these expressions makes them incon- 
venient for expedient usage. Hence, 
graphical correlations would be desirable, 
but certain of these (9) are too limited 
to be useful over wide ranges of tempera- 
ture and pressure. Other methods (19) 
are too generalized to be accurate for 
specific substances. To overcome these 
limitations, thermal-conductivity and 
viscosity correlations have been de- 
veloped from experimental data specific 
to families of substances (7, 42, 48, 61). 
Such treatment permits the prediction 
of accurate values over wide ranges of 
temperature and pressure for both the 
gaseous and liquid states. As a con- 
tinuation of these studies, the available 
experimental data for the thermal con- 
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Fig. 1 Thermal conductivity-temperature relationships of 
diatomic gases at atmospheric pressure. 
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Fig. 2. Thermal conductivity-temperature relationships of 
diatomic gases at atmospheric pressure. 
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TABLE 1. COMPARISON OF EXPERIMENTAL THERMAL CONDUCTIVITIES WITH VALUES OBTAINED FROM 
REDUCED STATE CORRELATION AND RANGE INVESTIGATED 


Deviation, % 


This inves- 


Owens and 


Range investigated 


Z, tigation Thodos (42) Tr 
Bromine 0.3065 1.31 0.47-1.88 
Carbon monoxide 0.2943 1.04 24 0.59-2.83 
Chlorine 0.2758 2.76 5.6 0.48- 1.62 
Fluorine — 3.12 0.65-6.94 
Hydrogen bromide — 1.98 — 0.26- 1.60 
Hydrogen chloride 0.2656 1.13 3.4 0.61-1.78 
Hydrogen fluoride — 1.15 -- 0.53-1.56 
Iodine om 1.93 — 0.57-0.88 
Nitric oxide 0.2513 1.00 1.00 0.67-2.09 
Nitrogen 0.2915 1.39 2.6 0.51-8.50 
Oxygen 0.2935 1.67 2.7 0.43-5.08 


ductivity of diatomic gases have been 
compiied for the purpose of developing 
a reduced-state correlation (47). This 
correlation is generalized for the diatomic 
gases and extends over temperatures 
ranging from Tr = 0.3 to Trp = 85 and 
pressures extending up to Pp = 100. 


PREVIOUS CORRELATING PROCEDURES 


Early attempts at predicting transport 
properties were based on kinetic theory 
considerations. Maxwell (38) showed the 
consequences of treating molecules as 
point centers of forces which vary inversely 
as the fifth power of the distance between 
them. Chapman (8), assuming only spheri- 
cal molecules, derived a thermal-conduc- 
tivity expression which was limited by the 
accuracy of values for heat capacity and 
viscosity. Eucken (13, 14) proposed a 
relationship to account for the effect of 
internal energy in polyatomic molecules. 

Sutherland (57) proposed an equation 
for the thermal conductivity at atmos- 
pherie pressure as an explicit function of 
temperature, and Enskog (12) and Keyes 
(31) developed the Sutherland type of 
relationships based on data in limited 
temperature intervals. 

Hirschfelder, Curtiss, and Bird (23) 
present a first approximation to the thermal 
conductivity of monatomic gases: 


VT/M 


[k], = 19.89 10 


(1) 


For the inert gases Owens and Thodos 
(42) found good agreement between experi- 
mental values and the results obtained 
with Equation (1). For polyatomic mole- 
cules Equation (1) must be corrected for 
the transfer of energy between translational 
and internal degrees of freedom. The cor- 
rection factor to. be applied to Equation 
(1) is 1 + {2/5(oD/p{(2/3)(C,/R) — 1]}. 
For the restricted condition of pD/p = 1 
this factor reduces to the Eucken correc- 
tion, and the modified form of Equation 
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(1) for polyatomic gases becomes 


Eucken __ 4 C, 


An attempt to predict thermal con- 
ductivity at higher pressures follows from 
the theory of Enskog (1/2). For a gas com- 
posed of molecules that are mutually 
attracting rigid spheres, Enskog presents a 
power-series function in density to relate 
the thermal conductivity at high pressures 
to that at low pressures. A simpler power- 
series type of expansion has been used by 
Michels and Botzen (39) to account for 
pressure effects at isothermal conditions. 

The correlating methods discussed pos- 
sess certain serious limitations. The appli- 
cation of their equations must be confined 
to the temperature range for which they 
have been developed, and the majority of 
these expressions are restricted to moder- 
ate pressures. Furthermore these equations 
are not expedient to use, since the refine- 
ments which have increased their accuracy 
limit their ease of application. 

Comings and Nathan (9) present a 
simple graphical correlation for the pre- 
diction of thermal conductivity for gases 
at high pressures, which was developed 
by the use of viscosity and PVT-data for 
nitrogen, argon, and methane in the Enskog 
equation. Calculated thermal-conductivity 
ratios k/k* were plotted against reduced 
pressure with parameters of constant re- 
duced temperature. Although later modi- 
fied and extended by Lenoir, Junk, and 
Comings (37), the final correlation is 
limited to temperatures between Tp = 1.0 
and 3.0 and pressures of Pr < 7.0. 

A more extensive correlation was de- 
veloped by Gamson (19). This represents 
an initial attempt toward generalization 
by means of the concept of kp. This corre- 
lation extends to temperatures of 7'p = 10 
and pressures of Pr = 30; however no 
consideration is given to the liquid state. 
Owing to an overgeneralized approach 
embodying data for twenty-seven gases, 
the correlation is claimed to be reliable 
to within only 15%. 

Owens and Thodos (42) have developed 
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Pr References 
0.0008-0.00 13 18,17 
0.0003-0.0290 2,6,11,14, 20,21, 28,29 
0.0009-0.013 1 14,15 
0.00 17-0.0060 15,17 
0.0020-0.0039 15 
0.0034-0.0042 15 
0.0007-0.0070 16,18 
0.0006-0.0020 15 

0.0156 2,14,27,28 

0.000 1-74.1 2,4,5,6,11,13, 14, 15, 
20,21,22,24, 26,30, 
32,33,34,36,37,39, 
41,43 ,45,46,49,53, 
54,55,58,59,60,61, 
63, 64 

0.0003- 1.93 2,4,5,11,13,14, 18, 
20,21,22,27,28,29, 
33,40,44,53,58, 62, 
63,665 


a reduced-state correlation for the liquid 
and gaseous states based solely on experi- 
mental data for the inert gases. By re- 
stricting their method of approach to a 
family of similar substances, they presented 
a final correlation that was capable of 
reproducing the experimental data to 
within 2%. In view of these improved 
results, an analogous approach has been 
adopted for the investigation of the di- 
atomic gases. 


CORRELATION OF DATA 


An extensive literature survey was 
undertaken to compile the available 
thermal-conductivity data of the di- 
atomic gases. The ranges of temperature 
and pressure and sources of experimental 
data are presented in Table 1. 

Based only upon the atmospheric 
data, Figure 1 presents a log-log plot 
of experimental values of k* as a func- 
tion of reduced temperature T, = T/T... 
This figure also indicates the twelve 
gases considered in this study. The 
notable characteristic of this plot is the 
parallelism exhibited by the relationships 
of the various gases. An exception to 
this is noted for hydrogen at higher 
temperatures. As postulated from kinetic 
theory, the behavior of corresponding 
states should apply to a family of sub- 
stances possessmg molecules of similar 
shapes and having the same _ inter- 
molecular-force relationships. The paral- 
lelism noted suggests that the behavior 
of corresponding states should apply to 
diatomic gases with the exception of 
hydrogen. An explanation for this anoma- 
lous behavior has been advanced in terms 
of quantum deviations by de Boer and 
Bird (10). For the hydrogen data to con- 
form with those of the other diatomic 
gases, an adjustment of the critical con- 
stants has been utilized by previous in- 
vestigators. Owing to their empirical 
nature, these adjustments vary between 
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6 
5+ 
4+ 
3r 0.729 
71207 Ty =2.5) 
k* * 
T. cal/sec cm °K 
Bromine, Br, 584 220x10° 
10 oe ca Carbon Monoxide,CO 133 279 
9+ @ Chlorine, Cl, 417 3.1 
at + Fluorine, F, 144 309 
v Hydrogen Bromide, HBr 363.2 2.66 
+ 4 Hydrogen Chloride, HCi 3246 3.63 
6F A > Hydrogen Fluoride, HF 5034 841 
Tr Nitric Oxide, NO 180 3.83 
4b Nitrogen, N, 126.2 277 
v Oxygen, 1548 3.40 
3 4 é& 7 3 5 6 78910 


4 
Reduced Temperature, T,= + 


Fig. 3. Ratio of thermal conductivity-temperdture relationship for diatomic 
gases at atmospheric pressure. 


investigators and are applicable in 
limited ranges of temperature and pres- 
sure: A more direct and reliable approach 
is to consider the properties of hydrogen 
separately from those of the diatomic 
gases (48); consequently, hydrogen has 
been eliminated from further consider- 
ation in these studies. 

The similarity of the relationships 
shown in Figure 1 suggests the repre- 
sentation of these curves by an equation 
of the form 


log k* = n log Tr + log H (3) 
For the boundary condition of Tp = 1, 
k* equals kr,*. Thus Equation (3) 


becomes 


jn 


log = n log Tz (4) 


Equation (4) indicates that a unique 
relationship exists for the diatomic gases 
when the ratio k*/kr,* is related to Tp. 
This requires a knowledge of kr,* values 
specific to each substance. 

To obtain k7,* values more accurately 
than could be obtained from Figure 1, 
advantage is taken of the linearity that 
exists at low temperatures, when k* is 
related to temperature on rectilinear 
coordinates. Therefore the low-tempera- 
ture thermal-conductivity data for these 
gases are plotted in Figure 2 as a function 
of 7p. The values of ky,* along with the 
critical temperatures are presented in 
Figure 2. 

An attempt to correlate k;,* values 
as a function of molecular weight and 
the critical values T,, P., and 2, has been 
made. These studies indicate that kv,* 
is independent of z,. Trial-and-error 
procedures using the critical constants 
resulted in the expression 
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kr,* = 3.05 XK 10° wre 


Equation (5) is specific to diatomic gases 
and reliable to 3.4%. 

The kr,* values from Figure 2 and 
the experimental k* values were used to 
calculate ratios of k*/kp,*, which were 
plotted against reduced temperature to 
produce the curve of Figure 3. This 


(5) 


unique relationship for the diatomic 
gases is defined by Equation (4). The 
relationship is linear below Tp = 1.0 
and above 7’, = 2.5 and can be expressed 
as 


(Tr<10) (6) 


k* 
kr,* 


The correlations presented in Figures 
1, 2, and 3 can be used to account for 
the variation in thermal conductivity 
with temperature at atmospheric pres- 
sure. Sherratt and Griffiths (50) state 
that thermal conductivity is independent 
of pressure from 1 atm. down to 5 em. 
of mercury. Spencer-Gregory and 
Marshall (62, 53) indicate that the 
lower limit is between 0.49 and 1.1 cm. 
of mercury. For pressures above 1 atm. 
thermal conductivity is dependent not 
only on temperature but also on pressure. 

While extensive data are available at 
1 atm., experimental values at higher 
pressures are limited owing to inherent 
difficulties in obtaining such values. Of 
the eleven gases considered in this study 
nitrogen and oxygen are the only ones 
for which sufficient data exist to permit 
the development of a correlation over 
extensive conditions of temperature and 
pressure. Even for nitrogen and oxygen 
too many high-pressure data are lacking 
to permit this development by direct 
cross-plotting techniques. 


= 1.207T,"* > 2.5) (2) 
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Fig. 4. Residual thermal-conductivity-density relationship 
for nitrogen in the liquid and gaseous states. 
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To handle the high-pressure data 
presently available, use was made of an 
extension to the method of Abas-Zade 
(1). His correlations, developed from the 
consideration of functions of invariant 
quantities, relate thermal conductivity 
to density and suggest correlating the 
residual thermal conductivity k — k* 
with the density to cover the liquid and 
gaseous states. Thermal conductivities at 
atmospheric pressure were substracted 
from high-pressure thermal conductivities 
at the same temperature and plotted 
against density to produce the relation- 
ship presented in Figure 4 for nitrogen 
and Figure 5 for oxygen. The advantage 
of these correlations is twofold. First is 
the ability to bring together as a con- 
tinuous curve the high-pressure gaseous 
data (25, 26, 39) and the low-temperature 
liquid data (43, 59); secondly, the thermal 
conductivity at any condition of tem- 
perature and pressure can be obtained 
from a knowledge of p and k*. In partic- 
ular k, can be evaluated. 

When one uses in Figure 4 a value of 
p, = 0.3107 g./cc. (35) for the critical 
density of nitrogen, the residual thermal 
conductivity at the critical point becomes 
k, — = 5.78 X cal./sec. 
em. °K. Adding to this value kz,.* = 
2.77 X 10-5 ecal./sec. cm. °K., one 
can determine the critical thermal con- 
ductivity to be 8.55 cal./sec. 
em. °K. Likewise when one uses in 
Figure 5 a value of p, = 0.430 g./cc. (5/) 
for the critical density of oxygen, the 
residual thermal conductivity at the 
critical point becomes k, — kr,* = 
7.00 X 10-* cal./sec. em. °K. Adding 
to this value k;,* = 3.40 X 10-5 cal./sec. 
em. °K., one can determine the critical 
thermal conductivity to be 10.40 X 10-5 
cal./sec. cm. °K. These critical values 
permit the construction of reduced 
thermal-conductivity correlations. 

The liquid and high-pressure-gaseous 
experimental data are more plentiful for 
nitrogen than for oxygen; moreover, the 
nitrogen data are considered more reli- 
able. Therefore preference has been 
given to this substance for the develop- 
ment of a _reduced-state correlation 
applicable to the diatomic gases. 

The division of atmospheric thermal 
conductivities by k, enabled the con- 
struction of the base isobar, Pp ® 0. 
For pressures above 1 atm. densities at 
specific conditions of temperature and 
pressure were used to obtain residual 
thermal conductivities k — k* from 
Figure 4. Values of k* at the specified 
temperatures were added to these resid- 
uals to produce thermal conductivities 
corresponding to the density conditions 
of temperature and pressure. Dividing 
these values of k by k,, one obtained 
reduced thermal conductivities for pres- 
sures above 1 atm. These reduced values 
of kg were plotted against reduced tem- 
perature for parameters of constant 
reduced pressure. The final correlation 
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g. 5. Residual thermal-conductivity-density relationship 


for oxygen in the liquid and gaseous states. 


is presented in Figure 6. It extends 
from the high-temperature gaseous 
region, through the critical point, and 
into the liquid state. This correlation, 
based only on experimental nitrogen 
data, enables the determination of re- 
duced thermal conductivities for diatomic 
gases from atmospheric pressure to 
Pr = 100 and for temperatures up to 
Tr = 85. 

To obtain absolute thermal conduc- 
tivities requires a critical value for each 
substance. Since experimental data are 
limited to atmospheric pressure for the 
diatomic gases other than nitrogen and 
oxygen, correlations similar to Figures 
4 and 5 cannot be developed. Hence k, 
cannot be established from experimental 
data in a manner similar to that used 
for nitrogen and oxygen. Instead critical 
thermal conductivities can be obtained by 
the division of kg values from Figure 6 
into experimental values which are 
available only at atmospheric pressure. 

A more rigorous approach is based on 
the concept of corresponding states as 
postulated by the parallel curves of 
Figure 1. The analytical expression for 
these relationships is given by Equation 
(3). Substracting log k, from both sides 
yields 


ak 
log =nlogTr + log (8) 


or 


k* 


log Ned a log Tr + log 4 (9) 


As before, at Tp = 1.0, k* = kp,*, and 
therefore 
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(10) 


or 


k, = Akr,* (11) 


With the use of the values k, = 8.55 X 
10-5 cal./sec. em. °K. and k7,* = 2.77 X 
10-5 cal./sec. cm. °K., the ratio k,/k7,* = 
3.087 was calculated for nitrogen. Like- 
wise with the use of the values k, = 
10.4 X 10-5 cal./sec. em. °K. and kr,* = 
3.40 X 10-5 cal./sec. em. °K., the ratio 
k./kr,* = 3.059 was calculated for 
oxygen. The close agreement of these two 
results validates the use of Equation 
(11) to calculate values of k, for the other 
diatomic substances. Since Figure 6 has 
been developed from nitrogen data, the 
value of A = 3.087 was selected: it 
is in contrast to the value of 2.60 proposed 
by Gamson (19) for the twenty-seven 
gases included in that study. From this 
value in Equation (11) and the values of 
kr,* obtained from Figure 2, critical 
thermal conductivities were calculated 
for the other diatomic gases. These values 
are presented in Figure 6 along with the 
critical temperatures and pressures. 


DISCUSSION OF RESULTS 


The reduced-state correlation pre- 
sented in Figure 6 has been recommended 
for the prediction of thermal con- 
ductivities for the diatomic gases in the 
gaseous and liquid states. Its utility 
depends upon the consistency with which 
it reproduces experimental data. To be 
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useful, it must be reliable in determining 
thermal conductivities not only for 
nitrogen, for which it was developed, 
but also for the other diatomic gases for 
which it is recommended. Accordingly 
thermal conductivities at the experi- 
mental conditions of temperature and 
pressure have been calculated by means 
of this correlation for purposes of com- 
parison with the experimental data. 

Consideration of one hundred fifty 
nitrogen values representing the available 
ranges of temperature and_ pressure 
produced agreement to within 1.39%. 
The causes for the average deviation 
lie in the experimental measurements 
as well as in the techniques utilized to 
construct the final correlation. Inherent 
difficulties are encountered at high pres- 
sures. This is evidenced by the lack of 
accurate data over extensive ranges of 
temperature and pressure. Even at 
atmospheric pressure and 273°K. the 
usually reliable data of Keyes (30, 32, 
$4) are found to disagree within them- 
selves by as much as 2.95%. 

In an attempt to produce a reliable 


pheric pressure. The extent of liquid 
data is limited to the values reported by 
Borovik, Matveev, and Panina (6) for 
carbon monoxide; their results were 
found to agree to within 3.30%. From 
the results of the comparisons presented 
for the eleven gases considered in this 
study, it can be concluded that Figure 6 
not only reproduces the experimental 
nitrogen data from which it was de- 
veloped but is also reliable as a general- 
ized correlation for the other diatomic 
gases. This is valid provided these sub- 
stances do not possess anomalous be- 
havior as encountered for liquid oxygen. 

As indicated early in this study, hydro- 
gen deviated from a corresponding- 
states behavior; hence it cannot be 
included in the generalized reduced 
state correlation of Figure 6. Considera- 
tion has been given to z, as a possible 
parameter for correlating k./k7,* ratios. 
Because high-pressure thermal-conduc- 
tivity data are available for hydrogen 
(48), values of k, and kr,* were obtained 
in a manner analogous to that used for 
nitrogen and oxygen. These values as 


correlation, consideration has been given well as z, and the product k,/kr,* 2, for 
these three gases are as follows: 
kr,* k. k./kp,* k./kr,* Ze 
Hydrogen 5.40 X 10° 15.9 X 10° 2.944 0.3045 0.8964 
Nitrogen 2.77 8.55 3.087 0.2915 0.8999 
Oxygen 3.40 10.4 3.059 0.2935 0.8978 


to all the available nitrogen data. Other 
than the elimination of those investi- 
gators whose data were obviously out 
of line from the general trends, no dis- 
crimination has been made. Such elimina- 
tion is justified by the fact that deviations 
of 30% were found for the data of Ham- 
mann (22) and 7.9% for those of Borovik 
et al. (4, 5, 6). 

To test the usefulness of Figure 6 as a 
correlation generalized for the diatomic 
gases, comparisons with available experi- 
mental data have been made in a manner 
similar to that employed for nitrogen. 
Agreement to within 1.67% was ob- 
tained for oxygen in the gaseous state. 
While this deviation is not large, it does 
not include the liquid data of Hammann 
(22) and Ziebland and Burton (66). 
Their results deviate by 6.03 and 16.95% 
respectively. Disagreement of this magni- 
tude was also encountered in viscosity 
studies (7) and, as pointed out by Bird 
(3), can be explained as the result of 
paramagnetic effects associated with 
liquid oxygen. 

The results of comparing values cal- 
culted from Figure 6 with experimental 
data for the remaining diatomic gases 
considered in this study are summarized 
in Table 1, which also presents the devia- 
tions for nitrogen and oxygen and those 
obtained by use of the inert gas correla- 
tion of Owens and Thodos (62). It is to 
be noted that except for nitrogen and 
oxygen these deviations are for the 
gaseous data available only at atmos- 
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If these substances adhere strictly to the 
behavior of corresponding states, values 
for the ratio k,/kr,.* should be identical, 
as postulated from Equation (11), but 
they are not. Multiplying these ratios by 
their respective critical compressibility 
factors, one can produce values which 
are essentially the same. From the 
average of these values, the following 
relationship is proposed: 
k. 

z, = 0.8980 (12) 
kr,* 
This equation is recommended to ac- 
count for deviations from the behavior 
of corresponding states for the diatomic 
gases. 

Since values of k, for the other diatomic 
gases have been calculated from Equa- 
tion (11) with A = 3.087 resulting from 
k./kr,* for nitrogen, it would be mean- 
ingless to use these values in Equation 
(12). Hence until more direct means 
become available for obtaining k, values 
from experimental data the validity of 
Equation (12) cannot be tested 
rigorously. 
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NOTATION 


A constant, k,/H 
C. heat capacity at constant volume 
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H = constant 

k = thermal conductivity, cal./sec. 
em. °K. 

k* = thermal conductivity at moderate 
pressures (i atm.), cal./sec. cm. 
°K. 

k, = critical thermal conductivity, 
cal./sec. em. °K. 

ke = reduced thermal conductivity, 
k/k. 


kr,* = thermal conductivity at the 
critical temperature and atmos- 
pheric pressure, cal./sec. em. °K. 
molecular weight 

exponent, ¢(7'p) 

pressure, atm. 

critical pressure, atm. 

reduced pressure, P/P, 

gas constant 

absolute temperature, °K. 
critical temperature, °K. 
normalized temperature, 7'/(€/k) 
reduced temperature, 7'/T, 
critical compressibility factor 


Greek Letters 


maximum energy of attraction of 
two molecules for the Lennard- 
Jones potential function, erg. 

k = Boltzmann constant, 1.3805 xX 
10-*6 ergs/°K. 


€ 


p = density, g./ce. 
pe = critical density, g./cc. 
o =collision diameter for the 


Lennard-Jones potential function, 
A. 

Q2.2)*(Ty] = collision integral for 
Lennard-Jones potential function 


LITERATURE CITED 


1. Abas-Zade, A. K., Zhur. Eksptl. 7 
Teoret. Fiz., 23, 60 (1952). 
2. Andrussow, Léonide, J. chim. phys., 
52, 295 (1955). 
3. Bird, R. B., private communication. 
4. Borovik, E., Zhur. Ekspil. i Teoret. 
Fiz., 17, 328 (1947). 
5. Ibid., 18, 48 (1948). 
6. ———, A. Matveev, and E. Panina, 
J. Tech. Phys. (U.S.S.R.), 10, 988 
(1940). 
. Brebach, W. J., Ind. Eng. Chem., 50, 
1095 (1958). 
8. Chapman, §8., Phil. Trans. Roy. Soc. 
(London), A211, 433 (1912). 

9. Comings, E. W., and M. F. Nathan, 
Ind. Eng. Chem., 39, 964 (1947). 

10. de Boer, H. G. J., and R. B. Bird, 
Phys. Rev., 83, 1259 (1951). 

11. Dickins, B. G., Proc. Roy. Soe. (Lon- 
don), A143, 517 (1934). 

12. Enskog, David, Kgl. Svenska Vetens- 
kapsakad. Handl., 63, No. 4 (1921). 

13. Eucken, A., Phys. Z., 12, 1101 (1911). 

14. [bid., 14, 324 (1913). 

15. Franck, E. U., Z. Elektrochem., 55, 

636 (1951). 


16. , and W. Spalthoff, Naturw., 40, 
580 (1953). 
17 , Z. Elektrochem., 58, 374 (1954). 


18. Franck, E. U., and E. Wicke, Z. 
Elektrochem., 55, 643 (1951). 

19. Gamson, B. W., Chem. Eng. Progr., 
45, 154 (1949). 


Page 371 


(10) 
55 X 
| 
Te = | 
Like- 
ratio 
| for 
e two 
ation 
other 
has 
., the 
d; it 
posed 
seven 
this 
es of 
itical 
lated 

— 


. Godridge, 


10 30_ 40 60 80 io 
9 
100, 8 
7 
= 
IN 
> ANNS a 
2 
Noe 
2 \ 
oO Ke) 10 
A 
9 
8 REDUCED THERMAL CONDUCTIVITY CORRELATION 
3 Za FOR THE DIATOMIC GASES 
\ NG ] R,atm col/sec em °K 
= 6 er Bromine, Br, 584 102-6 79x10°5 
Carbon Monoxide, CO 133 345 
Chlorine, Cl 417 761 960 
3 Fluorine, F, 144 550 954 
4 Hydrogen Bromide, HBr 3632 84 821 
4 Hydrogen Chloride, HCl 3246 BIS 
v Hydrogen Fluoride, HF 5034 945 260 
3 lodine, |, 785 633 
Ke Nitric Onde, NO 180 64 62 
Re Nitrogen, No 1262 335 855 
Oxygen, O, 1548 50! 1040 
Y The atmospheric isobar (P~O) applies to pressures as low os Scm of mercury 
2 Chories A Schaeter and George Thodos 
Northwestern University Evanston, Illinois 
YA 
2 3 4 5 6782910 2 3 4 5678910 20 30 40 60 80 100 


Reduced Temperature, 
c 


Fig. 6. Reduced thermal-conductivity correlation for the diatomic gases. 
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Ion Exchange Kinetics for Systems of 
Nonlinear Equilibrium Relationships 


CHI TIEN and GEORGE THODOS 


The Technological Institute, Northwestern University, Evanston, Illinois 


Mathematical relationships based on material balance and rate equations have been 
derived for the study of ion exchange kinetics in a fixed-bed operation. Numerical tech- 
niques for the solution of the systems possessing equilibrium relationships of the Freundlich- 
adsorption isotherm type have been developed, and.numerical results have been obtained 
with the use of a digital computer. The resulting numerical solutions have been found to 
be dependent on parameters involving time, position, and the relative resistances of the 
liquid and resin phases. The numerical solutions are presented in both tabular and graph- 


ical forms. 


Ion exchange operations are becoming 
increasingly important and find con- 
siderable utility in processes associated 
with the removal of undesirable con- 
stituents or the concentration and re- 
covery of valuable components present 
in trace amounts in solutions. The 
design of equipment capable of per- 
forming a specific separation depends 
primarily on the prediction of the con- 
centration history of effluent solutions. 

The work of Du Domaine, Swain, and 
Hougen (8) presents results which make 
possible the prediction of the performance 
of the softening of water through a 
zeolite bed. Their mathematical analysis 
has been based on a particular rate- 
controlling step and therefore proves 
valuable for the solution of problems 
limited to this type of mechanism. 
Hougen and Dodge (8) studied the dry- 
ing of air through.a bed of silica gel. 
A more general case was presented later 
by Thomas (12), who considered a 
second-order reversible reaction as the 
rate-controlling step. Subsequent work 
by Hiester and Vermeulen (6) has shown 
that a certain type of adsorption mecha- 
nism can be considered equivalent to that 
of a second-order chemical reaction. 
Boyd, Meyers, and Adamson (1, 2) con- 
sidered the rate-controlling mechanism to 
be the diffusion through the liquid film. 
Similar work has been carried out by 
Hagerty (4), assuming a Freundlich as 
well as a Langmuir equilibrium relation- 
ship. Later studies by Lapidus and 
Amundson (9) deal with the significance 
of longitudinal diffusion for the case of a 
first-order reaction. Perhaps the most 
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rigorous treatment is presented by Rosen 
(11), who considers the resistances of 
both the liquid and solid phases for 
systems exhibiting a simple, linear equi- 
librium relationship. 

Since the work of Rosen presertts a 
rather restricted equilibrium relation- 
ship, the object of this investigation is 
to solve the general case for which the 
equilibrium relationship is of a nonlinear 
nature. Analytical solutions for this type 
of problem are quite improbable, and 
consequently numerical methods have 
been used. The numerical results to this 
problem have been made possible through 
the use of the Univac 1103 and are 
presented in both tabular and graphical 
forms. 


DEVELOPMENT OF MATHEMATICAL EQUATIONS 


The most common ion exchange opera- 
tion involves the removal of a solute 
from a solution on solid resins. For a 
flow system this is accomplished by 
passing the solution through a bed of 
resin particles. During the operation the 
solute is continuously removed until the 
resin phase reaches equilibrium with the 
influent stream. For this process the 
kinetic behavior is determined by the 
rate-controlling mechanism. Three com- 
monly encountered mechanisms are (1) 
transfer of solute from solution to resin 
surface, (2) adsorption of solute at solid 
surface, and (3) diffusion of adsorbed 
solute through the resin. Any possible 
combination of these mechanisms defines 
the kinetic behavior of the system. In 
cases when the adsorption step is rapid 
in comparison with the other steps, it 
can be disregarded in the subsequent 
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kinetic treatment. Under these condition- 
the kinetics will be controlled by the 
combination of steps (1) and (3). The 
transfer of mass across the liquid film 
and consequent diffusion within the 
particle are affected by the existence of 
concentration gradients in the liquid and 
solid phases. The physical picture is 
presented diagrammatically in Figure 1. 

The following assumptions have been 
made in this investigation: (1) constant 
liquid-film resistance during operation, 
(2) constant diffusion coefficient of 
solute through resin, (3) insignificant 
longitudinal diffusion, (4) presence of 
only linear flow through resin bed, 
(5) uniform bed porosity, (6) no radial 
variation of concentration in liquid and 
solid phases, and (7) perfect spherical 
particles of uniform size. With these 
assumptions the equation of continuity 
can be written as 


uf c 4 ae| dt 


oq 
dt — dz dt 


The rate equation considered from the 
liquid side can be expressed as 


9 _ 
@) 
The adsorption of the solute on the 
resin establishes a concentration gradient 
which in turn causes the diffusion of the 
solute toward the center. Consequently 
the concentration of solute will vary 
radially inside the particle. The following 
expressions will relate q;, 9,, and q: 


3 9 
q(t, 2) = q(t, z,r)r° dr (3) 


At the beginning of the operation 
Gi; Gs, and q are zero and eventually 
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become identical when the particle 
reaches equilibrium with the influent 
solution. When this condition prevails, 
diffusion into the particle ceases. 

It is obvious the q; should be a solution 
of the following diffusion equation: 


with the following initial condition: 
for 
0<r<b when (¢/u)z 


where the quantity (g/u)z represents 
the time required for the liquid front to 
reach a particular position in the bed, 
and the following boundary condition: 


q: = 9.(2,t) when r= b 


The solution of Equation (5) together 
with its initial and boundary conditions 
can be obtained by Duhamel’s principle 


(7) 

q.(z, Hr, r — 2) ad (6) 
0 OT 

where 


T=t- 
u 
The function H(r, 7) is the solution of 
Equations (5) when the surface concen- 
tration is unity. For tr > 0, H(r, 7) can 
be represented by 


T) = 
n=1 cl b 
b 


Differentiating Equation (7) with 
respect to 7 and substituting into Equa- 
tion (6) one obtains g; by integration. 
This expression is then substituted into 
Equation (3) to obtain 


6D 
q(z, r) 
(8) 


T 
n=1 0 


When one differentiates Equation (8) 
with Leibnitz’s rule and integrates by 
parts, 


(9) 


Equations (1), (2), and (9) describe 
the situations existing in the column, the 
liquid phase, and the resin phase respec- 
tively. An additional equation relating 
the physical picture at the liquid-solid 
interface is required for the complete 
description of this problem. 
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Fig. 1. Concentration gradients around and 
within a resin particle. 


A logical assumption is to consider 
the existence of equilibrium condition at 
the interface. For the majority of cases 
experimental evidence indicates that a 
Freundlich type of adsorption isotherm 
could be used to approximate the equili- 
brium relationship 


q: = AC,’ (10) 


With this stipulation and the trans- 
formation = (p/u)z the fixed-bed 
operation can be described in terms of 
the following four equations: 


(1) 
ap — (2) 


0 6D 
(9) 


= 
: 
an ° 


q. = AC,’ (10) 
where = (p/u)z and = t — (¢/u)z 


and the following initial and boundary 
conditions exist: 


C=0 
q=0 
for —>0, 7 <0 
Cc, = 0 
q. = 0 
C=C, at 7>0 


ADAPTATION OF EQUATIONS FOR 
NUMERICAL TREATMENT 


Equations (1), (2), (9), and (10) con- 
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tain the four unknown quantities, q, q,, 
C, and C,, the most pertinent being C. 

By a process of elimination and sub- 
stitution a single integral-differential 
equation containing C alone can be 
developed to be 


ac _ _6D 


1 ac a-l 


oc | 


The solution of Equation (11) is the 
answer to the problem sought in this 
investigation. However an analytical 
solution is not available except for the 
special case a = 1, which corresponds 
to the linear system. In view of this 
situation, numerical methods must be 
utilized to obtain the corresponding 
solutions. 

To facilitate the subsequent calcula- 
tions, it becomes necessary to approxi- 
mate the infinite series (13), which 
appears under the integral sign of Equa- 
tion (9) with the following closed-form 
expression: 


n=1 (12) 
b 
—r) 2 
For the simplification of the numerical 


calculations the following transformations 
have been introduced: 


27. 


max 


=k (15) 


(16) 


and 


Qmax = A Co” (17) 


Substituting Equations (13,) (14), (15), 
and (16) into Equations (1), (2), (9), and 
(10), one gets 


da OB _ 
(18) 
ag a.) (19) 
Jy ON 


(20) 
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B. = a," (21) 


with the following initial and boundary 
conditions: 


a= 

¢<0 
B= 0 

B, = 0) 
a=a at 


Approximate solutions of differential 
equations can be obtained by evaluating 
the derivatives and integrating numeri- 
cally by means of the resulting difference 
equation. To formulate the corresponding 
difference equations for Equations (18), 
(19), (20), and (21) a net of mesh-widths 
of Az and Ad is established. When the 
subscript 7 is used for x and superscript 
j for 3, 


Ax Ad (33) 
Ad = a; as; (23) 
Ad Qn Or (24) 


1 1 
1) — d 
= (25) 
There are numerous ways to ap- 
proximate these derivatives. It is more 
logical to approximate dy/dx_ by 
(Yis1 — Y;-1)/2Ax. However for this 
particular case a reiterative type of 
calculation has to be used if the deriva- 
tives are to be approximated in this 
manner. This procedure would complicate 
the numerical calculations, and for this 
reason approximations as expressed in 
Equations (22) and (23) are used. 
Combining Equations (22) and (23) 
one gets 


-—a,) = (a,,' — a,’) Ax 
or (26) 


The integral of Equation (24) can be 
rewritten as 


+1) Ad 
0 On 


(27) 
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When one makes the approximation 


that 


Equation (27) becomes 
(28) 
0 Or /; 


1 1 
(VG+) —k- Vj 
— 


When one rearranges the 
series, Equation (28) becomes 


— 

[VG +) Vi — 
= Bl + = 2) 
—2Vj-(-1) + 


The substitution of Equation (29) into 
Equation (28) produces 


Jo 


infinite 


2 


—2Vj—(k-1) 
+ Vj —k) — 


Substituting Equation (30) into Equa- 
tion (24) one obtains 


j — (k — 2) 


j+1 
Ad = B,, 


3) 
rV rV Ad (31) 
— (k — 2) 
k=1 
The combination of Equation (31) with 


Equation (23) yields 


*Tabular material has been deposited as docu- 
ment No. 5976 with the American Documentation 


Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be ob- 
tained for $1.25 for photoprints or 35-mm. microfilm. 
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= Ci[(@;’ a,,’) 


Ad 
and 


+2Vj-(-)D- 


Equations (32), (26), and (25), together 
with the proper initial and boundary 
conditions, constitute the basis for the 
following numerical calculations: 


32 
k=1 
a; (a,,' a;’) Ax (26) 
B, = a," (25) 
a= 
a,=O;f at «20, 
8, = 
a=a at r= 0, b> 0 


In accordance with the definition of a, 
it can be shown that the ratio of the 
effluent to the influent concentrations 
C/Cois the same as a/ao. From Equations 
(32), (26), and (25) it is obvious that 
for particular values of a, a is a function 
of x,#, and ao. The procedure for numeri- 
cal calculations is summarized as follows: 

(1) 8, and a, are calculated along the 
0 axis for j = 1, 2, 3, --- n with Equations 
(32) and (25). 

(2) With the information obtained 
from step 1, values of a forxz = (t+ 1)Az 
and j = 1, 2, 3, --- n can be computed 
through the use of Equation (26). 

(3) Values of 8, and a, are succesively 
computed by repeating step 1 for x = 
lAvandj=1,2,3-:-n 

(4) Step 2 is repeated. Values of a 
are found for z = (¢ + 1l)Az and j = 
12,3 

By repeating this procedure, values 
of @ corresponding to particular values 
of a and a, any value of x and # can be 
computed. 


SELECTION OF INCREMENTS Ax and Ad 


The accuracy of the numerical cal- 
culations is obviously dependent on the 
magnitude of the increments Ar and 
Ad. The smaller the size of the increments, 
the more accurate will be the results. 
However more calculations will be needed 
to find the value of @ for a definite value 
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be 
(30) 
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of « and 3. Consequently the selection TABLE 1, NUMERICAL VALUES OF CONCENTRATION Ratios ror Systems HavinG 


of these increments becomes a com- Non.inEAR RELATIONSHIPS 
promise of these opposing factors. f 
When Equation (26) and the physical 
situation that a > 0 are considered, the | C.b?k 
maximum value of Az becomes Qo » Co’, 
C/Co x /Co x /Co 
Qa; — as; Qa; — as; z-= 5 
1 0.62267 1 0.06727 11 0.00203 
The value of Ad has to meet the u 0.71875 ul 0.21612 21 0.02529 
physical reality imposed on this problem. 91 0.76662 21 0.32565 "41 0.13709 
The criterion is developed as follows. 41 0.81761 41 0.45978 61 0.24319 
Equation (32) will be considered: 81 0.86430 81 0.59273 81 0.32380 
161 0.90261 161 0.70603 161 0.50633 
oP Cha! 2) 321 0.93196 321 0.79419 321 0.65343 
: : 641 0.95359 641 0.85952 641 0.76340 
— 821 0.95978 821 0.87824 821 0.79494 
k=1 x=7 z=9 
41 0.00128 81 0.00040 161 0.00495 
61 0.02632 101 0.00777 181 0.01919 
8 81 0.08579 141 0.07297 221 0.07256 
oo ee As. 121 0.21088 201 0.19618 301 0.18964 
me 201 0.37606 361 0.40073 441 0.33496 
but as,° = 0, and therefore 401 0.56465 541 0.51975 581 0.428095 
sarah 821 0.70959 821 0.62199 821 0.53202 
Bs. Ciao = Ca 
z= 13 z=17 z= 21 
However 221 0.00100 421 0.00189 701 0.00747 
241 0.00547 441 0.00567 721 0.01316 
Bes’ S Bmax = (Qmax)” = A 281 0.03330 481 0.02251 741 0.02049 
341 0.10076 541 0.06338 761 0.02914 
Therefore 441 0.20684 601 0.10859 781 0.03873 
: 601 0.32963 701 0.17823 801 0.04886 
Ciao < ao 821 0.48964 821 0). 24837 821 0.05957 
or See footnote page 375 
— + — C(K,B,." + 
3 
rVAo 40 
for small values of Ad. 
— 06 = 
atl AL 
1 - 208 
04 
on 
For example if a = } and ao = 1,000 5 al ix * 
9 all 
3\"( 1 1 | li I 
Ad < (3) ( ) t 
0.006 
Another stipulation required by the 0004 t f } 
physical condition of the system is that 0603 | | | 
the numerical value of 8, has to be equal 0.002 Cr Tian ond George The i 
to, or greater than, its preceding value, esol | 
or that ’ 234 6810 20 4060 100 200 400 100 
Time Modulus, 9x2°=81929 
= 
Fig. 2. Concentration- position-time relationship for the 
or 2 /l-a 
case a = 1,000 and a = 3}: aw =| | 
m+1 m 47Qmax D- 
and Qmax = x = kh; z,and = - 
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TABLE 2, NUMERICAL VALUES OF CONCENTRATION RATIOS FOR Systems HAVING 
NONLINEAR EQUILIBRIUM RELATIONSHIPS 


forao = 100 anda = 4% 


b? 1/l-a 


X 29 C/Co X 2° C/Co 2° C/Co 
z=1 z=3 
1 0.71036 1 0.20214 1 0.00117 
11 0.79039 11 0.38638 11 0.05975 
31 0.85409 31 0.56013 21 0.17182 
61 0.89398 61 0.67657 41 0.34332 
101 0.91968 101 0.75359 101 0.57882 
301 0.96151 301 0.88095 301 0.79496 
501 0.97524 501 0.92307 501 0.86697 
821 0.98578 821 0.95544 821 0.92233 
z=7 z=11 
21 0.00365 41 0.00057 71 0.00037 
31 0.03598 51 0.00854 81 0.00421 
41 0.09736 61 0.03482 101 0.04252 
61 0.22279 81 0.12105 141 0.17521 
101 0.39524 121 0.27982 201 0.33414 
301 0.70290 301 0.60425 361 0.56462 
501 0.80654 501 0.74140 601 0.72384 
821 0.88621 821 0.84686 821 0.80407 
x= 15 x= 21 xz = 29 
161 0.00200 321 0.00125 621 0.01138 
181 0.01854 341 0.00905 641 0.02632 
201 0.05496 361 0.02792 661 0.04601 
301 0.26564 401 0.08565 681 0.06821 
441 0.45686 501 0.23354 701 0.09144 
641 0.61635 701 0.44291 761 0.16076 
821 0.70732 821 0.53073 821 0.22512 


See footnote page 375. 


This gives the following inequality: + — + «+: 


—(a,," — + — + K,-1(B.; — B.;') + KnB.;'] > 0 
+ C.[K,(6.," — ) Therefore 
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Fig. 3. Concentration-position-time relationships for the 


case a = 100 and a = 3: aw = Ee 
p 4nrD | | 
max = — by t-—- 
q x ky z, and 
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m m—1 
as; 


K,A,, + + K,A; 


where 


An-1 = ar 


and 


(avy < 
Tv 


as; 


as 


This requirement would be met, if 
> K; 
=1 


(Av)? == An m—1 


Qe, 


since 
An < An-1 < An-2 
If m is a relatively large number 
i=1 


and the following condition is obtained: 


< 
Qs; Qs; (35) 


For the case a = 4 and ao = 1,000 


6B, =a,' or a, = B, 


When one substitutes into Equation (35) 


3 1 3 
< 
Bu + Ra. 


-@) 
~ a  \2r/ 1,000 4,410 
The latter case is obviously more 
stringent. At the beginning it was thought 
that this requirement might be too 
restrictive. Trial calculations were made 
with Ad satisfying the first requirement, 
and the results were compared with 
those satisfying both requirements. It 
was found that these numerical values 


agreed for low values of z, however, as 
x increased, the resulting values of a 


(As)! < 
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Fig. 4. Effect of a» on concentration ratio. 


were found to oscillate, a situation similar 
to that reported by O’Brien (10). For 
this reason the subsequent calculations 
were restricted to values of Ad, satisfying 
Equation (35). 


DISCUSSION OF RESULTS 


Numerical calculations were carried 
out with a digital computer. The coding 
was based on Equations (32), (26), and 
(25), and computations were made 
according to the procedure already out- 
lined. Two cases have been worked for 
a = 3, one for a = 1,000 and the other 
for a = 100. The increments used for 
the case ay = 1,000 are Ad = 2-8 
and Az = 1, whereas for the second case, 
ao = 100, the increments are Ad = 279 
and Az = 1. All these increments satisfy 
the requirements of Equations (33) and 
(35). 

The extent of x, which was to be 
reached for ao = 1,000, was limited to 
x = 23, whereas for ay = 100, x = 29. 
This restriction was due to the limited 
storage space on the magnetic core and 
drum of the computer. It is possible to 
use the magnetic tape of the machine 
for additional storage space and thus 
make it possible to reach higher values 
of x. This however would reduce the 
speed of calculation appreciably. Even 
with the present setup the machine 
time used for each case was approxi- 
mately 3 hr. 

Numerical values of the concentration 
ratio C/Cy for each case are presented 
both in tabular and graphical form for 
selected values of x and @. These results 
appear in Tables 1 and 2 and Figures 2 
and 3 for a = 3 and the cases a» = 1,000 
and a) = 100. The accuracy of these 
computations is accurate to eight decimal 
places for the case of ao = 1,000 and 
nine decimal places for ao = 100. The 
effect of ao is presented in Figure 4, 
where the concentration ratio C/Co is 
plotted against the time modulus 

= (4rD)/b*[t — (¢/u)z] corresponding 
to the position modulus xz = ki(p/u)z. 
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Although the results of this study 
present solutions for the cases ao = 1,000 
and a = 100, when both the liquid 
film resistance and that of diffusion 
through the solid are significant, it is 
interesting to point out that ao = 0 
corresponds to the case when the liquid 
phase is governing and a» = © for the 
corresponding case when diffusion 
through the solid controls. 

The plots of Figures 2 and 3 can be 
used to predict the concentration history 
of a fluid subjected to ion exchange 
operations provided that the equilibrium 
relationship of the system satisfies the 
Freundlich-adsorption isotherm for the 
case a = 3. The effect of a and ap cannot 
be stated exactly from the present com- 
putational results. Therefore in the 
absence of further computations it is 
difficult to state quantitatively that the 
effect of the exponent a on the break- 
through curve should be generalized 
beyond a = 3. Further work for different 
values of a is necessary to clarify this 
point; this could be conducted by the 
use of the same basic equations developed 
in this investigation with slight coding 
modifications. When results for sufficient 
cases have been computed, it is very 
likely that these numerical values could 
be approximated with some of the known 
functions in terms of the three parameters 
and the exponent a. This method has 
been shown in the resent work of 
Helfferich and Plesset (5). 
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NOTATION 


a@ = exponent in the equilibrium rela- 
tionship [Equation (10)] 


b = radius of particle, em. 

C = concentration of solution, milli- 
equivalents/cc. 

Co = concentration of influent solution, 
milliequivalents/ce. 

C, = concentration of solution at sur- 
face of particle, milliequivalents/ 
ce. 

D = diffusion coefficient in resin phase, 
sq. em./sec. 

k, = mass transfer coefficient for liquid 


film, milliequivalents/(sec.)(g. of 
dry resin) (miliequivalents/ce.) 


q = average concentration in resin, 
milliequivalents/g. of dry resin 
q; = point concentration in resin, milli- 


equivalents/g. of dry resin 

Qmar = concentration in resin phase in 
equilibrium with influent solu- 
tion, milliequivalents/g. of dry 
resin 


A.1.Ch.E. Journal 


% = concentration on resin surface, 


miliequivalents/g. of dry resin 


t = time, sec. 

u = superficial velocity of solution, 
cm./sec. 

x = position parameter, k,(p/u)z 

z = bed height, cm. 


Greek Letters 


a = concentration parameter for liquid 
phase, 
| 
Co QmazD 
ao = initial concentration parameter 


for liquid phase, 


| 
QmaxD 


8 = concentration parameter for resin 
phase [Equation (14)] 

= time parameter, (4rD/b*) 
[t— (¢/u)z] 

= (p/u)z 

p = bulk density of resin, g. of dry 
resin/ce. 

tT =t— (¢/u)jz 

y = porosity of bed, external void 


volume/total volume, dimension- 
less 
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Theory of Solvent Extraction of Phosphoric 


and Hydrochloric Acids 


W. H. SEATON and C. J. GEANKOPLIS 


Mixtures of hydrochloric and phosphoric acids were extracted from aqueous solution 
by organic solvents in a study to advance the theories of solvent extraction. 

Four solvents, t-amyl alcohol, n-butanol, cyclohexanol, and 2-hydroxyethyl, n-hexyl 
ether, were found to give high distribution coefficients of 0.1 to 0.5 for both acids. In studies 
using the ether type of solvent an increase of the fH of the aqueous phase from 0 to 10 
reduced the distribution ratio of phosphoric acid by a factor of 1,100. 

The substitution of hydriodic acid for hydrochloric caused a 42% increase in the K of 
phosphoric acid, which could indicate the importance of internal pressure of the additive 
in extraction. Measurements of activity coefficients of the hydrochloric acid in aqueous 
solution showed only a 1% increase in its activity coefficient with addition of large amounts 
of phosphoric acid. This could not be sufficient to cause up to a 40% increase in the distri- 


bution coefficient of the hydrochloric acid with the addition of the phosphoric acid. 


In extraction of inorganic acids from 
aqueous solutions little has been pub- 
lished concerning the effects of such 
properties as pH, activity coefficient, 
and internal pressure on the distribution 
coefficients of acids between organic sol- 
vents and water. A few qualitative 
observations have been reported (9, 23) 
on the extraction of acids by control of 
pH. The effects of activity coefficients 
on the distribution coefficients of in- 
organic acids have been discussed by 
various investigators (4, 17, 18), but 
little actual data are available. Hilde- 
brand and others (8, 13) have shown the 
role of internal pressure in extraction. 

For the study of some of these factors 
in extraction a four-component system 
containing water, an organic solvent, 
and two solutes was used. Phosphoric 
acid was used as one solute, since very 
little is known about its extraction and 
its compounds are becoming increasingly 
important; hydrochloric acid was chosen 
as the second solute, to be used with 
phosphoric acid, because extraction of 
hydrochloric acid solutions has been 
extensively studied (2, 13, 14, 19, 22). 
Also, activity coefficients for hydro- 
chloric acid are available (6, 16, 18, 21) 
for finding its effect on extraction of 
phosphoric acid and for comparisons 
between this research and that of others. 

The choice of organic solvent was 
determined by an evaluation of different 
types of solvents. N-butanol, cyclohexa- 
nol, and 2-hydroxyethyl n-hexyl ether 


W. H. Seaton is with the Tennessee Eastman 
Company, Kingsport Tennessee. 
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(2-HEHE) were found to be the best 
solvents for extraction of both hydro- 
chloric and phosphoric acids. Quantita- 
tive equilibrium-extraction data were 
obtained on three complex systems 
containing water and hydrochloric and 
phosphoric acids, and each of the above 
three solvents. 

More detailed studies were made with 
2-HEHE as a solvent, and the effects of 
temperature, concentration, pH, solu- 
bility parameter, and the activity coef- 
ficient of hydrochloric acid as affected 
by phosphoric acid were studied. 


THEORY 
Distribution Coefficients and pH 


In solvent extraction one is usually 
interested in the fraction of total solute 
in the organic phase as compared with 
that in the aqueous phase, regardless of 
the mode of dissociation, association, or 
interaction of the solute with other 
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common to both phases. Hence the K 
will be affected by ionization, association, 
etc. The relationship between these 
factors can be derived for various cases. 

1. No association of the acid in the 
organic phase and ionization in the 
aqueous phase: 

For a monobasic acid HA, Golumbic 


(7) derived 
K = Ky,/(1 + B,/[H (2) 
If [H+], Bi, 
log K = log Kuy 
— log B, — pH 


Hence a plot of log K vs. pH should 
have a slope of — 1. Golumbie (7) showed 
that this held for extraction of phenols. 
If [H+], >> By, log K is constant and 
independent of pH. 

For a dibasic acid H2A 


(3) 


K = Ky.a/(1 + 
+ 


A plot of log K vs. pH should have a 
slope of —2 to 0 depending on the pH 
range. 
2. Association of the acid in the organic 
phase and ionization in the aqueous phase: 
For HA when one uses a derivation 
similar to Golumbie’s (7) 


n(HA)o ((HA),.)o (5) 


(4) 


K = Ki, + nK,[HA].”')/(1 + B,/|H"].) (6) 


molecules. This is defined as 
K = Cal (1) 


This distribution ratio may not be 


Hence K depends on the concentration 
of HA as well as on pH. If [H+]. K Bi 
and a very slight amount of association 
occurs, the slope of log K vs. pH is 
approximately —1. 


For H.A 


K = (1 + + + 


constant, since the distribution law (4) 
is applicable only to the molecular species 
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Irving and coworkers (10), Tribalat (23), 
and Glasstone (4) also derived equations 
for other special cases. 
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Fig. 1. Effect of temperature on distribution ratios. 


Solubility Parameters and Extraction 


Hildebrand (8) states that two liquids 
will be immiscible when their internal 
pressures are sufficiently different so 
that the molecules of one liquid may 
force out those of another. Using the 
thermodynamic equation of state and 
the fact that the energy of vaporization 
is equal to the internal pressure, he 
defines a solubility parameter, 

(42 Rr) (8) 


Hildebrand derives theoretically most of 
the thermodynamic properties of solu- 
tions using 6 values. 

Hence an organic solvent which is 
highly selective for the solute should 
have a value similar to that of the solute. 
Highly polar ionic compounds tend to 
have high 6 values; for water the 6 value 
is 23.4. Most paraffinic hydrocarbons 
have values of 6 to 9 and organic solvents 
values of 7 to 14. Irving and coworkers 
(10) report that the extraction of 
dithizone from water by organic solvents 
decreases in the order chloroform 


70 
(6 = 9.3), o-dichlorobenzene (9.9), 
chlorobenzene (9.5), benzene (9.2), 


toluene (8.9), carbon tetrachloride (8.6), 
cyclohexane (8.2), and hexane (7.3). 
Since dithizone should have a high 6 
value of approximately 9 to 10, solvents 
of high 6 values should favor the extrac- 
tion as shown above. 

The 6 values could be used to screen 
solvents in a preliminary way for extrac- 
tion of a given solute. However chemical 
interactions, such as hydrogen bonding, 
association, complex formation, etc., may 
appreciably affect the extraction, and so 
solubility parameters may not always 
be valid criteria of extraction. 


Activity Coefficients and Extraction 


Garwin and Hixson (4) found that 
certain inorganic additives enhanced, 
while others hindered, the extraction of 
aqueous cobalt-chloride solutions by 
organic solvents. They observed that the 
additive enhanced the extraction when 
its activity coefficient increased with 
concentration in a manner similar to 
the cobalt salt, and when its activity 
coefficient decreased, the additive had 
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no effect or hindered the extraction. 
Schlea (17) in the extraction of cobalt 
sulfate found contradicting effects of 
activity coefficients of the additives. 
However activity coefficients of the 
solute have not been measured when 
both the solute and additive are present 
in the solution in order to find the actual 
effect of the additive on the activity 
coefficient of the solute. 

The true distribution coefficient of a 
solute is a constant and is equal thermo- 
dynamically to its activity in the organic 
over its activity in the aqueous phase (4): 


K, = A, = VC = (Y¥0o/Yw)K 


Increasing the activity coefficient of the 
solute in the water phase with an additive 
should decrease its concentration and 
increase the distribution ratio. Glasstone 
(8) also shows that the ratio of the 
saturation solubilities of the pure solute 
in the two layers is approximately equal 
to K. Hence a compound which is 


wr slightly soluble in the organic phase will 
have a low K value. 
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Fig. 2. Effect of concentration on distribution ratios at 25.0°C. Fig. 4. Solubility of acid solutions in solvents at 25.0°C. 
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TABLE 1. DISTRIBUTION-RATIO DATA FOR VARIOUS SOLVENTS AT 25.00 + 0.05°C. 
(Each acid equilibrated separately) 


Solvent Acid 
t-Amyl alcohol HCl 
t-Amyl alcohol H3P0, 
n-Butanol HCl 
n-Butanol H3PO, 
Cyclohexanol HCl 
Cyclohexanol H3P0O,4 
2-Hydroxyethyl, n-hexyl ether HCl 
2-Hydroxyethyl, n-hexyl ether H3PO, 
Octylene glycol HCl 
Octylene glycol H3PO,4 
Cyclopentanone HCl 
Cyclopentanone H3PO,4 
iso-Amyl alcohol HCl 
iso-Amyl alcohol H3PO,4 
n-Amyl alcohol HCl 
n-Amyl alcohol H3PO, 
2-Hydroxyethyl, phenyl ether HCl 
2-Hydroxyethyl, phenyl ether H3PO,4 
m-Hexyl alcohol HCl 
n-Hexyl alcohol H3PO,4 
Benzyl alcohol HCl 
Benzyl alcohol H3P0O,4 
Tri-n-butyl phosphate HCl 
Tri-n-butyl phosphate H3P0O,4 
n-Octanol HCl 
2-Ethyl- 1-butanol HCl 
2-Ethyl- 1-butanol H3PO,4 
o-Chlorophenol HCl 
o-Chlorophenol H3PO, 
Isophorone HCl 
n-Butyl ether HCl 
n-Butyl ether H3P0O,4 
Tri-perfluorobutyl amine HCl 
Tri-perfluorobutyl amine H3P0O,4 
Acetophenone HCl 
Acetophenone H3PO, 
Ethylene glycol dibutyl ether HCl 
Ethylene glycol dibutyl ether HgPO,4 
Thiophene HCl 
Thiophene H3P0O,4 
Methyl isobutyl ketone Cl 
Methyl isobutyl ketone H3P0O,4 
Chloroform HCl 
Chloroform H3PO,4 
4-Heptanone HCl 
Carbon tetrachloride HCl 
Carbon tetrachloride 
nm-Hexyl ether HCl 
n-Hexyl ether H3P0O,4 
1-Pentanethiol HCl 
1-Pentanethiol 


EXPERIMENTAL METHODS 

When hydrochloric acid was alone in 
the aqueous solution, it was analyzed 
by titration with 0.1 to 0.5 N sodium 
hydroxide solutions. When in the organic 
phase, distilled water was added and 
the two-phase layer was titrated with 
sodium hydroxide solutions. Phosphoric 
acid alone in the aqueous solution was 
titrated by means of glass and calomel 
electrodes to a pH of 9.2 according to 
the method of Dijksman (3). Thymol 
blue was used in some cases. Both 
methods gave results to +0.5%. Analysis 
of the organic phase was carried out as 
above after the addition of distilled 
water. 
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Solu- 
Distri- bility 
Concentrations, bution param- 
mole/liter ratio eter 
Cy K 6 
0.4971 1.178 0.4218 
0.1127 0.6837 0.1648 
0.4201 1.241 0.3386 11.3 
0.1036 0.7085 0.1462 
0.3037 1.3832 0.2280 
0.0663 0.7307 0.0908 
0.3152 1.45 0.2173 9.6 
0.0987 0.7624 0.1294 
0.2661 1.327 0.2007 
0.0510 0.7564 0.0674 
0.1217 0.8705 0.1398 10.2 
0.1110 0.4680 0.2371 
0.1811 1.396 0.1297 
0.0351 0.7450 0.0471 
0.1752 1.422 0.1230 10.7 
0.0355 0.7438 0.0478 
0.1252 1.512 0.0828 
0.0330 0.7532 0.0437 
0.1119 1.473 0.0760 10.4 
0.0237 0.7589 0.0312 
0.0947 1.479 0.0640 11.7 
0.0200 0.7581 0.0264 
0.0893 1.525 0.0586 
0.0816 0.710 0.1149 
0.0417 10.0 
0.0573 1.487 0.0385 
0.0112 0.7513 0.0149 
0.0227 1.669 0.0136 
0.0042 0.8522 0.0050 
0.0103 1.530 0.0067 9.2 
0.0010 1.498 0.0007 7.6 
0.00002 0.7385 0.00003 
0.0009 1.503 0.0006 
0.0000 0.7411 0.0000 
0.0005 1.517 0.0003 10.2 
0.0004 0.751 0.0005 
0.0004 1.512 0.003 
0.0000 0.7430 0.000 
0.0003 1.499 0.0002 9.6 
0.0000 0.7370 0.0000 
0.0002 1.548 0.0001 8.4 
0.0002 0.7402 0.0003 
0.00008 1.487 0.00005 9.3 
0.00005 0.7344 0.00007 
0.00005 1.509 0.00003 8.3 
0.00002 1.509 0.00001 8.6 
0.00005 0.7449 0.00007 
0.000 1.506 0.0000 7.5 
0.0025 0.7386 0.0034 
0.0000 1.506 0.0000 
0.0003 0.7433 0.0004 


Several methods of analyzing mixtures 
containing both hydrochloric and phos- 
phorie acids in solution were tried and 
discarded; two methods were employed. 
When the ratio of moles of hydrochloric 
acid to moles of phosphoric acid was in 
the range of 1/5 to 20/1, the sample was 
titrated to a phenolphthalein end point 
which gave total moles of sodium chloride 
and sodium phosphate, dibasic (20). Then 
the total chlorides were determined by 
the addition of excess silver nitrate 
solution and back titration by the 
Volhard procedure (11). The maximum 
deviation when knowns were used was 
— 1.3% for hydrochloric acid and — 2.1% 
for phosphoric acid; the average devia- 
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Fig. 7. Effect of hydrochloric acid concen- 
tration on distribution ratio of hydrochloric 
acid in phosphoric acid solutions at 25.0°C. 
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TABLE 2. INFLUENCE OF H;PQ, on Activity CoEFFICIENT oF HCl at 25.0°C. in AQuEous SoLuUTION 


Nominal original concentrations 


Equilibrium compositions 


HCI side H;PO, side HCI side HCI-H;PO, side 
H;PO, 

HCl, HCl, H;PO;, HCl concentration, HCl concentration, . concentration, 
wt % wt % wt % moles/liter moles/liter moles/liter 

2 2 5 0.698 0.6831 0.5276 

5 5 1 1.397 1.400 0.1073 

5 5 5 1.459 1.398 0.5130 

5 5 10 1.478 1.365 1.108 


*From data of Robinson and Stokes. 


tion was +0.6% for hydrochloric acid 
and +1.0% for phosophoric acid. For 
extreme ranges of moles hydrochloric 
acid to phosphoric acid of 1.4/100 to 
41/1, or in basic solution, a method 
depending on silver precipitation of 
hydrochloric acid and phosphoric acid 
was developed and used (20). Similar 
accuracies were also obtained. 

The equilibrium extractions were per- 
formed in glass-stoppered Erlenmeyer 
flasks sealed on the outside by rubber 
stalls. Fifty- to one hundred-milliliter 
samples of aqueous phase and organic 
solvent were added to the flasks, which 
were totally immersed in the bath at 
25.00 + 0.05°C. and agitated by mag- 
netic stirrers. After equilibration and 
settling, samples were pipetted for 
chemical analysis and density deter- 
minations. 

Solubility determinations of the sol- 
vent in the aqueous phase or the aqueous 
phase in the solvent were made by the 
titration of one phase with another 
until a permanent turbidity appeared. 

Activity measurements were made by 
an isopiestic method similar to that used 
by others (15). An aqueous solution of 
hydrochloric acid was placed in one leg 
of a glass container and hydrochloric 
acid—phosphoric acid solution in another 
leg. The only contact between the two 
legs of the container was through the 
vapor space. Three identical samples 
were placed in a constant-temperature 
bath. The first sample was analyzed 
after 10 days and the second 6 days 
later. These samples always checked; 
hence equilibrium was reached in 10 
days. Only the hydrochloric acid and 
the water were able to migrate in the 
vapor space. Analyses showed that no 
phosphoric acid ever reached the hydro- 
chloric acid side. Details are given else- 
where (20). 

The main solvent was 2-HEHE, known 
as n-hexyl Cellosolve. The solvent was 
redistilled, and the portion boiling at 
95.5°C. at 11 mm. was retained with 
only 2% boiling below 95.5°C. and 2% 
over 95.5°C. The hydrochloric acid and 
phosphoric acid used were reagent grade. 
Other solvents were research grade or 
the purest obtainable. 


DISCUSSION OF SOLVENT SEARCH 


The experimental data using various 
solvents (Table 1) show that, as found 
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Fig. 8. Effect of hydrochloric acid concen- 
tration on distribution ratio of phosphoric 
acid in phosphoric acid solutions at 25.0°C. 
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Fig. 9. Effect of phosphoric acid concen- 
tration on distribution ratio of phosphoric 


acid in hydrochloric acid solutions at 
25.0°C. 
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Fig. 10. Effect of phosphoric acid concen- 

tration on distribution ratio of hydrochloric 

acid in hydrochloric acid solutions at 
25.0°C. 
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Molal activity*-coefficient of HCl 


Corresponding to HCl 


Actual, molality in HCI-H;PO, 
(m) solution, (yz) 
0.773 0.773 1.000 
0.884 0.885 0.999 
0.896 0.892 1.004 
0.899 0.891 1.009 


by Crittenden and Hixson (2), alcohols 
are the best solvents for extracting 
hydrochloric acid; however, ketones and 
ethers show some ability to extract it. 
Those solvents which are best for hydro- 
chloric acid are also best for phosphoric 
acid extraction. The Kyc: is greater than 
the Ky,po, for the same solvent. Cyclo- 
pentanone is an exception, but unfor- 
tunately this solvent is excessively 
soluble in the aqueous phase. The two 
solvents 2-hydroxyethyl n-hexyl ether 
and 2-hydroxyethyl phenyl ether were 
also studied, since each compound in- 
cludes functional groups of the alcohol 
and the ether. 

Generally in a given family or homol- 
ogous series of solvents the higher the 
solubility parameter, 6, the higher the 
extraction. The high distribution ratios 
for the 2-HEHE with respect to its 6 
value may be due to the oxonium type 
of complex. For all the alcohols the 
Kuci/Ku,ro, Was approximately con- 
stant at 2.55 + 0.2. 


Four solvents, f-amyl alcohol, n- 
butanol, cyclohexanol, and 2-HEHE, 
which gave the highest distribution 


ratios, were selected for further study 
at different temperatures. At 60°C. and 
in contact with acidic solutions t-amyl 
alcohol decomposed and was eliminated 
from further study. The temperature 
data are tabulated elsewhere (/) and 
are plotted in Figure 1. The hydrochloric 
and phosphoric acids were equilibrated 
together. In all cases the K_ values 
decreased somewhat with increasing tem- 
perature except for the Kyc; with 
cyclohexanol. The separation factor 
Kuyci/Ku,ro, changed greatly with tem- 
perature for n-butanol and cyclohexanol 
and, this fact could be used to separate 
hydrochloric from phosphoric acid. 

The effects of concentration of hydro- 
chloric or phosphoric acid on the distri- 
bution ratio were investigated, and the 
data, which are given elsewhere (1), 
are plotted in Figure 2. In all cases 
except one (phosphoric acid and cyclo- 
hexanol) the distribution ratio increased 
with increasing concentration. For phos- 
phoric acid alone the Ky,po, values seem 
to approach the same value for all three 
solvents at dilute concentrations. It is 
apparent from the mixed-acid curves 
that each acid increases the distribution 
ratio of the other acid by an average of 
approximately 50%. The highest K 
values were obtained with n-butanol. 
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Solubilities of the solvents in the 
aqueous acid phase (Figure 3) and of 
the aqueous acid phase in the solvents 
(Figure 4) were studied. All solvents 
became completely miscible in the 
aqueous phase (Figure 3) at approxi- 
mately 15 to 20 wt. % hydrochloric acid. 
The presence of phosphoric acid in the 
aqueous phase decreased all the solu- 
bilities slightly. The solvent 2-HEHE 
showed a small solubility of less than 
1%. The solubilities of the aqueous 
solutions in the solvents (Figure 4) are 
quite high and all over 12%. The solu- 
bilities of the solvents in the aqueous 
acids (Figure 3) are much less and well 
below 10% in most cases. This would 
increase the internal pressure of the 
organic layer and cause a greater dis- 
tribution coefficient of the acid (2). For 
the solvent 2-HEHE the increase of 
water solubility in the organic solvent 
phase due to the increase in acid con- 
centration can only partially explain the 
increase in the K value. The solvent 
n-butanol was not considered for further 
research because of its excessive misci- 
bility with aqueous solutions. Since 
cyleohexanol has a very high viscosity, 
it was decided to select 2-hydroxyethel 
n-hexyl ether as the solvent for further 
studies. 


EXTRACTION WITH 2-HYDROXYETHYL 
N-HEXYL ETHER 


Effect of pH 


Hydrochloric acid has a great effect 
on increasing the Ky,po,- This may be 
due to the hydrochloric acid lowering 
the internal pressure of the aqueous 
solution, the raising of the internal 
pressure of the organic by the solubility 
of water in the organic, or to the impor- 
tance of pH. It seems that pH should 
play an important part in the extraction 
of a partly ionized acid like phosphoric 
acid as shown in Equations (2) to (7). 
To obtain the pH plot in Figure 5, a 
1.003M phosphoric acid solution con- 
taining suitable amounts of sodium 
hydroxide or hydrochloric acid was 
equilibrated with 2-HEHE and the pH 
and concentrations determined. The data 
are tabulated elsewhere (1). 

The pH does have a large effect on the 
distribution of the phosphate, since in- 
creasing the pH from 0 to 10 causes the 
distribution coefficient of the phosphate 
to drop by a factor of 1,100. This could 
offer a means of removing the phosphate 
from the solvent in an extraction porcess. 
The plot also shows that the pH is 
important to the distribution of phos- 
phate even in the region where essen- 
tially all the phosphate is present as 
phosphoric acid. The acid ionization 
constants for phosphoric acid are B, = 
7.5 10-3, B, = 10-8, B; = 
48 X (12). 

The average slope of the log K vs. 
pH line in the region of 0 to 6 pH is 
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approximately —0.4. For a pH range of 
about 3 to 6 and no association of the 
acid in the organic phase, the slope 
should be —1 to —2 as given by Equa- 
tions (8) and (4). This may indicate 
association of phosphoric acid in the 
organic phase. Others (10) also indicate 
appreciable association for hydrochloric 
acid in similar solvents. 

Data obtained by varying the phos- 
phoric acid concentration while keeping 
the pH constant with addition of sodium 
hydroxide are plotted in Figure 6 and 
tabulated elsewhere (1). As the phos- 
phate concentration increases at constant 
pH, the distribution ratio decreases. 
Equations (6) and (7) show that at 
constant pH the distribution coefficient 
should vary with concentration only if 
association occurs. 


Effect of Concentration and 
Internaal Pressure 

Additional data on the four-component 
system water, hydrochloric acid, phos- 
phoric acid, 2-hydroxyethel n-hexy] ether, 
which were obtained, are tabulated 
elsewhere (1) and are plotted in Figures 
7 to 10. These show that the Kyc; as 
well as the Ky,po, are increased by the 
increase in concentration of hydrochloric 
acid in the aqueous phase or by the 
increase of phosphoric acid in this phase. 
This helps support the theory that since 
the hydrochloric acid lowers the internal 
pressure of water, it diminishes the 
advantage of water for the solutes. 
Hence the organic solvent is able to 
share in a greater amount of the solute. 

Reburn and Shearer (13) reported that 
hydriodie acid has a greater ability 
to lower the internal pressure of water 
than has hydrochloric acid. Hence a 
higher Ky,po, would be obtained for 
phosphoric acid if it were extracted in 
the presence of hydriodic instead of 
hydrochloric acid. This experiment was 
performed, and the data point plotted 
in Figure 8 shows that substitution of 
hydriodie acid for hydrochloric acid 
resulted in a 42% imcrease in the Ky,po,- 
However since the activity coefficient of 
hydriodic acid in pure water is about 
22% higher than that of hydrochloric 
acid at the same concentrations (16), 
this could be a contributing factor. 


Effect of Activity Coefficients 


The data on the effect of the presence 
of phosphoric acid on the activity coeffi- 
cient of hydrochloric acid in aqueous solu- 
tion are given in Table 2. The data 
show that the presence of approximately 
1 to 10% phosphoric acid in aqueous 
solutions containing 2 to 5% hydro- 
chloric acid raises the activity coefficient 
of the hydrochloric acid a maximum of 
only 0.9%. However in an aqueous solu- 
tion of 2.8% hydrochloric acid (Figure 3) 
the presence of 1% phosphoric acid 
raises the Kyc,; about 4%, and the 
presence of 10% phosphoric acid raises 
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the Kaci by 40%. Also in an aqueous 
solution of hydrochloric acid containing 
from 2 to 5% hydrochloric acid (Figure 
7) the presence of about 4% phosphorie 
acid raised the Kyc, by an average of 
13%. 

Equation (9) shows that the K value 
is directly proportional to the activity 
coefficient. It appears inconceivable that 
a 0.9% increase in activity coefficient of 
the hydrochloric acid can increase the 
distribution coefficient by up to 40%. 
Hence the changes in internal pressure 
of the water or other factors are causing 
the increase in distribution coefficient. 
This small raising of the activity coef- 
ficient of hydrochloric acid by the addition 
of phosphoric acid is in contrast to the 
increase of 43% in the activity coef- 
ficient of hydrochloric acid having a 
concentration of 10% in aqueous solu- 
tions, when 10% sulfuric acid is added 
as reported by others (18). The data of 
Garwin and Hixson (4) and Schlea (17) 
do not answer this question of the effect 
of activity coefficient on K, since the 
activity coefficients of the solute were not 
measured when both solute and additive 
are present. In their discussions these 
investigators used the activity coeffi- 
cients of the additives when the additives 
were alone in the aqueous solutions. 
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NOTATION 

a = molal activity of hydro- 
chloric acid 

ao = activity of solute in organic 
phase 

Ay = activity of solute in aqueous 
phase 

B = Bronsted dissociation con- 
tant 

Co = equilibrium concentration of 
total solute in organic 
phase, g. mole/liter 

Ca = equilibrium concentration of 
total solute in aqueous 
phase, g. mole/liter 

AH = latent heat of vaporization 


at 25°C., cal./g. mole 


2-HEHE = 2-hydroxyethyl n-hexyl 
ether 

[HA]o = concentration in organic 
phase of molecular HA 

K = C,/C, = distribution ratio 
of total solute 

K = distribution ratio of molec- 
ular solute 

Kz = association constant of 
molecular HA or H:A 

K'ga = constant, distribution ratio 


of unionized, molecular HA 
in both phases 

K, = ao/a, = true thermodynamic dis- 
tribution ratio 
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n = number of molecules associa- 
ting 

R = gas constant 

{i = temperature, °K. 

V = molar volume of the liquid, 
ml./g. mole 

6 = solubility parameter 

=" 
V 

Y = molal activity coefficient of 
hydrochloric acid 

Yv = activity coefficient of solute 


in water phase 
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Continuous Stirred Tank Reactors: 


Designs for Maximum Conversions of Raw Material 


to Desired Product. Homogeneous Reactions 


P. J. TRAMBOUZE and EDGAR L. PIRET 


It is shown in a series of illustrative examples how the conversion efficiency of many 
reactions can be markedly affected by the type of reactor used, even though the tem- 
peratures, catalyst. and basic kinetics are already fixed by the chemistry of the process. 

For such purpose graphical and analytic criteria are developed which permit the selection 
of a continuous stirred tank or tubular reactor system to obtain the most advantageous 
conversion of raw material to desired product. When a continuous stirred tank reactor 
process is preferable, the optimum number of reactor stages for maximum conversion 
is one. An example is given of a case where a combination of a continuous stirred tank 
and a tubular reactor is advantageous. 

A new graphical method of reactor design for simple or complex reactions is also in- 
troduced. This method utilizes continuous stirred tank reactor data directly rather than 
batch data or kinetics analyses. 

Reactions are classified according to the kinetic and stoichiometric characteristics 
which determine the allowable design procedures and the differences in the composition 
paths occurring in batch, tubular, or continuous stirred tank reactors. 

The mathematical analysis of continuous stirred tank reactor systems for complex 
reactions leads to a set of difference equations. For cases of zero- or first-order reactions 
these are readily solved as illustrated in examples, even when several independent com- 
ponents influence the reaction kinetics. 


University of Mi ta, 


Even when identical feed compositions 
are used, the concentrations of the chemi- 
cal components flowing from any one 
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reactor of a continuous stirred tank re- 
actor system may or may not be the 
same as the concentration obtainable 
from a batch process or from a tubular 
reactor design. Consequently in many 
cases the engineer can markedly improve 
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AA; 1H ry 


the conversion efficiency of an important 
reaction by selecting the proper type and 
arrangement of reactor system. The 
possibility of effecting a gain, however, 
depends upon the characteristics of the 
reaction. 

From the stoichiometric viewpoint 4 
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Tas atts of continuous stirred tank reactor sys- ances lead to the three equations shown 
elkirk, 2a-bC tems for homogeneous reactions will first in the example. In this case insertion of 
be briefly summarized and also extended. arbitrary values of a, into the first equa- 
nel air, a) ? tion conveniently allows the plotting of 
34), the a, Vs. curve; then since the 
Trans, b, ,b, ~ 4, ($2) ‘ ; ; effluent of a reactor is the feed to the 
i ; Graphical and algebraic design meth- next reactor in the chain, the step-by- 
On (FF) ods are applicable. In a simple graphical step procedure illustrated provides the 
Breit procedure which r equires only the availa- concentration of a in each reactor of the 
| ; bility of batch data giving the concen- chain. Substitution of feed concentrations 
LM. trations of the components of interest as}, _1, ¢,_1 and of the concentration a, into 
912). ») a function of time, the rates of reaction the second and third equations allows 
tation, On 8+ hg are obtained by graphical or numerical the calculation of the concentrations of 
Ohio Da-i* Dy —k, 60, differentiation of these data. The rates bn) Cr in the n* reactor, and so on down 
er are then plotted as shown in Figure la the chain. In this case equal-volume re- 
Chem. gta (7). The example is for the kinetically actors have been assumed. This graphical 
; simple but stoichiometrically complex technique (or a trial-and-error algebraic 
- Soe, reaction solution) is applicable even when, as 
is), 8 Fig. 1. Design procedures for kinetically A “5B illustrated above, the difference equa- 
simple reactions. { net ; tions are nonlinear. Analytical solutions 
2A —>C for linear systems will be illustrated later. 
Frans reaction is called simple if the evolution When one assumes constant volumetric 
of the system can be represented by a flow rate and adequate mixing, the KINETICALLY COMPLEX REACTIONS 
single stoichiometric equation (1). In mae et ee ee The methods mentioned above are not 
other cases the reaction is stoichiometric. duations shown. The intersections of applicable to kinetically complex reac- 
the rate curves with the straight line ; 
ally complex. f slove 1/0. d Siem ‘tain tend tions, in which their use will lead to 
From the point of view of kinetics a © 
reaction system is called simple if its centratio Gute —— the rates of re- 
instantaneous rate depends on the con- action in the n% reactor. These rates Graphical Methods 
centration of only one component; it is with the known feed tay pape Batch data known. A graphical design 
lled complex in other cases. A stoichio- byt) Cnr and holding time 6,-1 allow by hod f i 
called ple cases ) the to od for complex reactions recently 
metrically simple reaction is always ki- developed is convenient and does not 
netically simple, but not vice versa. ere require knowledge of the reaction-veloci- 
It will be seen that the stoichiometric ue a ty constants but directl uses batch- 
classification of a reaction determines composition—vs.—time data (1). In this 
whether or not the conversion can be the calculation of the desired reactor method the batch-composition paths are 
affected by the choice of reactor type, effluent concentrations a,, b,, ¢,. The plotted on a concentration space repre- 
that is tubular or batch reactor vs. con- process can be repeated stage by stage for sentation (Figure 4a). If the product 
tinuous stirred tank reactor. On the other systems of reactors of equal or unequal given by a continuous stirred tank re- 
hand the kinetic classification determines volumes by simply drawing from each actor stage has the composition (P), 
whether or not certain convenient pro- subsequent feed composition shown on then, since the instantaneous conversion 
cedures may be used in the design of _ the axis the straight lines of slope 6,, 6,.1, rates are proportional to the direction 
PIRET continuous stirred tank reactor processes 0,2, ete. cosines of the tangents to the batch 
(Table 1). If the reaction rate constants are curves, the possible compositions of the 
innesota For a clear delineation of the areas of known, however, algebraic procedures or feeds to this stage at this point will be 
application of the several methods, pre- the graphical technique illustrated in Fig- on a line going through the product-com- 
viously published theory on the design ure 1b can be used (6). Again material bal- position point and drawn tangent to the 
batch- composition path. 
The method is applicable when only 
TaBie | two and at most three independent com- 
Typical stoichiometric ponents affect the rate of formation of 
Classification Definition and kinetic equations Consequences the products of interest and is especially 
, suitable when recycles or side streams are 
A+B -C Tubular and continu- 
Simple Single —da/dt = —db/dt = de/dt ous stirred tank reactor used. If the holding mes in each stage 
reaction = kab composition paths* are Te to be equal, a trial-and-error pro- 
Stoichi- identical. cedure is required. 
ometry . ACB. € Tubular and continu- Continuous stirred tank reactor data 
Complex Several A+C—-D ous stirred tank reactor known. It is of interest for design pur- 
reactions —da/dt = kab + kyac composition paths are poses to carry out kinetic investigations 
—db/di= kab different in the laboratory by the use of a con- 
( Rate depend- A>B+C Continuous stirred tank tinuous stirred tank reactor rather than 
Simple ingononlyone 2A >D reactor design methods batch methods. In this case the effluent 
component —da/dt = ka + kya. of Figure 1 are ap- compositions from a single stage con- 
plicable. tinuous stirred tank reactor using various 
portant Kinetics } Rate depend- A+B—-C Continuous stirred tank feed compositions Ff, F, --- ete., and 
pe and Complex ing on more A-—D reactor design methods different holding times are conveniently 
The than one —da/dt = kab + ka of Figure 1 are not ap- plotted as shown in Figure 2a or on 
wevel, component plicable. rectangular coordinates. On such a chart 
of the } a straight line which joins a feed-com- 
‘ *By the composition path of a reaction is meant the evolution of the concentrations of the components of position point and any one of its con- 
yoint a — or a tubular reactor in plug flow or with respect to tinuous stirred tank reactor product 
, 1959 Vol. 5, No. 3 A.L.Ch.E. Journal Page 385 


composition points is tangent at its 
intersection with the curve to a batch 
composition path (dotted curve on 
Figure 2b). 

The performance of a continuous 
stirred tank reactor chain can be readily 
predicted from the triangular plot as 
follows. The feed to the first stage is 
assumed to be F; and its product Pi 
(Figure 2c). A straight line drawn through 
P, and for example F, will intersect at 
P, the continuous stirred tank reactor 
composition path beginning at F2. P» will 
then be the product of a second stage, 
of which the feed is P;. The straight line 
F.P;P2, it will be noted, is tangent at P,» 
to some batch-composition path (dotted 
curve). Hence as seen before, the feed 
composition of the continuous stirred 
tank reactor stage giving the product P, 
can be any point on this tangent line, 
and thus P; may be this feed. The con- 
struction can be continued in the same 
way for other stages. The holding time 
in each stage can be conveniently found 
by the addition of a time grid, as illus- 
trated by the 0,’, 6,’ curves shown in 
Figure 2c. The holding time of the first 
stage is directly given by the time grid 
for the single-stage operations, that is 
6,’ — 6,. The holding time of the second 
stage is obtained as follows. 


From the chart: 
6,’: holding time of a single stage 
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COMPOSITIONS — 
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COMPOSITION PATH 
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Fig. 3. Results of analytical solution for continuous stirred 
tank reactor design (illustration 1). 


giving the product P, from 
the feed F; 

a: concentration of component A 
in the product P; 

a2: concentration of component A 
in the product 

a;°: concentration of component A 
in the single stage feed F2. 


From the relation (da/dt)p,0,! = 
a2 — a» the rate of reaction (da/dt) at 
P; can be calculated. Then the holding 
time of the second stage is obtained from 


BATCH 
COMPOSITION 
PATH 


CSTR 
COMPOSITION 
PATHS 


ip 


Fig. 2. Design procedure for complex reactions, single-stage, continuous 
stirred tank reactor composition paths used. 
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a, 


dt Ps 


The use of several reactors in series 
affords a means of determining whether 
components other than A, B, C affect 
the kinetics and need be considered. 
Generally interpolation will be required 
for the synthesis of single-stage curves 
when data obtained from a multistage 
laboratory unit are used. 


= 


Analytical Method 


The reaction rate constants must be 
known. 

The algebraic procedures of reference 
(6) can be used, and the design equa- 
tions for a variety of complex as well as 
simple reactions have been tabulated. 
The algebraic procedures, which for com- 
plex reactions are always step by step 
and frequently require trial-and-error 
solutions become more tedious as the 
number of stages increases. In such cases 
the analytical methods which follow are 
advantageous. 

The design of a tubular reactor for 
complex reactions leads to a set of first- 
order differential equations. Similarly, 
the continuous stirred tank reactor sys- 
tems design for such reactions requires. 
the solution of a set of first-order differ- 
ence equations. If all the reactions in- 
volved are chemically of zero or first 
order (for example da/dt = k or da/dt = 
kia + kb), the problem can easily be 
solved analytically, since the difference 
equations in the set are then linear and 
have constant coefficients if the holding 
times are the same in each stage. The 
mathematical treatment of such equa- 
tions is well known (10, 11). 


Illustration 1 
D 


ka 


A+B 
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This case will illustrate that the optimum C 
number of stages required to obtain the 
maximum concentration of desired product 
(for fixed operating conditions, for example, 
given feed composition and fixed nominal 
holding time) can be immediately calcu- 
lated from the analytical relations. In 
this illustration the reactions are assumed 
to be of order one. 

If the holding time, in each stage is the 
same, and k@ = a; k,@ = 8; = vy, then 
the material balances are 


a,-1 = a,(1 + a) (1a) 
b,(1 B 7) — (16) 


(a) MULTISTAGE CSTR 
PRODUCT COMPOSITION 
POINTS (2@=20) 


= d,, vb, (1d) 
A+B 
The solutions are, if 8 + y # a, A-=-C titi 


(b) SINGLE CSTR 
PRODUCT COMPOSITION POINTS 


(2a) 


~. 
PRODUCT 
A 
b, = Gip." + (2b) 
Fig. 5. Comparison of tubular and continuous stirred tank performances. The reaction 
n A — Cis second order. 
series: 
ether ag (2c) 
iffect 2 n 
ered. + 1 — 1/p, px + Gs G, = —G, = A — 
uired l+ea 3¢ 
/ (2d) Gs 1/ pe 1 + a Ao 
1 — 1/p. 1 — I/p, a l+a 
be where (3d) 
If, however, 8 + y = a, then p: = pp = ¥ 
1 1 1/(1 + a) = p, and the solutions, again + =@% 
rence = for be = co = do = 0, are a 
qua= : The value of n to obtain a maximum 
all as If the feed is pure A at concentration a» a, = op (3a) concentration of B for a fixed-stage hold- 
ated. in an inert solvent so that bo = co = do = 0, ing time can be found by differentiating 
com- the constants Gi, G2, G;, and G, are de- a _ aA _ no" (2b) with respect to n, so that if 8 + y ¥ a, 
step termined by l a at the maximum 
error 
(p:/p.)" = (4) 
cases log 
cowposiTon Similarly, if + 7 = 
r for 1 ) 
first- n= 5 
iui, csTR log. (1 + a) ( 
r SyS- As a numerical example, k = 0.1, ki = 
uires. A J 8 8 0.02, ks = 0.02, and ap = 1. Two equal- 
‘iffer- A-—8 volume reactors in series are to be used, 
s in- - vate and a value of the holding time is desired 
first which will give the maximum concentration 
of B in the product. Since k ky + ka, 
BATCH ANDO relation (4) may be and solving for 
eee -CSTR COMPOSITION n = 2 (@ being the variable) one obtains 
a sai the value @ = 10. Then p: = 0.71, p2 = 0.5 
and and G, = 0.166, G: = —0.166. 
Iding. When one substitutes into Equations (2), 
The the concentrations of A and B in a four- 
qua- a ry stage continuous stirred tank reactor chain 
A——B+Cc DESIRED are 
PRODUCT 
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Fig. 4. Reactor-systems selection for optimum conversion 

based on batch-composition paths: (a) tubular reactor 

preferable, (b) continuous stirred tank reactor preferable, 
(c) either system. 


Vol. 5, No. 3 A.1.Ch.E. Journal 


bo 0 Ao 1 
b, = 0.35 a, = 0.5 
b, = 0.41 a, = 0.25 
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bs = 0.39 az; = 0.12 
b, = 0.31 a, = 0.06 


The maximum tabulated concentration 
of B occurs, as required, at n = 2. These 
results are represented by Figure 3. 

This particular illustration will be of 
interest in a subsequent paper for a process 
wherein solvent streams are introduced. 


If among the reactions some are chemi- 
cally of second or higher order, then 
nonlinear difference equations will appear 
on the set of material balances. When in 
the nonlinear difference equations only 
one variable is present, each of these 
can be easily solved graphically by the 
procedure indicated in Figure 1b. Then 
the remaining set of linear difference 
equations is solved analytically. 


Illustration 2 
A>B2C 


ke 
A D 
In this example re rate of formation of 
D is expressed by dd/dt = kya*. 
a,-, = a,(1 + + k;6a,) (6a) 
b,-1 = b,(1 + k,@) 
— k,6c, — kéa,, 
Cr-1 = €,(1 + — k, 0b, (6c) 
d,-. = d, — k30a," (6d) 


Equation (6a) is nonlinear, but since 
only one variable appears, it can be solved 
graphically for a,. Then d, is determined 
directly from (6d). 

Letting a = = y = 6 = 
k30, one obtains from (6b) and (6c) 


(1 + B + (2 + V)Cn—1 
+ = apa, 


The solution of the homogeneous equa- 
tion is readily obtained as before: 


Cn = G, + G.p" 


(6b) 


(7) 


where 
1 


The general solution of (7) can be written 
directly as 


Ch G, + Ay nAy (8) 
p=0 


By substituting (8) into (6) one finds the 
following relations between the a, »: 


Kay + = 0 
for O<p<n 
where K = 2+6+vyandH =1+6+y 
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TABLE 2. Propuct CoMPOSITIONS AND CONVERSIONS FOR SEVERAL CONTINUOUS 
StrrRED TANK REACTOR SYSTEMS AND FOR A TUBULAR REACTOR 


A-B 
A-C 


The rate equations are db/dt = ka and dc/dt = ka.. 
a. Multistage Continuous Stirred Tank Reactor—Total holding time constant, 50 = 20 


Product composition Conversion Over-all 
a b c per pass conversion 
N= 1 0.28 0.56 0.16 0.56 0.77 — 
2 0.19 0.60 0.21 0.60 0.74 — P, 
4 0.15 0.625 0.225 0.625 0.73 
5 0.13 0.63 0.24 0.63 0.72 
co * 0.070 0.62 0.31 0.62 0.66 


*or tubular reactor in plug flow or batch process 


b. Single Continuous Stirred Tank Reactor with variable holding time (NV = 1) 


6 = 10 0.41 0.41 
20 0.28 0.56 

30 0.21 0.64 

40 0.175 0.70 

50 0.15 0.74 

60 0.13 0.78 

100 0.085 0.85 

ro) 0 1.00 


c. Tubular reactor or batch process 


t = 10 0.23 0.48 
20 0.070 0.62 
30 0.020 0.670 
0.00 0.69 
H’ 


anon = K[K? — 2H] ete. 
By the substitution of (8) into (6c) 
Bb,, = VG, BG 2p" 

+ + 


p=0 


(9) 


COMPARISON OF THE CONVERSION 
EFFICIENCY OF TUBULAR REACTORS AND 
CONTINUOUS STIRRED TANK REACTOR 
SYSTEMS 


A reaction is considered in which oper- 
ating temperature, catalyst concentra- 
tion, feed composition, and basic kinetics 
are fixed by the chemistry of the process 
and for which a suitable tubular or con- 
tinuous stirred tank reactor design is 
sought. Before the tubular and continu- 
ous stirred tank reactors for several 
cases are compared, however, it is desir- 
able to define a measure of the efficiency 
of the process. If, for example, compounds 
A and B are the starting materials of 
one or several reactions in a process 
giving various products, among which 
C and D are desired, an over-all stoichio- 
metric equation may be written: 


aA + BB->7C + 6D (10) 
+ waste product 
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0.18 0.41 0.70 
0.16 0.56 0.77 — P, 
0.15 0.64 0.81 
0.125 0.70 0.84 
0.11 0.74 0.87 
0.09 0.78 0.90 
0.065 0.85 0.93 
0.00 1.00 1.00 
0.29 0.48 0.62 
0.31 0.62 0.66 
0.31 0.67 0.685 
0.31 0.69 0.69 


The over-all stoichiometric coefficients 
and may or may not be constant and are 
generally dependent upon the conditions 
of operation. 

If the values of compounds A, B, C, 
and D are respectively V4, Vs, Vc, and 
Vp (dollars/mole for instance), an eco- 
nomic efficiency may be defined by 


F 
+ 
E= 


(11) 
We 


avs + Bos + (HC) 


Since for stoichiometrically simple re- 
actions the coefficients are constant, then 
for a given temperature the use of a 
tubular or a continuous stirred tank re- 
actor system will affect the value of £, 
only as the hourly charges differ. On the 
other hand if the reaction is stoichio- 
metrically complex, the coefficients, as 
explained before, can also be influenced 
by the choice of the type of reactor, and, 
as will be seen, this can markedly affect 
the value of E. 

For simplicity in the following it is 
considered that in the reaction aA = 
BB + waste, where B is the desired pro- 
duct, the hourly charges are small com- 
pared with the value of the starting 
material; then from (11) 


(12) 
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The conversion in such a case can be 
taken as the basis of comparison between 
various processes. 

If a stoichiometrically complex reaction 
is considered (for instance the cases a 
and 6 of Figure 4), it can be seen that 
since a straight line cannot be drawn from 
the same feed tangent to the batch or 
tubular path (/), a continuous stirred 
tank reactor system cannot give the same 
product as a tubular reactor operating 
in plug flow with the same feed. However 
the composition paths of stoichiometri- 
cally simple reactions, carried out in 
idealized tubular or a single stage con- 
tinuous stirred tank reactor, will be 
straight lines on such a diagram (Figure 
4c) and will coincide, so that either sys- 
tem can be used to obtain the same pro- 
ducts and conversion when the same feed 
composition is used. The continuous 
stirred tank reactor volume will be larger 
for the same hourly production. 

If B is the desired product in the case 
of Figure 4, the tubular reactor has an 
advantage over the continuous stirred 
tank reactor system in case a, but in 
case b the continuous stirred tank reactor 
system will give a better yield of B than 
the tubular reactor. MacMullin (9), Cor- 
rigan (2), and Denbigh (3, 4, 5) have 
given industrially important examples of 
such effects. 

A general rule can be used to deter- 
mine whether a tubular or continuous 
stirred tank reactor system will give the 
higher conversion efficiency for a par- 
ticular reaction. The continuous stirred 
tank reactor system will be better if the 
concavity of the batch-composition paths 
is turned toward the desired product- 
representation point, that is point B. On 
the other hand if the convexity is turned 
toward B, the tubular reactor will be 
preferable. 

The analytical and general expressions 
of these conditions are as follows: for any 
values of a, b, and c where 0°b/da? < 0, 
the tubular reactor is preferable (case a). 


A 875 
1 + TUBULAR 


A csTR 
2 (2 STAGES) 
“0075 
TUBULAR 


CSTR 
a 1 STAGE) 


“627 


For any values of a, 6, and ¢ where 
0°b/da? > 0, the continuous stirred tank 
reactor system is superior (case b). 

If, for any values of a, 6b, and e¢, 
0°b/da? = 0, the composition paths are 
straight lines and the two types of re- 
actors will give the same conversion, when 
the same feed composition is used (case c). 

If 0°b/da? is positive in a certain range 
of values of a, b, and ¢ and negative in 
another range, a combination of a tubular 
reactor and continuous stirred tank re- 
actor system may be envisaged, the point 
of change of design being preferably at 
0*b/da? = 0. 

In Figure 4b, it appears that the maxi- 
mum conversion of A to B for the same 
feed composition will be obtained when 
the continuous stirred tank reactor pro- 
duct-composition point is as distant as 
possible from the batch-composition path. 
This occurs when only one reactor stage 
is used. If more than one continuous 
stirred tank reactor stage is used, then 
for the same consumption of A less de- 
sired product B will be obtained. 

The above condition may be under- 
stood from another point of view; —0b/da 
is the instantaneous conversion f;, and 
as a simple case this is only dependent 
on a. If 0%b/da? > 0, f; is increasing 
when a decreases, and then 


1 N 
» f;-Aa; 


fostr 
Qo — On 


will be larger than 


1 t 


where 
a(t) = an 


Furthermore fesre will be maximum 
(for the same values of a» and ay) When 
N = 1, that is when the system uses 
only one reactor stage. 

In some instances of course the volume 
of the single reactor required to drive a 


C 
PRODUCT 


B+D 


Fig. 6. Combined continuous stirred tank reactor and tubular design 
for maximum conversion. 
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reaction to near completion may be so 
large that the economic balance, which 
includes hourly charges, Equation (11), 
wili indicate the use of reactor series 
even for cases where 0°b/da? > 0. The 
over-all economic optimum arrangement 
of number and sizes of reactors must be 
determined for each specific case. 

As the number of reactors to be used 
in series is increased, the continuous 
stirred tank reactor product composition 
approaches (but does not coincide with) 
that of the tubular reactor. In reactions 
where a tubular design produces the 
highest conversion, a continuous stirred 
tank reactor design may nevertheless be 
imposed by other considerations, for ex- 
ample if a high agitation level, inde- 
pendent of flow rates, is required to in- 
crease heat transfer rates or to maintain 
a suspension of heavy particles or liquid- 
or gas-phase droplets. In such cases the 
continuous stirred tank reactor system 
should be multistage to approach the 
optimum conversion as closely as needed. 

In the case of stoichiometrically simple 
reactions, for which idealized tubular 
reactors operating in plug flow and con- 
tinuous stirred tank reactors systems can 
give the same conversion, the choice of 
the type of reactor will depend only upon 
the hourly charges [Equations (1/)]. The 
tubular reactor has a higher volumetric 
efficiency, since it operates at higher 
mean concentration levels than a con- 
tinuous stirred tank reactors system 
(4, 8); however agitation requirements, 
stability, or other considerations also 
enter into the choice. 


Illustration 3 


This illustration shows the marked effect 
on conversion which can be arrived at by 
an engineering design of a reactor assembly. 

The envisaged reaction is 


(ordern) 
‘(order m) 


ky 


A 


the desired product being B. 


da 
dt and ka + ke 
ab ka” 
da ka" + kya” 
and 
kk,a™**'(m — n) 


If 
m > n, d°b/da’ > 
the continuous stirred tank reactor system 
will be superior. 
If 
m <n, < 0, 


the tubular reactor will be the more ef- 
ficient. 

As a numerical example, n = 1, m = 2, 
with k = k; = 0.1 and ao = 1; bo = Co = O. 
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Table 2 and Figure 5 compare the 
performances of a tubular reactor and 
of a continuous stirred tank reactor sys- 
tem (with the same feed of pure A and 
inert solvent) with various numbers of 
stages, holding times, and reactor ar- 
rangements. For each case the over-all 
conversion is calculated on the assump- 
tion of a complete recycle of component 
A present in the reaction product. It is 
apparent that for this case the continuous 
stirred tank reactor system is markedly 
superior in conversion efficiency over a 
tubular reactor and that furthermore for 
a given total holding time the single stage 
continuous stirred tank reactor gives the 
highest conversion. The limiting conver- 
sion for large holding times indeed ap- 
proaches 1.00 for a single continuous 


continuous stirred tank reactors stages, 
tubular reactor, or single stage continuous 
stirred tank reactor. The conversions which 
are obtained, when the same utilization of 
A is assumed, are f; = 0.49, fe = 0.45, 
fs = 0.42, and fs = 0.29. It is seen that 
the combination of a continuous stirred 
tank reactor stage and a tubular reactor 
gives the highest conversion to C and 
hence is the design having maximum con- 
version efficiency. 


The case of two compounds of value in 
the feed A and B and two desired prod- 
ucts C and D will now be briefly con- 
sidered. The efficiency of such a process 
is defined by Equation (11). By differ- 
entiating (11) with respect to a and 
considering the hourly costs to be small 
enough to be neglected, one has the 
relation 


/ 
aE (va + v + Up | (1 Ve + Up 
( 8 ) 
+ 
Qa 


stirred tank reactor system but is only 
0.69 for a tubular reactor. Thus it is 
seen in this example how by proper 
design of a reactor system a reaction can 
advantageously be forced in a desired 
direction. 


Illustration 4 


The following is a case of a_batch- 
composition path having a double curva- 
ture. Taking the reaction 


zero order 
first order 


ky 

D second order 

ke 
where C is the desired product and A the 
starting material, one has the relations 


in which appear the conversions of A to C, 
that is y/a, of A to D, that is 6/a and 
also B/a, the ratio of the moles of the 
components disappearing by reaction. 

Whenever £ increases when a de- 
creases, that is if OF /da < 0, the con- 
tinuous stirred tank reactor system will 
be superior. On the other hand if 
OE/da > O, a tubular reactor will be 
more efficient. 

More generally a chemical process 
(> v,Ai = > u;Pi + waste) the ef- 
ficiency of which has been defined(for 
example by E = >> will 
be considered. If in the range of con- 
centration of the components which are 
of interest from either a kinetic or cost 
viewpoint, the efficiency increases as the 
reaction advances, a continuous stirred 
tank reactor process (with only one 
stage) will be the more efficient design. 


as temperature, pressure, catalyst con- 
centration, etc. Numerical examples have 
been given here to illustrate some of the 
effects which can be achieved by the 
selection of the type and arrangement 
of reactors used. 
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NOTATION 

A, B, C, D = compounds A, B, C, D 

a,b,c,d = molar concentrations of 
compounds A, B, C, D 

Qo = molar concentration of A 
in feed to system 

E = economic efficiency 

F = volumetric rate of flow 

f = conversion (mole/mole) 

(H.C.) = hourly charges on entire 
production unit, including 
recirculation costs, amorti- 
zation, labor, burden rates, 
and costs of any separa- 
tion process in the system 

k = specific reaction velocity 
constant 

N = number of reactor stages 
operated in series 

t = time 

V = vessel volume occupied by 
reaction medium 

v = market value 

a, B, 7,6 = stoichiometric coefficients 
or constants 

6= V/F = nominal holding time 

Subscripts 

A, B, C, D = components A, B, C, D 

n = n‘ reactor stage 

0 = feed to the system (initial 
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Studies of the Cation Exchange System Fe”-H’ 


J. Equilibrium Studies 


Equilibrium data are presented for the exchange of Fet** and H* on a sulfonated poly- 
styrene exchanger. The data cover solution concentrations from 0.05 N to 2 N in total 
cation for solutions having either nitrate or perchlorate ion as the common anion. The 
nitrate system shows irregular behavior because of complex ion formation, but for com- 
position where such behavior is absent the equilibrium data can be correlated by equations 
based on the law of mass action. Equilibrium compositions for the perchlorate system can 
be correlated over the entire range studied by a single equation based on the law of mass 
action. Methods based on the law of mass action are presented for correlating or predicting 


equilibrium compositions for both systems. 


Equilibrium studies with cation ex- 
change materials are important for 
increasing the understanding of the 
fundamental nature of these exchange 
materials. Equilibrium investigations 
have yielded valuable information about 
the mechanism of ion exchange (2, 7, 16), 
the selectivity of the resin for various 
cations as a function of solution com- 
position (4, 8), and the properties of the 
ions in contact with the exchange 
material, such as hydrated radii (2, 7), 
activity coefficients (3, 4, 6, 13), and 
complex-ion formation (10, 19). Equili- 
brium data are also necessary for the 
study and interpretation of ion exchange 
rate data, and from a practical view- 
point equilibrium studies aid in under- 
standing and predicting the performance 
of industrial ion exchange units. Despite 
the importance of ion exchange equili- 
brium data, relatively few studies cover- 
ing a wide range of compositions and 
concentrations have been reported. Most 
of the available comprehensive studies 
deal with uniunivalent exchange (for 
example, 11, 14, 18), a few are available 
for diunivalent exchange (1, 5, 16), but 
none have previously been presented for 
monotrivalent exchange. Accordingly the 
equilibrium data for the cation exchange 
system Fe+++ — H+, which were obtained 
preliminary to a study of the kinetics 
of this system, are presented in this 
paper. 


EXPERIMENTAL PROCEDURE 


A previous ion exchange study (12) 
had indicated that ferric ions in nitric 
acid solutions are essentially noncomplex- 
ing over the concentrations ranges used 
in that study, and nitrate was initially 
selected for the common anion in the 
present study. Subsequent experimental 
work revealed large amounts of complex- 
ing with the nitrate ion, an undesirable 
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feature for rate studies, and so additional 
equilibrium studies were carried out with 
perchlorate as the common anion. The 
latter anion did not exhibit complexing 
with the iron. 


Analytical grade ferric nitrate, ferric 
perchlorate, nitric acid, and perchloric acid 
were used to prepare the necessary solu- 
tions. Nitrate solutions were aged at least 
6 hr. before use to prevent erratic results. 
The cation resin employed was Dowex-50, 
X-8, 20- to 50-mesh particle size, a cation 
exchange resin extensively used in industry. 
The cation resin was preconditioned by 
three preliminary saturation-regeneration 
cycles,.and the moisture content of the 
resin was obtained by drying samples at 
105°C. for 24 hr. The resin-exchange 
capacity was determined by passing a 
solution of barium chloride through a 
weighed amount of the resin in hydrogen 
form and titrating the effluent with stand- 
ardized sodium hydroxide solution. The 
barium was then eluted from the bed and 
measured gravimetrically. The capacity as 
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Fig. 1. Exchange isotherms for nitrate sys- 

tem, g/a, equivalent fraction iron on the 

resin, vs. C/Co, equivalent fraction iron in 

external solution. The area to the right of 

the dotted line represents systems exhibit- 

ing a high degree of coloration from col- 
loidal ferric chloride. 
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determined by these methods was 5.2 
meq./g. of dry hydrogen-form resin. 

The equilibrium data were obtained with 
small beds of exchange material through 
which equilibrating solutions were passed. 
Each bed consisted of approximately 1 g. 
of exchange material supported on a 
sintered-glass filter mounted in 12-mm. 
glass tubing. The ends of the glass tubing 
above the bed and below the filter were 
drawn to permit ready attachment to 
Tygon tubing. Another sintered-glass filter 
was mounted upstream of the bed section 
to serve as a filter for the equilibrating 
solution and to prevent loss of resin during 
preliminary steps of the runs. Tygon tubing 
was used to connect the bed to reservoirs 
containing the various solutions needed. 

For an equilibrium measurement 2 to 4 
liters of solution of accurately known 
composition was passed through the bed 
at 5 to 10 ml./min. These conditions were 
found by preliminary work to be over- 
generous for attainment of equilibrium. 
After passage of the equilibrating solution 
the glass tube containing the resin bed was 
detached from the system, and most of the 
excess solution remaining between the resin 
particles in the bed was removed by passing 
air through the bed. The remainder was 
removed by centrifuging for 5 min. at 
2,000 rev./min., these conditions also 
having been determined by exploratory 
study. The tube and resin were weighed, 
the vesin was washed with 100 ml. of 
distilled water to remove the solution from 
within the resin pores, and the wash water 
was analyzed for iron content. One liter 
of 3 to 4 N acid was then passed through 
the bed at a low flow rate and the effluent 
analyzed for iron content. After the wash- 
ing the bed was ready for reuse. All runs 
were at room temperature. 

In most runs the resin was initially in 
the hydrogen form; however in a few runs 
the resin was started in the iron form, and 
these gave results identical to those ob- 
tained by approaching equilibrium from 
the hydrogen side. In some runs with 
nitrate as the common anion hydrochloric 
acid rather than nitric acid was used as 
the regenerant solution, so that nitrate 
complexes present on the resin at equi- 
librium might be measured. 

Both iron and nitrate ion were deter- 
mined colorimetrically, with potassium 
thiocyanate and brucine used respectively. 

The data obtained with this procedure 
permitted computation of the amount of 
iron present on the resin and the amount 
of solution present in the pores of the resin, 
as well as an estimate of the amount of 
iron present in the pore solution. 
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Fig. 2. Nitrate system equilibrium data plotted according to Equation 
(3); symbols are the same as in Figure 1. 


EQUILIBRIUM RESULTS WITH NITRATE AS THE 
COMMON ANION 


The equilibrium data obtained when 
the nitrate ion was used as the common 
anion are shown in Figure 1.* In this 
figure q/a, the milliequivalents of iron 
per gram of resin (when one assumes all 
iron on the resin to be trivalent) divided 
by the total milliequivalent capacity per 
gram of resin, is plotted vs. C/Co, the 
equivalent fraction of iron in the equili- 
brating solution. Since only negligible 
amounts of iron were found in the pore 
solution (see discussion below), the 
ordinate represents both total iron con- 
tent and the chemically exchanged iron 
content of the resin. As is to be expected 
for trimonovalent exchange (2, 8), the 


*A complete tabulation of original data and com- 
puted results is given in the Ph.D. thesis of R. C. 
Vasishth, University of Washington, Seattle, Wash- 
ington. 
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Fig. 3. Prediction of exchange isotherms 
for the nitrate system. 
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results in Figure 1 show that the equili- 
brium on the resin is highly favorable 
for iron take-up. Most of the data fall 
on normally shaped ion exchange iso- 
therms, but at low solution concentra- 
tions and/or high iron-to-hydrogen ratios 
in the solution, the curves show abnormal 
behavior characteristized either by q/a 
larger than 1 or a sudden upturn in the 
equilibrium curve. (Points on _ these 
portions of the curves are shown in 
solid symbols.) The equilibrium curves 
for the 1.0 N and 2.0 N solutions were 
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Fig. 4. Exchange isotherms for perchlorate 
system. 


obtained only for the C/Co values shown, 
as at higher C/Cy’s plugging of the 
sintered-glass filter by colloidal ferric 
hydroxide was encountered. 

The exchange of trivalent iron in 
solution for hydrogen on an ion exchange 
resin may be represented by the equation 


+ 3HR=FeR; (1) 


By application of the law of mass action 
the equilibrium constant for this system 
may be defined by 

- _ _[Fek,]/H (2) 

][HR]° 

wherein the terms in brackets represent 
activities of the components. If the 
necessary data were available, these 
activities could be replaced in terms of 
concentrations and activity coefficients, 
but since activity coefficients are lacking 
for ferric salts in either ordinary solu- 
tions or in ion exchange resins, it is 
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Fig. 5. Perchlorate system equilibrium data plotted ac- 
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TABLE 1. RESULTS OF EQUILIBRIUM STUDIES FOR THE SysTEM Fe+t++ — H+ 
WITH PERCHLORATE AS THE COMMON ANION 


Calculated 
Run Co q/a 

number milliequivalents C/Co q/a K (K = 2.0) % Dev. 
1 0.4 0.2 0.83 2.65 0.815 +1.84 
2 0.2 0.755 0.765 —1.3 
3 1.0 0.1 0.545 1.57 0.576 —5.38 
4 1.0 0.4 0.798 2.02 0.795 +0.37 
5 1.0 0.8 0.943 2.01 0.941 +0.21 
6 2.0 0.4 0.72 2.6 0.70 +2.86 
7 2.0 0.05 0.273 1.815 0.276 —1.08 


necessary to approximate Equation (2) 
with Equation (3), wherein the activities 
are approximated by concentrations 


© 
where C) is the total solution normality 
and C is the iron normality in solution. 

The equilibrium data from the nor- 
mally-shaped portions of the curves in 
Figure 1 are replotted in Figure 2 in 
accordance with Equation (3). Data from 
Mar and David (12) are also included 
in this plot and agree well with the data 
of the present studies. From Equation (3), 
the data should determine a straight 
line on the log-log plot, with a slope of 
unity. The value of K determined from 
the intercept of this line is 6. However 
the data tend to cluster into two groups, 
one above and one below the single line; 
most of the points lying above represent 
dilute solutions and solutions containing 
large proportions of iron to hydrogen. If 
these points are considered separately, 
they indicate a value of K of 18.5, and 
the remaining points have a value of 
K of 2.5. Lines corresponding to these K 
values are shown on Figure 2. The higher 
value of K for the one group of points 
may simply reflect changes in activity 
coefficients, or it may result in part 
from complex formation, as discussed 
later. 

Predicted equilibrium-resin composi- 
tions determined by the use of the values 
of K listed above are compared in Figure 
3 with experimentally determined values. 
For solutions 0.1 to 0.4 N the equilibria 
are represented well by the K value of 
18.5. For more concentrated solutions the 
value of K = 2.5 provides good agree- 
ment. Thus most of the equilibrium data 
for the nitrate system may be adequately 
correlated by equations based on the 
law of mass action. 

The abnormally high iron take-up on 
the resin in equilibrium with very dilute 
solutions or solutions containing Jarge 
iron-to-hydrogen ratios presumably could 
result from either physical adsorption of 
colloidal ferric hydroxide or from the 
exchange of iron present in lower valence 
complexes, such as Fe(NOs3)+*, Fe(OH)**, 
Fe(NO3;)2*, etc. Almost all ferric solu- 
tions are hydrolyzed to some extent, 
and in the present study those solutions 
with C/Cy’s to the right of the dashed 
line on Figure 1 contained sufficient 
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colloidal ferric hydroxide to exhibit a 
high degree of coloration from this 
source. Ferric ions also have a tendency 
to form complexes with most anions, and 
available data for ferric nitrate (17) and 
ferric chloride (15) solutions indicate the 
probability of a high degree of nitrate 
complexing in the concentration ranges 
where unusually high iron take-up on the 
resin was noted. Other data (9) indicate 
that appreciable quantities of Fe(OH)++ 
might be present in the solutions. Color 
effects in the solutions and on the resin 
militated for the presence of complex 
ions in the system and against the 
adsorption of colloidal ferric hydroxide. 
Subsequent studies with hydrochloric 
acid used as regenerant showed that for 
cases where high resin capacity for iron 
existed, sufficient nitrate ion also existed 
in the resin phase (as part of the ex- 
changed ions) to account for the major 
portion of the increased resin capacity. 
Hence nitrate complexes undoubtedly are 
responsible for much of the abnormal 
behavior of the equilibrium for this 
system. 


EQUILIBRIUM .RESULTS .WITH .PERCHLORATE 
AS THE COMMON ANION 


The presence of complexes in the ferric 
nitrate solutions made these solutions 
undesirable for use in ion exchange rate 
studies, and accordingly a ferric system 
without complexing was sought. Several 
workers (1/5, 19) have reported that the 
degree of complexing in dilute ferric 
perchlorate solutions is almost negligible, 
even at low hydrogen ion concentrations, 
and a few test runs indicated that this 
was also true at higher concentrations. 
Equilibrium data were then obtained for 
Fet++ — H+ exchange with perchlorate 
as the common anion. Figure 4 presents 
the results. The equilibrium isotherms 
are normal in shape, and no abnormally 
high take-up of iron on the cation ex- 
change resin was observed. 

As with the nitrate system, only 
negligible amounts of iron were detected 
in the solution contained in the pores of 
the resin particles. This situation might 
result from further take up of iron on 
the resin during the washing step, since 
during this step the resin is effectively 
in contact with a very dilute solution, 
but the results are in striking contrast to 
the pore solution compositions reported 
in studies of Cut+ — Nat exchange on 
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the same type of resin (1/6). From a 
practical viewpoint it is immaterial 
whether the iron is completely exchanged 
onto the resin initially or whether part 
of the iron remains within the pores 
until the washing step and is then ex- 
changed onto the resin. 

The data for the perchlorate system 
were plotted in accordance with Equa- 
tion (3), as shown on Figure 5, and show 
very little scatter on this plot as com- 
pared with the nitrate system. The 
value of K obtained from the graph is 
2, and typical calculated values of 
equilibrium resin compositions with this 
value of K used are compared in Table 
1 with experimentally measured resin 
compositions. The average deviation 
between experimental and computed 
values is only 2.5%, and hence K of 2 
may be recommended for use for design 
calculations with this system. 

That Equation (3) correlates the 
equilibrium data so well for the per- 
chlorate system is somewhat surprising 
in view of the variations of the activity 
coefficients which might be expected for 
the components of the system. 
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II. Rate Studies in Concentrated Solutions 


Fixed-bed kinetic studies were made for Fe+**+ — H+ exchange, with perchlorate as 
the anion, covering concentrations from 0.5 N to 2.0 N in total cation, flow rates of 
5 ml./min. sq. cm. to 45 ml./min. sq. cm. bed depth of 25 to 60 cm., and average resin 
particle diameters of 0.28 and 0.56 mm. The results are correlated on the assumption of 
internal diffusion as the rate-controlling step and an essentially irreversible equilibrium. 


The exchange of ions between the 
liquid and resin phases in an ion exchange 
system can be interpreted, and sub- 
sequently predicted for design purposes, 
in terms of well-established mass transfer 
principles. Thus the three fundamental 
principles governing cation exchange are 
conservation of mass, as expressed by a 
material balance; the law of mass action, 
represented by the equilibrium relation- 
ships between ions in solution and on 
the resin phase; and the rate of mass 
transfer between the liquid and resin 
phases. Although considerable attention 
has been given in recent years to the 
elucidation and application of these 
principles for ion exchange processes, 
especially from a theoretical viewpoint, 
large areas exist for which experimental 
studies are lacking to verify proposed 
theories and equations or to provide the 
data needed to use available theory for 
design of commercial units. One such 
area is polyvalent—univalent cation 
exchange at high concentrations. Part I 
has presented the equilibrium relation- 
ships for a system of this type, the 
Fet+t+ — H+ exchange. The present 
paper deals with rate studies in fixed 
beds for this same system, at solution 
concentrations from 0.5 to 2.0 N in 
Fe+++ content. 


PERTINENT THEORY 


Fixed beds were employed in the 
present study both because this experi- 
mental method appeared to be best 
adapted to working with concentrated 
solutions of the type under study and 
because the majority of commercial ion 
exchange operations employ fixed-bed 
units, or moving-bed units to which 
fixed-bed theory is applicable (1, 9). In 
fixed-bed studies the concentrations of 
the exchanging ions in the effluent from 
the bed are related to operating variables 
such as the entering solution composition 
and concentration, the mass flow rate 
through the bed, the bed size, and the 
exchange-material particle size. If pos- 
sible, the effluent concentration is related 
to these variables by an equation termed 
the breakthrough equation. Breakthrough 
equations are obtained by the combina- 
tion of the proper equations for the funda- 
mental principles governing ion exchange, 
as listed above, into a partial differential 
equation defining the ion exchange 
process in a differential length of the 
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bed. This differential equation is then 
solved with the boundary conditions 
conforming to the operating variables of 
the particular system under considera- 
tion. An exact generalized breakthrough 
equation covering all possible cases of 
fixed-bed ion exchange is not feasible, 
partly because of the wide variety of 
equilibria encountered in ion exchange. 
Another factor rendering generalization 
difficult is that the rate of exchange in 
fixed beds may be controlled by diffusion 
of any of the exchanging ions through 
the liquid film surrounding the resin 
particle, through the solution within the 
pores of the resin particle (internal 
diffusion), or by a combination of these 
two diffusional processes (3). An approxi- 
mate generalized solution, based on 
various simplifying assumptions, has 
recently been presented graphically (6), 
but in the present study it was found 
more convenient to employ break- 
through equations specifically applicable 
to the system being studied. 

As discussed in Part I, the equilibrium 
for the Fet++ — H+ exchange is such 
that the exchange of iron onto the resin 
is always highly favored. Previous studies 
have also indicated that, with the concen- 
trated solutions being employed in the 
present study, diffusion within the pores 
of the resin would be the rate-controlling 
step in the exchange process (3). For 
the similar conditions of irreversible 
equilibria, internal diffusion rate con- 
trolling, Vermeulen (17) has shown that 
at a given instant the exchange of ions 
in a fixed bed occurs within a fairly 
small length of the bed. This exchanging 
zone, once formed, then moves down the 
bed at a constant rate and with constant 
thickness. In the exchange zone the 
surface of the resin particles becomes 
and remains saturated with the incoming 
ion as soon as solution containing this 
ion reaches a particle (material-balance 
conditions permitting). Thereafter trans- 
fer of incoming ions to the particle is 
limited by the rate at which ions can 
diffuse within the pores of the particle, 
a process defined by Fick’s second law. 
By replacing the exact series solution of 
Fick’s second law (2, 3) by a satisfactory 
empirical equation, Vermeulen (11) ob- 
tained the following breakthrough equa- 
tion: 


= (1 — exp —[6@ — 
+ 0.614])? 


(1) 
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Data conforming to this equation should 
produce a straight line when plotted as 
log [1 — (C/C.)?] vs. AY. The slope of the 
line is the internal mass transfer coeffi- 
cient. 

The internal mass transfer coefficient 
is defined as k,s = (4r2D,)/(d,?). Gen- 
erally it has been + sumed that D, 
which is the proportionality constant 
in Fick’s second law is a function only 
of the cations being exchanged* and of 
temperature (3). Hence for a given 
isothermal ion exchange system k,s is a 
function only of resin particle size. 

The formation of the constant-pattern 
exchange zone upon which Equation (1) 
is based requires a certain minimum bed 
length corresponding to 2 = 4. For beds 
shorter than this minimum required 
length the material-balance equation 
becomes more complicated and so there- 
fore does the breakthrough equation. 
For this situation Vermuelen (1/1) has 
employed an empirical approximation to 
replace the exact solution to the dif- 
ferential equation formed from the 
material balance, equilibria, and rate 
relationships. The solution is presented 
as generalized breakthrough curves re- 
lating the effluent concentration to 2 
and @. These curves may be used for 
matching with experimental curves to 
determine whether the experimental data 
conform to the breakthrough equation. 
The internal diffusion transfer coefficient 
may then be evaluated from the curve 
parameters when correspondence is 
found. 


EXPERIMENTAL PROCEDURE 


Ferric perchlorate solutions prepared 
from a reagent-grade chemical were used 
as the exhausting solutions, since a previous 
study (Part I) had found that iron com- 
plexes were essentially completely absent 
in such solutions. Therefore exchange of 
only a single iron-containing ion, Fet*t, 
occurs. Most regenerations were made with 
2N hydrochloric acid. Dowex-50, X — 8 
was employed. The resin was back washed 
to remove fines and was pretreated and 
tested for capacity and water content as 
described previously. 

Experimental runs were made by passing 
solutions of known compositions into beds 
of ion exchange material at controlled flow 
rates. The beds were mounted in 1.13-mm. 
I.D. Pyrex glass tubes. The upper end of 
each tube was closed with a sintered-glass 
disk, and the lower end of the bed was 


*More recent studies indicate that D, should also 
be a function of resin composition (6,7), although no 
evidence of this was found in the present study. 
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TaBLeE 1. CALCULATED VALUES K,s 


Flow rate, Bed 


ml./(min.) depth, 

Run Co, meq./ml. (sq. em.) cm. 

1-5 Preliminary runs 

6 1 5 25.5 
7 1.0 14.8 25.5 
8 1.0 26.5 25.5 
9 1.0 45 25.5 
10 1.25 15 25.5 
11 2.0 15 25.5 
12 2.0 14 45.5 
13 1.15 15 45.5 
14 0.51 14 25.5 
15* 0.81 15 25.5 
16 0.51 15 45.5 
17 0.51 24 61 
18 0.4 15 61 


> found > calculated 
by curve K,s (1/hr.) for 
matching calculated K,s = 33 
— 26 4.06 
1.5 36.6 1.35 
0.85 36.4 0.77 
0.6 46.0 0.45 
1.0 30.5 1.08 
0.71 34.6 0.628 
0.8 20.0 1.33 
2.0 28.2 2.33 
3.0 35.0 2.83 
— 124 
— 33 4.90 
— 33 4.2 
33 eae 


*This run was made with 50- to 100-mesh-size resin particles. 


supported by a glass-wool plug, which 
also served as a distributor. To minimize 
mixing within the solution after passage 
through the bed, the entire space between 
the glass-wool plug and sintered glass was 
filled with resin, and the effluent line above 
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Fig. 1. Typical breakthrough curves for long 

beds; C/Co, ratio of effluent to influent 

iron concentration, vs. AY, the effluent from 
bed (corrected for bed holdup). 
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Fig. 2. Example of curve matching with 
generalized graphical solution of Ver- 
meulen. 
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the bed was held to a minimum volume. 
To minimize mixing between the incoming 
solution and the water initially present in 
the bed from previous washings, all runs 
were’ made upflow, and the free volume 
between the individual feed lines and the 
bottom of the bed was held to a minimum. 
Because of the sintered-glass disk at the 
top of the bed, upflow runs could be made 
at high velocities without fluidizing the 
bed. In the preparation and use of the bed 
care was taken to ensure the absence of 
any entrapped air. Solutions were led to 
and from the bed through Tygon tubing 
and glass fittings, and the flow rate was 
controlled at the outlet. All effluent from 
the bed was collected in small samples, 
either manually or by use of a mechanically 
rotated collection table. The samples were 
subsequently analyzed for iron content 
colorimetrically, with potassium thiocya- 
nate as the reagent. 

Following saturation of the bed with 
iron, the bed was washed, regenerated until 
the effluent gave no test for iron, and re- 
washed until the wash-water effluent was 
neutral to litmus paper. Washings and 
regenerations were also performed upflow. 

Three different bed lengths, 25.5, 45.5, 
and 61 cm. were used. Flow rates ranged 
from 5 ml./min.-sq. em. to 45 ml./min.- 
sq. em. Influent exhaustion solutions were 
from 0.5 to 2.0 N in Fet**. Most runs 
were made with 20- to 50-mesh resin 
particles, but in one run 50- to 100-mesh 
particles were used. All runs were at 
approximately 24°C. A summary of the 
operating conditions in the various runs is 
included in Table 1.* 


RESULTS 


Typical breakthrough curves for the 
takeup of iron are shown in Figures 1 
and 5. The trailing upper ends of the 
curves are characteristic of breakthrough 
curves when internal diffusion is the 
rate-controlling step. The lower ends of 
the curves should start almost vertically 
if rate-affecting factors other than in- 
ternal diffusion were completely absent. 
The formation of constant pattern condi- 
tions may be noted by comparing the 

*A complete tabulation of original data and 
results is available in. the Ph.D. thesis of R. C. 


Vasishth, University of Washington, Seattle, Wash- 
ington, Seattle, (1958). 
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curves for runs 16 and 18, which differed 
only in bed lengths used. 

For runs in which 2 was less than 4, . 
the breakthrough curves were compared 
with curves on the generalized plot 
presented by Vermeulen (Figure 2). The 
plot is made on semilog probability 
paper. As shown in Figure 2, matching 
was usually obtained for C/C> values 
greater than approximately 0.2, so that 
the upper 80% of the curves matched. 
Values of k,s were then determined from 
the values of > for the matching curves. 
These values are given in Table 1, and 
it may be noted that for the same particle 
size of resin the values of k,s show only 
moderate variation in view of the curve- 
matching method employed. 

The data from typical runs in which 
= = 4 were plotted as log [1 — (C/C,)?] 
vs. AY and as demanded by Equation (1) 
provided straight lines as shown in 
Figure 3. The values of k,s given by 
the slopes of these lines are also listed 
in Table 1 and show very good agree- 
ment among themselves and with k,s’s 
computed by the curve-matching method. 


DISCUSSION 


In runs 6 through 9 the flow rate was 
varied, while other operating variables 
were held constant. In all but one of the 
subsequent runs (run 17) the flow rate 
was maintained constant, while either 
the entering solution was varied in 
iron content (0.5 N to 2.0 N) or the bed 
size was changed (25.5 to 61 cm.) Despite 
the ninefold velocity change and the 
above-listed changes in other variables, 
the experimental data for all but the 
very first portion of the breakthrough 
curves could be interpretated on the 
assumption that the only resistance to 
mass transfer is within the solid phase 
and that the equilibrium is essentially 
irreversible, as is indicated by the 
constancy of the k,s values for the 20- to 
50-mesh-size beds. To test further the 
conclusion that internal diffusion was 
the rate-controlling step, resin particles 
of 50- to 100-mesh size were used in run 
15. For solid diffusion as the rate-con- 
trolling step k,s should vary inversely 
as the square of the particle diameter (3). 
Average particle sizes for the 20- to 
50-mesh- and the 50- to 100-mesh-size 
beds were found by particle-size measure- 
ments to be 0.56 and 0.28 mm. respec- 
tively. For these particle sizes and a 
k,s of 33 for the 20- to 50-mesh-size 
particles, the predicted value of k,s for 
the 50- to 100-mesh-size particles is 132. 
The experimentally determined value was 
124, which is in very good agreement 
with the predicted value. An approxi- 
mate value of D, can be calculated from 
this equation for the average resin- 
particle diameter of 0.056 cm. and a 
k,s of 33 1/hr. (9.16 X 10-* 1/sec.). 
The calculated value of D, is 7.6 X 107 
sq. cm./sec. The self-diffusion coefficients 
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of some trivalent ions reported are 
Y+++ 9 X sq em./sec. (10) and 
Cet++ 9.4 X 107 sq. cm./sec. (4). 
These are considerably smaller than the 
values calculated for the present studies. 
However Selke (8) has reported that for 
cations replacing H+ the values of inter- 
diffusion coefficients are considerably 
higher than the self diffusion coefficients, 
probably because of the very high dif- 
fusivity of the hydrogen ions. 

The failure of the first portions of the 
experimental breakthrough curves to 
show the vertical rise at C/Co = 0, called 
for by theoretical considerations when 
internal diffusion is rate controlling, 
could be caused by either longitudinal 
mixing within the bed or by liquid-film 
resistance to mass transfer being 
important during the early part of the 
breakthrough. The latter might be 
anticipated because of the low concentra- 
tion of iron in solution during this portion 
of the breakthrough (3, 5). However 
attempts to correlate the data from the 
first parts of runs 6 through 9 on the 
basis of a liquid-film rate-controlling 
mechanism (5) were unsuccessful. To 
test the effects of longitudinal mixing 
within the bed, two runs were made in 
which a 1N iron solution was passed in 
the same manner as in ordinary exhaus- 
tion runs through a bed already satu- 
rated with iron. The results are shown in 
Figure 4. Although the width of the 
breakthrough curves for these two runs 
is narrow compared with ordinary ex- 
haustion runs, the longitudinal mixing 
effects are sufficient to prevent formation 
of the vertical breakthrough curve which 
should be present for these runs with 
no longitudinal mixing in the bed. 

The equations presented by Vermeulen 
are based on a completely irreversible 
equilibrium. The equilibrium data for 
Fe+++ — H+ exchange at the concentra- 
tions used in the present study (see 
Part I) show that while the take-up of 
iron on the resin is highly favored, the 
equilibrium is not completely irrever- 
sible. However, when the equilibrium is 
as favorable as it is for iron take-up in 
the present system, for practica] purposes 
the equilibrium may be treated as 
irreversible (6). 


CONCLUSIONS 


The match between the experimental 
breakthrough curves and_ theoretically 
predicted breakthrough curves and the 
consistency of the k,s values found for 
the experimental runs both support the 
conclusion that the ion exchange rate 
under the conditions of the present 
study is controlled by the diffusion rate 
within the pores of the resin particles. 
Although the flow rates used in the 
study ranged only from 1.23 to 11.1 
g./(min.)(sq. ft.) of bed cross section, 
and the flow rates used industrially in 
ion exchange beds are often higher than 
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these, higher flow rates should tend only 
to accentuate the rate-controlling im- 
portance of diffusion within the particles 
(3, 8). 

Back calculations also support the 
conclusion that the equations proposed 
by Vermeulen, equations based on inter- 
nal diffusion being rate controlling and 
an irreversible equilibrium, represent 
well the major portion of the break- 
through curve for the system studied. 
Use of these equation with k,s = 33 to 
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Ny & RUN 17 


aY-mi 


Fig. 3. Breakthrough data for long beds 
plotted according to Equation (1). 
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Fig. 4. Effects of longitudinal mixing on 
breakthrough curves. 
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Fig. 5. Comparison of experimental and 
predicted breakthrough curves. 
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back calculate some of the breakthrough 
curves from the present study is shown 
in Figure 5. Although the equations do 
not predict the first portion of the break- 
through curve because of longitudinal 
mixing effects within the bed, it was 
found that a reasonable approximation 
of this part of the curve could be obtained 
by the extrapolation of the breakthrough 
curve above C/C, of 0.2 on down to C/C, 
of 0. Accordingly it is felt that the equa- 
tions can be ‘used to predict break- 
through curves and to design commercial 
ion exchange units for the system studied 
or for similar systems for which the 
necessary basic data are available. 


NOTATION 


a@ = resin capacity, meg./g. dry hydro- 
gen-form resin 

C = concentration in effluent solution 
of the ion exchanging onto the 
resin, meq. iron/ml. 

Co = concentration in entering solution 
of the ion exchanging onto the resin 
meq. iron/ml. 

= mean diameter of the 
particles, cm. 

D, = effective diffusivity of the ex- 
changing ions in the resin phase, 
sq. em./hr. 

k,s = internal diffusion transfer coeffi- 

cient = (47?2D,)/d,?, 1/hr. 

= equilibrium constant 

q = resin composition, meq. iron/g. 
dry hydrogen-form resin 


resin 


R = flow rate through the bed, ml./hr. 

v = volume of bed, ml. 

AY= volume throughput corrected for 
the bed holdup, ml. 

0 (k,s AY)/R, dimensionless 


p = superficial resin density, g./ml. 
= (k,sapv)/CoR, dimensionless 
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Fluid Dynamics and Diffusion Calculations 
for Laminar Liquid Jets 


In connection with a study of the mechanism of gas absorption the problem arose of 
predicting absorption rates into laminar liquid jets. A solution to the problem is presented 
in this paper, which provides an example of the application of fluid dynamics to the analysis 


of mass transfer in a complex flow system. 


The water jets considered here issued from circular nozzles of about 1.5-mm diameter, 
flowed intact downward through an atmosphere of solute gas at average velocities of 
from 75 to 550 cm./sec. over distances of 1 to 15 cm., and were collected in a receiver 
slightly larger in diameter than the nozzles. Equations describing the liquid flow near the 
jet surface are deduced from measurements of jet diameter and analogy to related flow 
situations. When one uses these equations, absorption rates are predicted from unsteady 
state diffusion theory with the assumption of interfacial equilibrium. The predicted rates 
for carbon dioxide at 25°C are in close agreement with experimental determinations over 
the observed range of contact time of the liquid with gas, namely 0.003 to 0.04 sec. 


Laminar liquid jets possess several 
attractive advantages over other types 
of apparatus for fundamental studies of 
the mechanism of gas absorption. To 
obtain a valid experimental test of un- 
steady state diffusion theory in a flow 
system, it is imperative that the fluid 
dynamics of the system be known ac- 
curately. The area of contact between 
gas and liquid must be known, and 
furthermore the nominal time of ex- 
posure of liquid to gas should be of the 
order of 0.001 to 1 sec., since exposure 
times of these magnitudes are en- 
countered in most contacting equipment 
of practical interest. If there is departure 
from equilibrium at the interface, the 
effect of an interfacial resistance on 
absorption rates is likely to be greater 
the shorter the period of exposure of 
liquid to gas, simply because the shorter 
the contact time the smaller the bulk- 
phase diffusional resistance to mass 
transfer. 

Bubbles of gas rising through liquid 
are manifestly unsuitable, for the flow 
regime in the vicinity of the bubble 
surface is not well understood (1) and 
probably is strongly influenced by the 
presence of traces of surface-active con- 
taminants (9). Falling droplets of liquid 
likewise suffer the considerable short- 
coming of poorly understood fluid dy- 
namics (10). A well-behaved moving 
film of liquid satisfies the requirements, 
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except that end effects at the points at 
which the film is brought into and out 
of contact with the gas seem unavoid- 
able, although they may be minimized 
to a certain extent through apparatus 
design and experimental technique. Un- 
fortunately the fluid dynamics of the oft- 
employed wetted-wall column is usually 
complicated by rippling, which may be 
either the cause or an indication of mix- 
ing within the falling liquid film (19). 
Rippling can be greatly decreased by 
the addition of small amounts of surface- 
active agents to the liquid feed or al- 
together eliminated by reducing the 
length of the column sufficiently. How- 
ever the first practice raises new uncer- 
tainties on account of possible interaction 
between solute and surfactant, while 
the second promotes the end effects to 
major importance (17). Recently the 
idea of carrying a liquid film on a moving 
solid surface has been put to use by 
Danckwerts and Kennedy (3) in their 
novel rotating-drum apparatus, which 
appears to be nearly free of appreciable 
end effects for most operating conditions. 

Laminar liquid jets, which have been 
utilized in surface tension studies for 
many years (/4), are well suited for 
absorption measurements. By employing 
long, fast-moving jets the end effects at 
the nozzle and the collection device can 
be reduced to insignificance, but the 
influences of viscous drag in the nozzle 
and gravitational acceleration on flow 
and absorption must be assessed, as 
they are herein. Previous investigators 
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(4, 5, 18, 18) have overlooked these 
complications, with the exception of 
Cullen and Davidson (2), who discussed 
qualitatively the influence of gravity 
insofar as it affects the axial velocity 
distribution and who evidently suc- 
ceeded by judicious nozzle design in 
greatly reducing the influence of vis- 
cosity. Contact area can be evaluated 
readily from measurements of jet di- 
ameter. A particular advantage of jets 
is the wide range of liquid contact times 
which can be achieved with them, down 
to a few milli-seconds or even less. 


APPARATUS 


Detailed descriptions have been given 
elsewhere of the gas-absorption apparatus 
in which the jets of interest here were 
produced (16, 17). In brief, a jet of water 
issued from a circular nozzle about 1.5- 
mm. I.D. flowed intact downward at an 
average velocity of from 75 to 550 cm./sec. 
over a distance of 1 to 15 cm. and was 
collected in a glass capillary receiver about 
2 mm. I.D. The receiver and a nozzle 
are shown in Figure 1. Between the nozzle 
and receiver the surface of the jet was 
exposed to an atmosphere of solute gas 
confined within a glass chamber. The 
apparatus was similar to that used by 
Matsuyama (13), Manogue (12), and 
Eipper (6). 

It was possible to collect the entire jet 
in the receiver for prolonged periods of 
operation without entraining any gas 
bubbles in the liquid, provided the nozzle 
and receiver were accurately aligned, the 
resistance to flow downstream of the re- 
ceiver was carefully adjusted, and strong 
vibrations were eliminated. Operating 


Page 397 


| 
W. 
Eng. 
and 
rsity 
). 
and 
Soc., 
R. L. 
sulen, 
956). 
abid., 
hem. 
rnak, 
urnal, 
. Sci., 


troubles, when they occurred, seemed to 
arise from occasional small fluctuations in 
the liquid feed rate. 


FLUID DYNAMICS 


Di ry M 


As the first step in analyzing the fluid 
dynamics of the jet, measurements were 
made with a Gaertner traveling micro- 
scope of the jet diameter vs. length 
across three diameters 60 deg. apart. 
Measurements made at two flow rates 
have been plotted in Figure 2. 

From these was inferred the velocity 
distribution. It was assumed that the 
velocity within the core of the jet issuing 
from the nozzle was uniform and that 
outside the core there existed an annular 
boundary layer in which the velocity 
was reduced, in consequence of the 
frictional drag exerted by the inside 
surface of the nozzle. It was supposed 
that after the jet left the nozzle, momen- 
tum interchange between the core and 
boundary layer would have produced a 
substantially flat velocity profile beyond 
some not-too-distant downstream point. 
By assuming that the velocity distri- 
bution within the boundary layer at the 
nozzie could be adequately represented 
by a cubic equation, one gets 


(1) 


(2) 


and writing mass and momentum 
balances between the face of the nozzle 
and a downstream point corresponding 
to a flat velocity profile (Figure 3), one 
obtains the following approximate ex- 
pression relating boundary-layer thick- 
ness to the measured diameters: 


Peal 
b= R, 2.094) R 1 


(Re + 
R, 


(3) 


The length of flat plate oriented 
parallel to the direction of flow which 
would be required to produce a boundary 
layer of thickness, if one assumes a 
cubic velocity distribution, is given by 
(15): 


(33) (4) 


Values of 6 and I calculated from the 
data presented in Figure 2 are given in 
Table 1; it is apparent from the near 
constancy of b that the velocity profiles 
within the jets were indeed very nearly 
flat after 5 cm. or less of travel. This 
conclusion is borne out by a further 
est of the data. Downstream from the 
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nozzle in a vertical jet the velocity 
profile becomes nearly flat, the principal 
force acting is gravity, and the variation 
of velocity with jet length is given to a 
close approximation by [see the discus- 
sion of Equation (9)] 


U = Vv (5) 


TABLE 1 
Dis- Aver- 
Flow, tance, Di- age 
% X, ameter, length, 
ec./sec. cm. D,em. = 6/Ro 1, em. 
5.02 0 0.1543 
5 0.1454 0.103 
10. 0.1419 0.098 0.088 
15 0.1385 0.098 
2.58 O 0.1546 
3 0.1406 0.114 
5-0. 1362 0.095 0.048 
7 0.1820 0.099 


From this expression and the equation 
of continuity it follows that 


={1+ 8¢° (6) 


The agreement of observed variations 
of diameter with the behavior predicted 
by Equation (6) is quite good at down- 
stream distances beyond 2.5 cm. (broken 
curves in Figure 2). 

In passing it should be pointed out 
that the calculated values of boundary- 
layer thickness do provide confirmation 
of the laminar character of the flow 
in the emerging jet. The Reynolds 
number based on boundary-layer thick- 
ness U.6/v varies from 100 to 250 for 
the jets. In contrast the analogous 
critical Reynolds number for flow over 
a flat plate is in the range 1,500 to 7,000 
(15); furthermore the stability of lami- 
nar flow is increased in the presence of 
a favorable pressure gradient as obtained 
with the nozzle design employed in the 
present work. 


Surface Velocity 


To predict absorption rates it is neces- 
sary to know the velocity distribution 
in the liquid at and close to the surface 
of the jet. For the relatively short con- 
tact times of interest in connection with 
the present study, the penetration depth 
of the diffusing molecules is very small 
compared with the jet diameter; there- 
fore detailed knowledge of the flow 
within the interior of the jet is not 
required. 

Since the boundary-layer thickness at 
the nozzle, as calculated above, amounted 
to only one tenth of the nozzle radius, 
it seemed reasonable to assume that (a) 
the core velocity remained unchanged 
by momentum exchange with the bound- 
ary layer and (b) the annular boundary 
layer could be treated as two dimen- 
sional. In addition it was assumed that 
(c) the drag of the surrounding gas on 
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the surface of the jet was negligible, (d) 
the minor complication arising from the 
small rate of change of diameter with 
length was also negligible, and (e) gravi- 
tational acceleration was absent. Except 
in the region close to the nozzle, where 
gravitational forces were small com- 


‘pared with viscous shear, the last as- 


sumption is a gross oversimplification, 
as is shown below. But with it the prob- 
lem of analyzing the velocity distribution 
in the neighborhood of the jet surface 
became identical with the problem of 
calculating the velocity distribution in 
a laminar wake behind an _ infinitely 
thin, flat plate oriented parallel to the 
direction of flow, as depicted in Figure 3, 
a problem solved many years ago by 
Goldstein (7, 8). The analogy between 
the laminar jet and Goldstein’s problem 
was pointed out by Rideal and Suther- 
Jand (14). 

For velocities close to the trailing edge 
of the flat plate Goldstein used three 
terms of a series solution obtained by 
continuation of the classical Blasius 
solution for a flat plate; for velocities far 
downstream he obtained first and second 
approximations to an asymptotic solu- 
tion: 


= 1.2262¢(1 — 0.9631¢" 
+ 2.2068¢") (7) 
= aé(1 — 
t= (2) : < 0.0486 
x 
V4 (8) 
Va v 
xX xX 
= — 3: — > ().125 
x ay + 9-135 125 


Figure 4 reproduces Goldstein’s complete 
curve for surface velocity (velocity down- 
stream in the plane of the flat plate). 

At distances downstream of the nozzle 
of more than about 2.5 cm. the velocity 
profiles within the jets were very nearly 
flat, and the flow, insofar as it affected 
jet diameter, could be approximated by 
the free-fall Equation (5). In the down- 
stream portions of the jets, then, gravi- 
tational effects were far from negligible 
as assumed in (e) above, and in fact 
they predominated in these regions. Thus 
another estimate of the liquid velocity 
in the neighborhood of the jet surface 
is given by 


+ 9 
U, U2 (9) 


Precisely speaking, Equation (9) as- 
sumes a strictly one-dimensional flow, 
although the very slight taper of the 
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Fig. 1 Jet nozzle and receiver. 


jets showed that the flow was in fact 
two dimensional. Because of the small 
influence of viscosity and the very 
nearly uniform jet cross section, how- 
ever, the assumption of strictly one- 
dimensional flow neglecting 0U/0Y is 
felt to yield a very good approximation 
for U, far downstream of the nozzle. 
From the surface velocity one can 
easily obtain the component of velocity 
normal to the surface at small depths 
beneath the liquid surface. Continuity 
of an incompressible liquid in two- 
dimensional flow requires that 


oU 
But 
dV = aX dX + aY dy (11) 
dX aX dy (12) 
X,0 0 < (13) 
ax U dy 


Also V(X, 0) = 0, and furthermore 
U = U, is nearly independent of Y in 
the vicinity of the surface; hence 


(14) 


ABSORPTION 


Diffusion Equation 


The absorption of a slightly soluble, 
nonreacting gas is governed by the equa- 
tion for ordinary diffusion in a binary 
system, with constant diffusivity and 
mass density: 


In the jets the penetration depth of the 
absorbed molecules was much smaller 
than the jet diameter; consequently the 
absorbing liquid can be regarded as 
semi-infinite and its surface as planar. 
Except in a very small region near the 
jet surface at the nozzle, diffusion in 
the axial direction was negligible in 
comparison with convective transport. 
Absorption measurements with the jets 
were made during steady state operation. 
Under all these conditions Equation (15) 
simplifies to 


ax + Vay ayz 
Furthermore 0U/0Y was very nearly 
zero at the jet surface (the adjoining 
gas exerted negligible drag upon the 
liquid surface) and beneath to a large 
depth as compared with the penetration 
depth (16); hence U can be replaced by 
the surface velocity and V can be ex- 
pressed in terms of U, by means of 
Equation (14): 


U 


Two boundary conditions appropriate to 
the problem are 
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Fig. 2. Jet diameter for 1.535-mm. I. D. paraffin-coated nozzle. 
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LAMINAR WAKE DOWNSTREAM 
OF THIN FLAT PLATE 


LAMINAR LIQUID JET 


Fig. 3. Velocity Distributions. 


C0, Y) = C(X, ©) = Cy (18a, b) 


If interfacial equilibrium is assumed and 
heat effects at the interface and gas- 
phase diffusional resistance are negli- 
gible, the third boundary condition is 


C(X, 0) = C, (19) 


To find a solution of this boundary 
value problem, one tries the trans- 
formation C(X, Y) = C(n), where 


n= Yf(X) (20) 
Equation (17) then becomes 
U, dj 1 dU,\ dC 


ax dn dy 
If {(X) satisfies 
U, df 


then Equation (21) simplifies to 


which, integrated once, gives 


(24) 
dn 


A second integration, with Equation 
(18), yields 


(5) 
The remaining constant of integration 


is evaluated by means of Equation (19); 
thus 


erfe (n) 


(26) 


This is the desired solution provided 
that f(X) satisfies Equation (22), a 
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Fig. 4. Surface velocity after Goldstein (7, 8). 


Bernoulli equation, the solution of which 
is 


UX) 


10 | U(X) dX 


Hence for any given surface velocity 
the reduced coordinate 7 is given by 


YU,(X) 


ve 49 / dX 


The constant B is evaluated by means 
of Equation (18a), which requires that 
n(X, Y) > © in the limit as X — 0, 
or else through some other boundary 
condition in X. 

Local absorption rate, rather than 
the concentration distribution given by 
Equation (26), is required for absorption 
predictions: 


9€ 


= (C. — C) 


(27) 


7 = (28) 


(29) 
) D(X) 


For an idealized jet throughout which 
velocity is constant (equal to Uy = 
it follows from Equations (27) 
and (29) that 


1 0 
Co) 
VX 
It is convenient to refer absorption rate 
to this rate for an ideal jet; the ratio is 


N (30) 


= 2U,(X) 
(31) 


DX 
+49 U(X) ax | 
Finally the total absorption rate of 


solute gas by a jet of length h is ob- 
tained by integration over jet length: 


x D(X)N(X) dX (32) 


For an ideal jet the diameter as well as 
velocity is constant; hence 
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AC, — Co) DoW x DUoh 
A(C, — Co) V Dqh 


(33) 


ll 


Approximate Solution for Absorption Rate 


An exact prediction of absorption rate 
requires accurate knowledge of the ve- 
locity distribution near the surface of a 
jet affected simultaneously by viscous 
drag in the nozzle and by gravitational 
acceleration. The combined effect is not 
accurately known; however the separate 
effects can be assessed from the esti- 
mates of surface velocity provided by 
Equations (7) to (9) and can then be 
combined to give a fairly accurate pre- 
diction of absorption rate. The method 
of combination can be explained as 
follows. 

On the basis of Equations (7), (8), 
(9), and (81) the functional dependence 
of local absorption rate can be written as 


N 
N 


Purely dimensional considerations lead 
immediately to a more fruitful, func- 
tional relationship in terms of dimension- 
less variables: 


= F(Rp , , Rr , Rp) 


If the first two dimensionless groups are 
regarded as fixed parameters in the 
problem, expansion of Equation (35) in 
a Maclaurin series yields 

N oF 
#0, 0) + 


N, aN, 


(24) 
(36) 


= F(D, Uo , Us , gx , X) (34) 


* 


) 5) 


* 


1,91 ) 
IN, INr/o,0 
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of nozzle drag on local absorption rate. 


Now the local absorption rate must 
approach that into an ideal jet as viscous 
drag in the nozzle and gravitational 
acceleration approach zero; therefore 
F(O, 0) is unity. After evaluation at 
Jt, = We = O, the various partial de- 
rivatives may be replaced by constants, 
say a1, 61, Yu, ete., giving 


-1+ (0 +a,%, 


+ aM,” + (37) 
+ (1 + + + ---) 


(higher-order interaction terms) 


Here the first series may be identified 
with jet operation in a vanishingly small 
gravitational field, that is with Ff, = 
F(9t;, 0), and the second series may be 
identified with operation in the ab- 
sence of nozzle drag, that is with F, = 
F(0, Nr). It then follows (provided cer- 
tain mathematical conditions are satis- 
fied) that for sufficiently small values 
of the nozzle drag and Froude numbers 
the local absorption rate is given to a 
good approximation by 


os 


* 


where first- and higher- order interaction 
terms have been neglected. 

The functions Ff, and F, are obtained 
from the estimates of surface velocity 
and from Equation (31). From Equa- 
tion (7) 


[4a 
3U, 


(39) 
1 — ant’ + a,t° 
_ 2asé" 
x\} x 
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TABLE 2. 


F,, N/N,,; 
.@ Equation Equation Equation h, 
cm. Mr (39) or (40) Nr (42) (38) D/Do ¢/¢, cm. 
Do = 0.1535 cm., Up = 271 em./sec., 41 = 0.352 em., U., = 292 em./sec. 
0.01 35.2 0.720 0.00013 1.000 0.720 1.000 0.545 0.01 
0.1 3.52 0.937 0.00133 1.001 0.938 0.982 0.786 0.1 
1 0.352 1.026 0.0133 1.010 1.036 0.968 0.916 1 
10 0.0352 1.038 0.133 1.091 1.129 0.924 0.988 10 
Do = 0.1535 em., Uo = 145 em./sec., 41 = 0.172 cm., U.. = 150 em./sec. 
0.005 34.4 0.710 0.00047 1.000 0.710 1.000 0.545 0.005 
0.05 3.44 0.923 0.00467 1.001 0.924 0.987 0.762 0.05 
0.5 0.344 1.009 0.0467 1.017 1.026 0.966 0.911 0.5 
5 0.0344 1.019 0.467 1.149 1.168 0.889 0.993 5 


where the constant B of Equation (31) 
has been taken as zero in accordance 
with Equation (18a). From Equation (8) 


1- 


rate is indicated in Table 2, in which 
representative values are listed for jets 


a4 as 


Ve 


(40) 


X 

41 > 0.125 
where B has been set equal to 0.0956 
(161 DU...) to give a smooth transition 
from Equation (39) in the region 
0.0486 < X/4l < 0.125 (Figure 5). 
From Equation (9) 


20, Vaz +a; In x — 0.0956) 


produced with a 1.535-mm. I.D. brass 
nozzle at flow rates of 5 and 2.6 cc./sec. 
Equation (32) with Equation (38) was 
integrated numerically to arrive at the 
predicted total absorption rates plotted 
as full curves in Figure 6. The predicted 


[1 + (29,X/Us )] 


(20) 


Uo / [1 + — 1 (41) 
= (29,.X/Us ) 5-5 
4 24 + 


The calculation of the parameters 
1 and Uo has already been described. 
The core velocity within the emerging 
jet was evaluated from the average ve- 
locity, the assumed form of the velocity 
distribution in the boundary layer, and 
the inferred boundary-layer thickness at 
the nozzle by means of 


Us 
4 5 


Comparison with Experimental Results 


By the use of the foregoing equations 
absorption rates at 25°C. of carbon 
dioxide into several laminar water jets 
were predicted. The diffusivity of carbon 
dioxide in water at 25°C. was taken as 
1.97 XK 10-5 sq. em./sec., and the solu- 
bility at the same temperature and 
760 mm. Hg partial pressure was taken 
as 3.39 X 10-5 g.-mole/cce. The initial 
concentration, was assumed to be zero, 
the water having been carefully stripped 
of dissolved gas before use (16). 

The order of magnitude of the adjust- 
ments to the reference local-absorption 
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absorption rates for an ideal jet, accord- 
ing to Equation (33), are plotted for 
comparison as broken lines. 
Experimentally determined absorption 
rates for nominal contact times ranging 
from 0.003 to 0.04 sec. are also plotted 
in Figure 6. Details of the experimental 
procedure have been reported elsewhere 
(16, 17). In brief, feed and effluent 
water samples were drawn with the 
apparatus operating at steady state. Due 
precaution was taken to prevent transfer 
of carbon dioxide to or from the samples. 
Analysis for dissolved carbon dioxide 
depended upon the precipitation in basic 
solution of carbonate ion as barium 
carbonate, followed by back titration of 
excess hydroxyl ion with standard acid 
to the carbonate-bicarbonate end point. 
Both the precision and accuracy of the 
analysis were found to be about 0.4 
p.p.m.; the range of concentrations ana- 
lyzed in the effluent water was 10 to 
44 p.p.m. That the reproducibility of 
replicate runs was, with few exceptions, 
excellent can be seen from the data. 
The agreement of experimental and pre- 
dicted absorption rates is very good. 
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Fig. 6. Carbon dioxide absorption into water. 


DISCUSSION 


The experimental and predicted ab- 
sorption rates agree closely, but this fact 
alone verifies neither the approximate 
solution of the diffusion equation from 
which the predictions arise nor the 
particular set of boundary conditions 
used to obtain that solution. Before 
any conclusion is drawn, it is necessary 
to consider the extent to which the 
approximate solution may deviate from 
the exact solution. In over-all absorption 
rate the former leads to predictions 
differing from those based on the as- 
sumption of an ideal jet by no more 
than 10%. Such deviation may be re- 
garded as a first perturbation to the 
ideal-jet absorption rate, caused by the 
disturbing influences of viscous drag in 
the nozzle and gravitational acceleration. 
Now the principal part of the unknown 
second perturbation is proportional to 
the product of the already small dis- 
turbing influences [Equations (37) and 
(38)] and may reasonably be expected 
to be about 1% of the ideal-jet pre- 
diction; the higher-order perturbations 
should be proportionately smaller. It 
is therefore quite unlikely that the pre- 
dictions based on the approximate solu- 
tion are more than 2 or 3% in error, even 
under the conditions of the lowest ab- 
sorption rates measured, for which the 
deviation from ideal-jet behavior was 
greatest. “4 

Thus the data substantiate the physi- 
cal model underlying the theoretical 
predictions; in particular, they confirm 
the validity of the asumption of thermo- 
dynamic equilibrium between gaseous 
and liquid phases everywhere on the jet 
surface [Equation (19)]. This matter has 
been discussed in detail by the authors 
in an earlier paper (17). 
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APPENDIX 


The nature of the problem of absorption 
into an accelerating liquid flow is illustrated 
by a simple example. For a two-dimensional 
flow directed toward a sink at the origin 
and bounded by free streamlines at the 
acute angles + 0 in polar coordinates the 
potential and stream functions are, re- 
spectively, 


® = R In R 


where Up is the radial velocity at distance 
Ro from the origin. Such a flow corresponds 
to a two-dimensional liquid jet in a certain 
body force field. If one considers absorption 
along the free streamlines between Ro and 
R,0 « R < Ro, the appropriate diffusion 
problem is 

aR aR’ Rak ae 


C(Ro = (Cy 
C(R, + %) = C. 


ac 
aR 


where the radial velocity is related to the 
potential function by 


U 


(R,0) = 0 


oR 
With the usual transformation for diffusion 
in potential flow, in which the potential 
and stream functions are taken as the 
independent variables, and with diffusion 
along the stream tubes neglected, there 
follows 


+ =C., 


ac 
aw (®, () = 0 


Py = R Uo In Ry 
Vo RU 


which is virtually identical to the problem 
of diffusion into an infinite sheet, the 
solution of which is well known. For small 
values of — (short exposure times) 
the local rate of absorption is expressed 
conveniently as 


N = (C, — C,) 


{1 +255 


n=1 


| 
*P D In (R/Ry) 


If the distance Ro — RF is sufficiently short, 
the penetration depth of absorbed material 
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is small compared with the width of the 
flow and only the first term within the 
braces need be retained. Then the local 
absorption rate is given by 


N = (C, — C)) 


mR (1 — x)” In [1/(1 — 2)] 


where now x = (Ry — R)/Ro. 

This problem can also be solved by the 
method presented herein. Instead of the 
polar coordinates just used, rectangular 
coordinates with the origin in the free 
streamline at Ro are employed. With this 
transformation the surface velocity is 


R Uo 
Ry xX 


and the velocity normal to the free stream- 
line is 


U, = 


(Ro, — + 


For shallow penetration depths Y is small 
in the region of interest, and V is given 
to a good approximation by 


RU oY 
(Ro xX)’ 
which can also be obtained with the use of 
Equation (14). From Equations (27) and 
(29) for local absorption rate, given the 


surface velocity, the result is again found 
to be 


N = (C, — 


= 
Ile 


DU, 
rR (1 — x) In [1/(1 — 2)] 


There is of course no flow across the 
streamlines (lines of constant ¥), but for 
Y > 0 there is a velocity component in 
the direction normal to the interface which 
must be accounted for when the diffusion 
equation is written in rectangular coordi- 
nates with the origin in the interface. 


NOTATION 

a = dimensionless constants, Equa- 
tions (7) and (8) 

b = 6/Ro, dimensionless boundary- 
layer thickness 

B =constant in Equation (27), 
cm.*/sec.? 

C = concentration, g.-moles/ce. 

Co = initial concentration 


D = jet diameter, cm. 

© = diffusion coefficient, sq. cm./sec. 

f = function defined by Equation (27) 
g 


= local acceleration of gravity, 
cm./sec.? 

h = jet length, cm. 

l = equivalent length of flat plate, cm. 

N = local absorption rate, g.-moles/ 


(sq. em.)(sec.) 
Ne = Froude number 
Np = UpX/D, Peclet number 
= U./Us, velocity ratio 
MN, = 41/X, nozzle-drag number 
qj] = volumetric flow rate, cc./sec. 
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R = jet radius, cm. 

U = axial component. of velocity, 
cm./sec. 

V =radial component of velocity, 
cm./sec. 


x = (X/4l) + 0.18, dimensionless vari- 
able, Equation (8) 

X = axial coordinate, cm. 

Y = radial coordinatc, em. 


Greek Letters 


6 = boundary-layer thickness, cm. 

nm = dimensionless variable, Equation 
(20) 

v = kinematic viscosity, sq. cm./sec. 

= (X/4l)'/3, dimensionless variable, 
Equation (7) 

@ = total absorption rate, g.-moles/sec. 

Subscripts 

e = equilibrium 

0 = nozzle exit 

s = surface 

co = core 

* = ideal jet 
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Film Boiling of Helium I and Other 
Liquefied Gases on Single Wires 


T. H. K. FREDERKING 


Institut fir Kalorische Apparate und Kaltetechnik, Swiss Federal Institute of Technology, Zurich, Switzerland 


Heat transfer coefficients have been obtained for natural-convection film boiling of 
helium I on single wires with a diameter ranging from 5 to 50 ». The measurements 
covered temperature differences of 30° to 1,000 °K. between the heating surface and the 
saturated liquid under atmospheric pressure. The results are correlated in dimensionless 
form (Nusselt number vs. the product of the Grashof and Prandtl numbers) and compared 
with data for nitrogen and measurements of other investigators on film boiling of liquefied 


gases. 


In recent years technical developments 
where large quantities of heat are trans- 
ferred across comparatively small areas 
have increased the interest in all types of 
heat transfer at high flux densities and 
have focused attention on boiling. 

In continuation of previous studies in 
the nucleate boiling region (/) measure- 
ments were made cn stable film boiling 
of helium I under atmospheric pressure. 
There are some advantages in the use 
of helium I as a test liquid: its low 
boiling point permits a wide range of 
temperature differences without appreci- 
able radiation influence and it has a 
well-known simple structure and does 
not attack the heating surface, although 
the low heat of vaporization necessitates 
a small heating device in order to keep 
the amount of vaporized gas within 
tolerable limits. 


APPARATUS EMPLOYED 


Electrically heated platinum wires were 
soft-soldered to copper current and poten- 
tial leads. For the smaller units Wollaston 
wires were used. To reduce the chance of 
breakage the silver layer was etched off 
after soldering. The diameters were de- 
termined by microscope, measurements 
being made with both horizontally and 
vertically mounted wires. All experiments 
were carried out in a Dewar vessel of 6 


em. I, D. The tests were conducted by 


gradually increasing the current until 
stable film boiling was reached. By varying 
the power input and measuring the current 
and potential drop, one obtained the stable 
film-boiling curve. The average temper- 
ature of the test section was determined 
by resistance thermometry. The resistance- 
temperature characteristic was obtained 
from resistance measurements at the ice 
point and at liquid helium temperature, 
with: the validity of Matthiessen’s rule 
assumed and the data for pure platinum 
in the standard reference works (2) used. 
In most cases the power was increased until 
the wire burned out. 
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RESULTS OBTAINED 


Table 1* gives a sample of the measured 
data for a single wire and the calculations 
made to obtain the heat transfer coeffi- 
cient. In Figure 1 the experimental 
results for horizontal wires are presented 
as a plot of the average heat transfer 
coefficient, defined by the equation 
q/A = h AT. (W = watt; 1 W/(°K.) 
(sq. cm.) = 1,761 B.t.u./(hr.)(sq. ft./ 
°F.); 1 W/(°K.)(sq. em.) = 8,600 keal./ 
(°K.)(sq. m./hr.). 

At the highest temperature reached 
one obtains the order of magnitude of 
the film thickness by calculating B = k/h 
(kK at average film temperature), which 
yields B of about two times the wire 
diameter. The temperature gradients 
within the film reach values of the order 
of magnitude of 10° °K./em. The mean 
free path of the gas molecules changes 
considerably across the film [from about 
(30 to 6,000) 10-* cm.], causing changes 
in the transport properties for momentum 
and heat. At the burnout point current 
densities up to 5 X 105 A/sq. cm. were 
reached. 

The heat transfer coefficients for some 
vertically mounted wires show no great 
differences compared with those for 
horizontal ones, the maximum observed 
difference being about 15% less for the 
vertital wires. (The lengths used were 
3.60 cm. for 30-u nominal diameter, 
3.07 cm. for 10-u wire, and 0.625 cm. 
for 5-u wire.) The effect of wire length 
on h is very weak, as was observed in 
additional measurements with wires of 
15-u nominal diameter. Within the range 
of lengths from 3 to 10 cm. only a slight 
increase of h with increasing length was 
found; however it is difficult to give an 
exact quantitative relationship because 


*Tabular material has been deposited as docu- 
ment No. 5972 with the American Documentation 
Institute, Photoduplication Service, Library of Con- 
gress, Washington 25, D. C., and may be obtained 
for $1.25 for photoprints or 35-mm. microfilm. 
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scattering of data in these measurements 
is inevitable. A vertical cylinder is defined 
by two linear dimensions, the diameter 
and length. (Only for very short hori- 
zontal cylinders are end effects notice- 
able.) Generally it is to be expected that 
the influence of the ratio of length to 
diameter will not be the same at very 
small and very large diameters. A further 
complication comes from the existence of 
a laminar- and turbulent-flow region. (For 
long vertical cylinders the mean heat 
transfer coefficient is nearly unaffected by 
the mean h value of the relatively short 
viscous-flow path.) Thus for all diameters 
the h values on vertical cylinders will 
not be superior to those on horizontal 
ones, as was found by Hsu and Westwater 
(8) in film boiling on vertical tubes with 
2 to 2 in. O.D. (9.5 to 19 mm.). A better 
knowledge of the critical Reynolds num- 
ber of the film and the turbulent heat 
transfer would give a better explanation 
of the vertical film-boiling heat removal. 

In addition to the helium measure- 
ments some experiments wete conducted 
with nitrogen. In Figure 2 the heat 
transfer coefficients for thin horizontal 
wires measured by the author and by 
other authors (3, 4) are presented. The 
shape of the nitrogen curve is similar to 
that obtained for oxygen (6). Beyond 
the heat-flux minimum (Leidenfrost 
point) h gradually decreases with in- 
creasing temperature difference toward 
a flat minimum. At higher temperatures 
of the heating surface the shape of the 
curve becomes steeper and steeper with 
increasing radiation. Compared with the 
helium data, the temperature range 
between the minimum of h and the 
beginning of radiation is considerably 
smaller. 


THEORETICAL ANALYSIS 


A theoretical solution of film-boiling 
heat transfer was given by Bromley (8), 
who treated the problem in analogy to 
the film-condensation theory of Nusselt. 
He has shown that the mean coefficient 
of heat transfer without radiation in- 
fluence for the film boiling on horizontal 
cylinders is given by 


h = 0.62 | Du aT (1) 
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TABLE 1. SAMPLE OF MEASURED DATA AND CALCULATION OF 
THE HEAT TRANSFER COEFFICIENT 


Wire, F 52 
Diameter, D=5.5p 
Length, L = 0.537 cm. 


Surface area, A = 9.28: 104 sq. cm. 


Ice-point resistance, R 


73 
Resistance at liquid helium temperature, Ry 9 


Heat 
flux 
Wire 
resist- 


Measured data power watts/ ance, 


Amperes Volts Watts sq.cm. ohms R 


0.0906 0.680 0.0616 66.4 7.50 
0.0892 0.900 0.0803 86.4 10.1 
0.0898 1.09 0.0979 105.5 12.1 
0.0915 1.28 0.117 126 14.0 
0.0911 1.46 0.1383 1438 16.0 
0.0917 1.65 0.151 163 18.0 
0.0923 1.95 0.181 194 21.1 
0.0941 2.20 0.207 223 23.4 
0.0965 2.67 0.258 278 27.6 
0.0964 3.02 0.292 315 31.3 
0.0972 3.54 0.3844 371 36.4 
0.0989 4.05 0.400 431 41.0 


*Taken from standard tables (2). 


The physical properties of the vapor are 
taken at the average temperature of 
the film. The effective latent heat of 
vaporization was taken in first approxi- 
mation as \,’ = 0.5 A later 
(6) derived effective enthalpy difference 
= A-[1 + 0.4 c, AT/A]? gives a 
better fit with observed data. Apart 
from the effect of diameter the boiling 
heat transfer can be described fairly 
well by Equation (1), which has been 
derived under the assumption of negli- 
gible film thickness in comparison with 
the diameter. Bromley’s experimental 
results on cylinders 0.19 to 0.47 in. (4.8 
to 12 mm.) O.D. are in good agreement 
with the theoretical prediction that h 
should be proportional to D-/4. For 
thin wires, however, the assumption of 
negligible film thickness is not valid. 
Measurements on boiling oxygen by 
Banchero, Barker, and Boll (6) gave 
heat transfer coefficients which were some 
10% higher than those calculated by the 
Bromley equation for the smallest diam- 


25.8 ohms 
0.61 ohm 

Heat 
Wire transfer 
Resistange temper- Temper- coeffi- 
function ature* ature cient A, 
R-R (abso- differ- watts/ 

lute), ence, (sq. cm.) 

a7a~ Ry K- K. 
0.274 97.4 93.2 0.711 
0.376 121 117 0.739 
0.456 140 136 0.776 
0.531 158 154 0.818 
0.611 176 172 0.831 
0.690 198 194 0.840 
0.815 227 223 0.869 
0.905 250 246 0.906 
1.07 291 287 0.969 
1.22 330 326 0.966 
1.42 380 376 0.986 

1.60 428 424 1.02 


eter used (0.025 in., or 0.0635 mm.). 
The data for the present tests on helium 
are up to 3.5 times larger for the thinnest 
wire than the theoretical values ob- 
tained by the insertion of \2’ in Equation 
(1). In the diameter range used here [(5 to 
50) X 10-3? mm.] h is proportional D-°-7, 


Vapor-layer Formation 


In natural-convection film boiling at 
an inclined heating surface a continuous 
vapor film is flowing from the lower edge 
upward along the surface under the 
action of the gravity field, in contrast 
to the nucleate boiling mechanism. The 
driving temperature difference between 
the heating surface and the saturated 
liquid must exceed a certain value in 
order to establish a stable flow pattern. 
For the derivation of Equation (1) it 
is essential that the vapor film be suffi- 
ciently thin. Under this assumption the 
increase in thickness due to evaporation 
at the phase boundary corresponds 
immediately to the heat supply from the 


heating surface. In first approximation 
the temperature profile of the laminar 
flowing vapor is linear; the superheat 
and the heat capacity of the vapor are 
taken into account by the.insertion of 
A2’ instead of A into Equation (1). In 
accordance with the equation the in- 
crease in film thickness for a given heat 
input, other variables being unchanged, 
is higher the lower the heat of vaporiza- 
tion. Other factors which are important 
for nucleation, such as surface roughness, 
do not enter the theory. Its important 
variables are the physical properties of 
the vapor within the film. Considering 
the good agreement with the experi- 
ments in the range of moderate diameters 
one may conclude that the rate-control- 
ling mechanism must be the transfer of 
heat across the vapor film. 


Natural-Convection Mechanism 


Since the vapor resistance is control- 
ling, there is some analogy to natural 
convection of a horizontal cylinder by a 
gas without boiling if other phenomena 
caused by the presence of the denser 
phase are neglected. This becomes evident 
for the limiting case of a liquid boiling 
under a pressure approaching the critical 
(vanishing latent heat of vaporization, 
vanishing phase boundary). Within the 
film the vapor is rising under the action 
of buoyant and viscous forces. The 
motion of the vapor is caused by gravi- 
tation in association with the density 
variations which occur as a result of the 
temperature difference produced by the 
heat-dissipating cylinder. Consequently 
the dimensionless groups Ny, = hD/k 
and the product of Ng, = D%p?Bg AT /2 
and N/p,= c,u/k, governing the natural- 
convection heat transfer without boiling, 
have been used to correlate the film- 
boiling data in dimensionless form. All 
physical properties are taken at the 
arithmetic mean temperature; in this 
sense 8 = 1/T',. 

The range of applicability of this 
correlation may be seen when one rewrites 
Equation (1) in dimensionless form for 
a liquid with negligibly low latent heat 


} He of vaporization (A < 0.5 c, AT) and 
h dx10 mm 
5.93 
a 4 T T 
55 | 5.37 h N |, 
x 5.20 2 °° | 
10 LLY 30.7 “| ob | 
a | 
ae of T 4 | 
v ow + 09 0% | 
C1 a | 
2 4 6 6 2 0.01 
10 10* ‘ 
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Fig. 1. Heat transfer coefficient for film boiling of helium on hori- 
zontal thin wires under atmospheric pressure. 
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Fig. 2. Heat transfer coefficient for film boiling of nitrogen 
on horizontal wires and tubes under atmospheric pressure. 
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uses the approximate expression \,’. The 
Bromley equation can be written 


ku AT @) 


and approximately with \’ Y 0.5 c, AT 


3 
~ p( pr. 5 p)g (3) 
By definition the coefficient of thermal 
expansion is B = —(l1/p)(0p/0T). For 
purposes of comparison one takes a 
modified coefficient B* = (1/p)[(p, — p)/ 
AT]. Thus Ng,* = D*g = 
— p)/u2, and the approximate 
form of the Bromley equation for negli- 


gibly low X becomes 
(3a) 


p 
Pr 


Ny. = 0.02, 


Nyu & Ci(No-*N p,)* 


The last factor on the right side ap- 
proaches unity near the critical pressure, 
where p, = pz. Equation (8a) in terms 
of the argument Ng,Np, used in this 
correlation becomes 


Nyu C\(N@,-N p,)* 
(3b) 


with 
Q* 


8 = 1/T,, being used. For heltum with 
its low boiling point (4.2°K. under 
atmospheric pressure) at sufficiently high 
temperatures with AT7/T,, ~ 2 and 
p< pr 


2 p 

In Figure 3 a plot of Ny, vs. Ng-Ne, 
is presented for helium and nitrogen data 
and for published data on other lique- 
fied gases boiling under atmospheric 
pressure. The experimental results for 
stable film boiling of helium can be 
represented by 


Nyy = C(Ne-Np,)” (4) 


with C. = 2.5 and m = 0.11 for the 
range of variables 10-7 << Ng,Np, < 107. 
The thin-wire nitrogen data can be 
approximated by a similar relation with 
a somewhat greater constant. Known 
film-boiling results for oxygen (4), nitro- 
gen (3, 4), and hydrogen (4) with larger 
diameters are added covering Ng,Np,- 
values larger than unity. (The plotted 
nitrogen data of Bromley are the cor- 
rected values excluding the influence of 
radiation.) 


Effect of Diameter 


A general trend of the data is observ- 
able similar to the well-known curve for 
natural-convection cooling on horizontal 
cylinders without boiling (7). At low 
valuse of Ng,Np, the Nu values in- 
crease with an increase of Ng,Np, at a 
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very slow rate. For values of the argu- 
ment greater than unity this rate in- 
creases until Ny, becomes proportional 
to (N¢-Np,)'/4. In this region h is pro- 
portional to D-'/4, as predicted by 
Bromley’s equation. If the heat transfer 
coefficient is proportional to D~, then 
from Equation (4) this exponent becomes 
n = (1 — 3m.). In this way the dimen- 
sionless correlation permits an estimate 
of the influence of diameter on the heat 
transfer coefficient without radiation. 

For the greatest diameter used by 
Banchero (0.750 in. or 19.05 mm.) devia- 
tions of the h values calculated by the 
Bromley equation were also observed. In 
the dimensionless correlation of these 
data m approaches 3, and h is nearly 
independent of the diameter. In natural 
convection ‘without boiling this means 
turbulent flow. As for this diameter, no 
detailed observations regarding turbu- 
lence were made, and the exact value of 
m cannot be taken from this single run; 
conclusions on the transition laminar- 
turbulent are not possible, and the data 
were omitted in Figure 3. 

One may note that in general for any 
given diameter of the cylinder an exten- 
sion of the boiling curve to either lower 
or higher AT’, corresponding to higher or 
lower values of Ng,Np,, would lead to 
values of Ny. lying above the general 
curve shown. At the higher Ng,Np, 
this occurs because the curve is con- 
tinued into the transition region; at 
the lower values of the same dimension- 
less number the Ny, values, calculated 
with the total heat transfer coefficient 
including radiation, increase toward the 
burn-out point. The presented points in 
this way have the character of a lower 
limit for the heat transfer coefficient. 


Effect of Fluid 
For the case of heat transfer by con- 


vection without phase change the Nusselt 
numbers are known to be entirely inde- 
pendent of the nature of the gas. It is 
not surprising, however, that in the case 
presented here there should be differences 
in the Ny, values for different gases 
because the heat transfer process in film 
boiling is much more complicated than 
that without phase change. Of all gases 
investigated helium shows the greatest 
similarity in Nusselt numbers for film 
boiling and natural-convection cooling. 
This becomes understandable from its 
very low heat of vaporization [under at- 
mospheric pressure about 20 joules/g. 
and ¢, about 5 joules/(g.)(°K.)] [1 joule/ 
g. = 0.431 B.t.u./lb.] and a ratio of 
pressure to critical pressure of about 
44% at 1 atm. For nitrogen and oxygen 
this ratio is considerably smaller (about 
3 and 2% respectively), and the latent 
heat of vaporization is about ten times 
larger than for helium. The curves for 
oxygen and nitrogen in Figure 3 at low 
temperature differences already show 
small deviations due to the influence of 
the latent heat of vaporization. [For the 
range of higher Ng,Np, a smooth curve 
for oxygen is obtained when one multi- 
plies Ny, with the correcting factor 
[A/(¢p AT) + or [A/(e AT)- 
(1 + 04 AT/A)2|-'* according to 
Equation (1).] When one considers the 
complicated conditions caused by the 
presence of the denser liquid separated 
from the gas by a more or less irregularly 
shaped phase boundary, the variation of 
vapor flow due to vaporization along 
this boundary, and the bubble-discharge 
mechanism and notices the various 
pressure-ratio values, the differences in 
the Ny, numbers for the various liquefied 
gases are remarkably small. In general, 
the author’s results show that great 
similarity exists in the behavior of these 
gases at the same film Reynolds number. 
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Fig. 3. The Nusselt number as a function of the product of the Grashof and 
Prandtl numbers for film boiling on horizontal cylinders under atmospheric 
pressure. 
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NOTATION 

A = area of heating surface 

B- = film thickness 

C, = numerical constant 

C. = numerical constant 

Cp = specific heat at constant pressure 
D diameter (d = D in figures) 


g = acceleration due to gravity 


h mean heat transfer coefficient, 
1 W./(°K.)(sq. cm.) = 1,761 
B.t.u./(sq. ft.)(hr./°F.) 

k = heat conductivity of vapor 

L = length of test section (J = L in 
figures) 

m = exponent of empirical correlation 

nm = empirical exponent 


Ne, = D* p*Bg AT/p? 


D* 
Ne-* = p) 


modified Grashof number 
Nyu = hD/k 
N Pr > k 
q = rate of heat flow 
R= electrical resistance 
Rez = electrical resistance at ice point 
= electrical resistance at liquid- 
helium temperature 
T = absolute temperature 
Tm = mean temperature of vapor 
AT = temperature difference 


Greek Letters 


8 = Coefficient of thermal expansion 

B* = Modified coefficient of thermal 
expansion 

p = density of vapor 

px. = density of saturated liquid 

p, = density of saturated vapor 

viscosity of vapor 

\ = latent heat of vaporization 

\’ = effective heat of vaporization 


The Uselessness of Raffinate Reflux 


J. F. WEHNER 


The Catholic University of America, Washington, D. C. 


The theory behind the separation of 
liquid mixtures into their constituents 
by solvent extraction is based on the 
relatively simple, exact, material-balance 
calculation which may be done graphi- 
cally for a two-component system. In 
this operation a feed stream is separated 
into two streams by contact with a 
partially miscible solvent in a counter- 
current cascade (1, 2). Ideally one 
component is extracted into a solvent 
rich phase and the other is obtained in a 
solvent poor or raffinate phase. The 
separation is complete when the solvent 
is recovered from each stream. In a 
finite cascade each constituent is con- 
taminated by a certain portion of the 
other constituent, which can be made as 
small as desired if the solvent is partially 
miscible with each component. Even so, 
to achieve this degree of separation the 
cascade must- be modified by feeding 
into an intermediate stage and refluxing 
a portion of the product recovered from 
the extract. 
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A number of expositions of this theory 
show a countercurrent cascade which 
also includes reflux from the raffinate 
phase as a useful method of operation. 
This mode of operation is a needless 
generalization of the reflux concept, as 
it cannot achieve any degree of sepa- 
ration which cannot be obtained in its 
absence. The number of theoretical 
stages required for a desired separation 
is the same with or without raffinate 
reflux. In addition the use of raffinate 
reflux requires an extra solvent mixing 
stage. The saturation of the solvent that 
is achieved in this mixing stage can in 
no way aid the possible degree of sepa- 
ration. That the number of theoretical 
stages other than the mixing stage de- 
pends only on the degree of separation 
and an extract reflux ratio great enough 
to avoid a pinch point at any stage along 
the cascade is shown by locating the 
operating points and stepping off stages 
starting from the raffinate end. Alter- 
nately it can be seen that the number of 
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stages is exactly the same when the 
material balances are started from the 
extract end and the reflux ratio is ad- 
justed by trial and error until an integral 
number of stages is achieved. This latter 
condition is in reality the only situation 
in which the solution is exact mathe- 
matically. The nonintegral number of 
stages generally obtained for an arbitrary 
reflux ratio is only an approximation. 
The lack of usefulness of raffinate 
reflux applies also in the case of ex- 
traction with a solvent that is immiscible 
with only one of the constituents of a 
binary system. In this case extract 
reflux may or may not be used. Without 
extract reflux, raffinate reflux achieves 
with an extra mixing stage only that 
separation which an adequate solvent-to- 
feed ratio already assures. Extract reflux 
can improve the degree of separation 
by a considerable amount if a solvent 
of low selectivity must be used but 
will not greatly aid the separation if a 
highly selective solvent is available. 
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The Uselessness of Total Reboiling 


It has been shown (1, 2) that solvent 
extraction and rectification are analogous 
operations. The operation analogous to 
raffinate reflux discussed in the previous 
note is total reboiling (3). In this opera- 
tion a liquid stream from the bottom of 
a rectifying tower is split into two 
streams; one is vaporized and sent back 
to the tower, and the other is a bottoms 
product. Total reboiling also is subject to 
the same objections; it does not aid the 
degree of separation and requires one 
extra plate in a tower. It is not widely 
claimed as being useful and is not dis- 
cussed in any authoritative works on 
distillation. 


J. F. WEHNER 


The Catholic University of America, Washington, D. C. 


constructing a McCabe-Thiele 
diagram for a desired separation it may 
be noted that the intersection of the 
lower operating line with the diagonal 
has physical significance only for the 
total reboiling operation. This signifi- 
cance has been obtained at the expense of 
an extra theoretical plate. The McCabe- 
Thiele diagram is identical for the case 
of partial reboiiing, which is advantage- 
ous with regard to equipment. However 
in this case this same intersection of the 
operating line with the diagonal has no 
physical meaning. The use of total re- 
boiling to give a meaning to this inter- 


Semifluidization: Mass Transfer in 


Semifluidized Beds 


LIANG-TSENG FAN, YUNG-CHIA YANG, and CHIN-YUNG WEN 


It is the purpose of this communi- 
cation to report the preliminary per- 
formance data of a new and unique type 
of fluid-solid contact operation which 
may be termed “semifluidization.” 

A state of fluidization results when 
the flow rate of fluid passing upward 
through a bed of solid particles becomes 
sufficiently high to buoy the solid par- 
ticles, provided a sufficient space of free 
board is available for free expansion of 
the bed. 

The characteristics of fluidization, 
especially its advantages over fixed-bed 
operation, are extensively discussed else- 
where. However the fluidization process 
is not immune from some serious defects 
of its own, such as loss of driving po- 
tential for the transport processes within 
the bed due to the back mixing of the 
solid particles, attrition and elutriation 
of the solid particles, necessity of con- 
siderable free board above the bed, and 
erosion of the containing vessel. 

The present authors have speculated 
about the possibilities of eliminating 
those defects and attaining a type of 
solid-fluid contactor which compromises 
the features of both fixed and fluidized 
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beds by partially restricting expansion 
of the fluidized bed. 

Such possibilities are hinted from 
many of the correlations of transport 
processes (/, 4) within the solid-particles- 
fluid contactors, which are claimed to 
be equally applicable both to the fixed 
bed and to the fluidized bed. For instance 
the mass transfer factor of J, factor 
correlation of Chu and his co-workers 
(1) suggests that, irrespective of the 
type of operation (fixed bed or fluidiza- 
tion), the rate of mass transfer can be 
altered if the porosity of the bed can be 
changed. 

However expansion of the bed, and 
consequently the porosity of the con- 


section should not lead one to believe 
that it has practical usefulness. 
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ventional fluidized bed, is a function of 
the geometrical characteristics of the 
solid particles, the physical properties 
of the solid particles and fluid, and the 
flow conditions of the fluid and is not 
subject to arbitrary control. In other 
words the porosity of the fluidized beds 
must be treated as a dependent variable 
rather than an independent variable. 

A typical set of available data on bed 
expansion is plotted in Figure 1, in 
which the porosity of the beds is plotted 
against the rate of fluid flow (2). 

While the expansion in a conventional 
fluidized bed is allowed freely, in a 
semifluidized bed the bed expansion is 
restricted by a porous or sieve plate 
introduced above the expanding bed, 
thus forcing formation of a fixed bed 
above the fluidized bed. By adjusting 
the position of the movable top sieve 
plate one can vary the over-all bed 
porosity. Therefore the desired heights 
of fixed and fluidized sections for opti- 
mum driving potential for mass, heat, 
and momentum transfer can be obtained. 


a 8-!0 MESH 
OQ 12-14 MESH 
© 20-24 MESH 7 
4-28 MESH 
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Fig. 1. Porosity of bed of benzoic-acid particle fluidized with water (2). 
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Fig. 2. Semifluidization of benzoic acid- 
water system. 


EXPERIMENTAL 


The benzoic acid-water system was 
employed in the present investigation. 
The mass transfer in the fixed and fluid- 
ized beds of the system has been investi- 
gated by various researchers (2, 3). 

The experimental apparatus, proced- 
ure for preparing solid particles, and 
the operating procedure employed by 
Evan and Gerald (2) were closely fol- 
lowed with the exception of the following 
modifications: 

1. A movable top sieve plate was 
installed within the column containing 
the solid particles so that the expansion, 
and consequently the over-all porosity, 
of the bed could be controlled. 
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Fig. 4. Heights of packed-bed section whose calculation is based on 
Equation (1) and compared with that experimentally observed. 


2. To minimize the change in geom- 
etry of the particles during the experi- 
mental runs none of the individual runs 
exceeded 80 sec. This resulted in a de- 
crease of less than 3% of the initial 
weight of the solid particles for a single 
run. 

A few preliminary test runs indicated 
that reproducibility of the Evan and 
Gerald data are excellent. 


RESULTS OF EXPERIMENTS AND 
DISCUSSION OF RESULTS 


As the picture in Figure 2 indicates 
it was found that a definite fraction of 
the solid particles formed a fixed bed 
immediately below the top sieve plate. 
The remainder of the particles remained 
in fluidized condition below the packed 
section. The name of ‘‘semifluidization” 
was taken from this phenomenon. 

The segregation of the particles de- 
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Fig. 3. Weight fraction of packed particles. 
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pended on factors such as the particle 
and fluid characteristics, flow conditions, 
and the expansion of the bed allowed. 
This is illustrated in Figure 3. The bed- 


expansion ratio is the height between . 


the top sieve plate and the bottom of 
the expanded bed divided by the height 
of the bed before expansion. 

Based on a simple material balance 
the height of the packed-bed section in 
the semifluidized bed can be derived. If 
the behavior of the particles in a column 
is assumed to be independent and uni- 
form as is the case in a particulate type of 
fluidization, when one refers to Figure 2 


hyaps(1 


— € pa) 


= + (hy — h)Jp.(1 — 


or 


1 
= (hy — h) (1) 
The relationship concerning these quanti- 
ties and operating conditions have been 
reported in literature (6). Figure 4 indi- 
cates the height of packed section calcu- 
lated based on Equation (1) and that 
obtained from the experiments. 
The weight fraction of solid in packed 
section can be calculated from 


p, ACL Ena) (he h) 


X = W 


€na 


The agreement indicated in Figure 4 
is good considering that the large-and 
irregular-size particles of benzoic acid 
were employed and that the data include 
é¢ > 0.8 where the measurements of 
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Fig. 5. Generalized correlation of mass transfer data (1). 


bed height could not be made accurately. 

As indicated in the figure the devi- 
ation for the larger particles is greater 
than for the smaller ones. 

The mass transfer data were correlated 
in terms of the J factor and the modified 
Reynolds number (1) (Figure 5). The 
mass transfer coefficients were calculated 
on the basis of the over-all logarithmic 
mean driving force, as was done by other 
investigators (1, 2) for both packed- 
and fluidized-bed mass transfer. The 
solid line in Figure 5 is a line of a general- 
ized correlation used by Chu and his 
co-workers (1) to correlate the mass 
transfer data in both the fixed beds and 
the fluidized beds. The magnitude of 
the deviations from the line of the data 
by the present authors is of the same 
order as that of the data used by Chu, 
et al. 

The axial concentration gradient within 
the semifluidized bed is being investi- 
gated. 

To illustrate the effect of controlled 
expansion the mass transfer coefficients 
under approximately constant operating 
conditions are plotted against expansion 
ratios in Figure 6. 

For a given fluid-flow rate a desired 
mass transfer coefficient can be selected 
by adjusting the position of the top 
sieve plate. The values of k, for semi- 
fluidized bed lie between the limits cor- 
responding to the fixed bed at one end 
and the fluidized bed (2) at the other. 
For a given expansion ratio the mass 
transfer coefficient was found to increase 
as the fluid flow rate is increased. 


CONCLUSIONS 


The following significant conclusions 
could be drawn from the results of the 
present investigation: 

1. The segregation of the solid par- 
ticles into two distinct sections, the 
fixed bed (upper section) and the fluid- 
ized bed (lower section), is caused within 
a fluidized bed by denying it full ex- 
pansion. In other words it is possible to 
carry out the fixed bed and fluidization 
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operations simultaneously within a single 
vessel. 

2. The depth of the packed section, 
and consequently the fluidized section, 
are a function of the flow conditions, 
particle and fluid characteristics, and 
the expansion of the bed allowed. 

The ratio of the depth of the fixed 
bed to the depth of the fluidized bed can 
be fixed arbitrarily for certain particles 
and fluids by controlling the expansion 
of the bed with the upper sieve plate. 

3. The rate of mass transfer is also 
affected not only by the characteristics 
of the particles, fluids, and flow rate 
but also by the amount of expansion of 
the bed allowed. The magnitudes of mass 
transfer coefficients can be controlled 
approximately linearly and within the 
limits of a completely fixed bed and a 
fully fluidized bed by means of bed ex- 
pansion alone. 

The expansion of the bed can be intro- 
duced as an independent factor, in 
addition to such factors as temperature, 
pressure, and flow rate, in controlling 
the rate of mass transfer for any solid 
particles-fluid system. 

The preliminary phase of the present 
investigation was concerned with the 
heights of fixed and fluidized sections 
and the aspect of mass transfer. How- 
ever the result has very significant impli- 
cations to the other aspects of this new 
operation, such as momentum transfer, 
heat transfer, and chemical reaction rate 
in the semifluidized beds. A compre- 
hensive study of these phases of operation 
in semifluidized bed shall be reported 
in a paper to follow this communication. 

The great possibility of the practical 
application of this new operation of 
semifluidization is beyond the need of 
much description since both fixed beds 
and fluidized beds are extensively em- 
ployed in industry as catalytic reactors, 
ion exchange columns, heat exchangers, 
driers, solvent extractors, and other 
process equipments. 

It is difficult to predict the occurrence 
of semifluidization for a large diameter 
column (of the order of 2 ~ 3 ft.) based 
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Fig. 6. Expansion ratio vs. mass transfer 
coefficient. 


on the evidence from the small labo- 
ratory-scale column. However it is be- 
lieved that such phenomena are quite 
possible in a particulate fluidization 
but may not be possible in an aggrega- 
tive fluidization. 


NOTATION 


D = diameter of particle, ft. 
G = mass velocity of fluid, lb./(hr.) 
(sq. ft.) 


Jz = mass transfer factor, dimensionless 
h = depth or height of particle bed, ft. 
k, = mass transfer coefficient in liquid 


phase, lb. mole/(hr.)(sq. ft.) 

R = bed expansion ratio, the height 
between the top sieve plate and the 
bottom of the expanded bed 
divided by the height of the bed 
before expansion, dimensionless. 

X = weight fraction of particles in fixed 
bed, dimensionless 

€ = void fraction or porosity in the bed 
of particles, dimensionless 

= viscosity, lb./(hr.)(ft.) 


Subscripts 

f = fluidization 
L = liquid 

S = solid particle 
pa = packed bed 
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The Ratio of Fluids to Solid Temperature and 7 
or Concentration in Fixed-bed Processes 


H. E. HOELSCHER, The Johns Hopkins University, Baltimore, Maryland 


Design calculations related to heat 
transfer rates in fixed beds frequently 
involve the assumption that local values 
of solid and gas temperatures are equal. 
For the parallel mass transfer problem 
(for example, adsorption or ion ex- 
change) gas and solid concentrations are 
often assumed to be directly proportional. 
It is obviously desirable to examine this 
assumption to determine under what 
conditions the ratio of fluid to solid 
temperature or concentration is negligibly 
different from unity. For at least one 
class of problems this question can easily 
be answered with information and 
techniques currently available in the 
technical literature. 

Goldstein (1, 2) has developed the 
mathematics of wave-propagation rates 
through a fixed bed where there is no 
transfer across the containing wall, but 
a nonlinear surface rate equation is used; 
for example, in the case of adsorption, 
the latter corresponds to the use of a 
Langmuir type of isotherm. His results 
may be applied directly to determine the 
ratio of the solid to fluid concentration. 
The mathematical development presented 
by Goldstein is both lengthy and complex; 
however the useful results for the 
engineering student or for the research 
or design engineer are summarized below. 


J(rx, y) 
{ 1 —J (x, ry) +J (rz, y) 
(1) 
1—J(y, rz) 
e 11— I(x, ry)} (ra, y) 
(2) 
where 


Joe, [ sy) ds (3) 


and 


For adsorption 


Ca: 
qa 
“Sa, 
{+ 
KG 
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In this development the kinetic equation 
for the rate of adsorption by the solid is 


This corresponds to the use of a Lang- 
muir type of adsorption isotherm, that is 


Bie’ 


with a rate equation for the surface 
adsorption expressed as 


99 _ 
kK(C — C*) 
Thus the ratio of fluid to solids tem- 
perature, for example, at any time and 
bed location may be calculated: 


T,-T, 1-—Jy,2) 


and, correspondingly, the ratio of fluid 
to solid concentration may be calculated: 


_ __ J(rz, y) 


To apply this method to the case of 
adsorption or ion exchange will require 
values of r and hence will require knowl- 
edge of the adsorption rate, data that are 
available in the literature. Thus the 
assumption regarding equality of fluid 
and solid concentrations can be checked. 

Opler and Hiester (3) have prepared 
extensive tables of values for both u and 
v as a function of x and with parameters 
of v/x. From these tables values can be 
obtained for any specific problem of 
heating a fixed bed of solid particles with 
a hot gas from some initial temperature 
to an arbitrary final temperature. The 
ratio of u/v as a function of elapsed time 
for various values of bed length z is 
shown in Figure 1. This method may be 
applied to a specific problem as follows. 

A bed is considered which is 4 in. in 


For heat transfer 


T; 
1 
GA 


diameter, 2 ft. in length; a gas flow rate is 
150 cu. ft./hr. at the inlet temperature, 
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Fig. 1. Fluid/solid temperature ratio vs. 
elapsed time. Curve A: X = 18,B: X = 
25, C : X = 10, time in hours. 


and particle size is approximately 1 in. 
A value of the convection heat-transfer 
coefficient of approximately (h =) 100 
B.t.u./(hr.) (sq. ft./°F.) is calculated 
from standard equations in the chemical 
engineering literature. Values for solid- 
and gas-phase heat capacity and den- 
sities were taken from the handbook, 
and a fraction void of 0.4 was assumed, 
For an elapsed time of 1 hr. it was found 
that 
0.1 


007 ~ 144 


NOTATION 


A = cross-sectional area of bed = L? 
C = fluid phase concentration = M/L* 
Cp = heat capacity = heat units/M, °F. 


G = mass rate of flow, M/L0 

h = convection heat transfer coefficient. 
(the analogue of k) = heat units/ 
L*6, °F. 

k = adsorption rate constant = L*/@M 

K = adsorption equilibrium constant = 
L’/M 

q = solid phase concentration = M/g. 

t = time 

T = temperature 


V = bed volume 
z = bed length = L 
Greek Letters 


a = fraction void 
p = density = M/L' 


Subscripts 

0 = initial conditions 
f = fluid 

s = solid 

B = bed 

Superscript 

* = equilibrium 
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Thermodynamic Consistency Test for 
Multicomponent Solutions 


In 1947 Herington (1) proposed a 
simple graphical method for testing the 
thermodynamic consistency of vapor- 
liquid equilibrium data for binary sys- 
tems. Very shortly thereafter Redlich 
and Kister (4) independently proposed 
the same method. This convenient 
graphical test for thermodynamic con- 
sistency has won wide acceptance, and 
it is utilized with increasing frequency 
by workers in the field of phase equi- 
libria. 

Some years ago Herington showed how 
his consistency test might be applied 
to a ternary system (2, 3). The purpose 
of this work is to show how the Hering- 
ton-Redlich-Kister method may be gen- 
eralized for application to a system of 
any number of components. 

For a given solution the general tech- 
nique of the consistency test is to plot 
a particular function of the activity 
coefficients of all the components in 
that solution against the mole fraction 
of one of the components. If the thermo- 
dynamic data are consistent, then the 
area under the resulting curve is equal 
to the excess free energy of a solution 
containing one component less than the 
number of components in the solution 
being tested. In the case of a binary 
the data for the two-component solution 
are related to the excess free energy of 
a one-component solution which is zero. 
In the general case data for a solution of 
nm components are related to the excess 
free energy of a solution of n — 1 compo- 
nents. 

A liquid-phase solution of n compo- 
nents is considered. The excess free 
energy for the solution is related to the 
activity coefficients by 


AG® n 
v; In Yi (1) 
i=1 
M; is defined by 
2; 
M,; = ie (2) 


For a solution of n components n — 2 
such parameters are required for compo- 
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nents 1 = 2 toi = n — 1. In the dis- 
cussion all M; are constants, although 
not necessarily equal to one another. 


Substituting (2) into (1) and noting 
that 


one obtains 


E 
= 2, ny, + 
In 
+ In (3) 
+ M,+--- M,,)] ny, 


When Equation (8) is differentiated 
at constant temperature and pressure 
holding all M constant 


1 (242°) 
RT Ox, 


In 
+ 


In 
Ox, 


0 In Yn-1 
Ox, 


In Yn-1 
+ fl —2,(1+ M.+ 


Iny, 
M,-.)] 02, 


[1 + M, M; 
+ Sins M,-1] In Yn 


At constant temperature and pressure 
the Gibbs-Duhem equation is 


+2,M, 


+ 7,M,_; (4) 


n 


i=1 Ox, 
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When one substitutes (5) into (4) 


(240° 
RT \ dx, T.P,M; 


=Iny, + M, 
+ M, Iny; 
(6) 
+ --- ny, 
= 
+ Mz In y2/%n 
+ M, In y3/y, 


Equation (6) is now integrated with 
respect to x: holding all M constant. 


The integration is performed from 
0to 
1+ > M, 


At constant M, when xz; = 0, z, = 1 
and the solution consists of pure compo- 
nent n. At x; = 0 therefore AG# = 0. 

When 


x, = O and the solution of n compo- 
nents is in the special state where it 
contains only n — 1 components. When 
XZ, = 0, AG# is given by 


yE n-1 
> In Vi 


= function of a 
solution con- 
taining n — 1 
compo- 
nents (7) 
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1. PROCESS EQUIPMENT 
DESIGN: Vessel Design 


By LLOYD E. BROWNELL and EDWIN’ H. 
YOUNG, both of Univ. of Michigan. Unifies 
basic concepts, industrial practice, and an- 
alytical aspects. Covers simple vessels for 
low-pressure and vacuum use, through thick- 
walled vessels for high-pressure applica- 
tion. Equations are completely derived and 
methods of analysis given. 1959. 408 pages. 
$19.50 
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MICROSCOPY 
VOL. |. Third Edition 


Principles and Use of Microscopes and 
Accessories; Physical Methods for the 
Study of Chemical Problems. By the late 
EMILE CHAMOT and CLYDE W. MASON, Cor- 
nell Univ. Completely revised to include 
material on electron microscopy, particle 
size, colloids, and aggregates—plus a new 
polarization color chart. 1958. 502 pages. 
$14.00 


3. KINETICS OF HIGH-TEMPER- 
ATURE PROCESSES 


Edited by W. D. KINGERY, M.I.T. Stresses 
high-temperature processes in general, non- 
metal systems in particular, to form an in- 
tegrated record of the field’s status, and to 
help apply the data to often complex sys- 
tems. A Technology Press Book, M.I.T. 
1959. 326 pages. $13.50 
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SECOND EDITION 


By RICHARD FRANK GOLDSTEIN. 1958. 458 
pages. $16.50. 


5. ANALYSIS OF PIPE 
STRUCTURES FOR 
FLEXIBILITY 


By JOHN W. GASCOYNE. 1959. 181 pages. 
$7.50 


6. SCIENTIFIC RUSSIAN 


By GEORGE E. CONDOYANNIS. 
pages. $3.50 
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Equation (6) therefore becomes 


a= 3% 
1/(1+ M;) 


i= 


n—-1 
= | 
i=1 


(8) 
Y 


n n 


M,_, In dx; 
Yn 

The consistency test is carried out 
by the arbitrary selection of a set of 
parameters and the numerical (or graphi- 
cal) evaluation of the integral in Equa- 
tion (8) with activity-coefficient data 
for the solution of n components utilized. 
This integral must then be equal to the 
excess free energy of a solution of n — 1 
components having the composition 


1 


= = Miz, ; 
1+ > M, 
t=2 


Ly 


If this equality is met, the data tested 
are thermodynamically consistent. To 
cover a large section of the data it will 
of course be necessary to repeat the 


calculation several times with new sets 
of parameters each time. For a system 
of many components the calculations 
are necessarily quite tedious. However 
the form of this consistency test is very 
well suited for programming on an elec- 
tronic computer. 


NOTATION 


AG# = excess free energy 
M = parameter defined by Equation 


(2) 

nm = number of components in solu- 
tion 

R = gas constant 

T = absolute temperature 

x = mole fraction in the liquid phase 

Y = activity coefficient 

Subscript 

= component 

1,2 = component 1,2 
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ERRATA 


Vapor-Liquid Equilibria and Heat of Mixing: n-Octane-Ethylbenzene-Cello- 
solve System. P. S. Murti and Matthew Van Winkle. 


Figure 4 of the above paper is in error. The corrected plot is presented below. 
This article appeared on page 517 of the December, 1957, issue of the Journal. 


TIVE TO ECTHYLOENZENE 
T 


YOLATILITY OF n-Cae RELA 


MOLE FRACTION n- Cg (cellosolve - tree basis) 


Fig. 4. Relative volatility parameter: mole 
fraction Cellosolve in ternary mixtures 
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Liquid-Side Mass Transfer Coefficients 
in Packed Towers. Kakusaburo Onda, 
Eiz6 Sada, and Yasuhiro Murase. 

Equation (3) of the above paper is in 
error. It should read 


—0.278(L/u 
=1- 102° 


This article appeared on page 235 of the 
June, 1959, issue of the Journal. 


(Continued from page 276.) 


Fluid Dynamics and Heat Transfer, James G. 
Knudsen and Donald L. Katz, McGraw-Hill Book 
Company, Inc., New York (1958). 576 pages. 
$12.50. 


The need for solving problems concerned 
with fluid heat transfer has always faced 
many engineers. In the past, because of 
the complex nature of fluids in motion, 
solutions to these problems have been found 
by an approach which was basically em- 
pirical, One illustration of this approach 
is an early edition of McAdams’s com- 
prehensive book “Heat Transmission.” 
However there has been a growing aware- 
ness that fluid heat- transfer could best be 
understood by first understanding the 


(Continued on page 98.) 
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(Continued from page 88.) 

nature of fluid flow in the turbulent and 
transiton regions. Although much of the 
treatment of turbulence has only progressed 
to the semitheoretical, substantial progress 
has been made in many areas of fluid dy- 
namics—including transition and boundary 
layer flow. Nevertheless the record of ac- 
complishments, which is spread through 
technical journals, has not been available 
in a textbook until recently. 

Texts concerned with flow problems have 
appeared in the past five years, but most 
are too specialized for the purpose of 
introducing chemical engineers to those 
aspects of fluid flow which are useful for 
fluid heat transfer. 

Recognizing this need for presenting the 
fundamentals of fluid dynamics basic to an 
understanding of convection heat transfer, 
Knudsen and Katz have prepared this 
text. In doing so the authors have codified 
and selected their choice of topics from the 
fluid dynamics literature. Since the material 
was organized and used in a specific gradu- 
ate course in chemical engineering, the 
form has been arranged for class presenta- 
tion. This form is also useful for the practic- 
ing engineer. 

The title was probably intended to denote 
the relationship between heat transfer and 
fluid dynamics, for the authors make no 
attempt to be comprehensive in either 
field. Since the authors restrict themselves 
to certain fluids, many topics frequently 
included in a graduate course on fluid 
flow and heat transfer have been omitted; 
for example only incompressible liquids 
under forced convection are described. The 
authors clearly explain this narrowed scope 
as necessitated by the limitations of a 
one-semester course and also imply that 
this more integrated approach to heat 
transfer and fluid flow is a good basis for 
further, more comprehensive study of the 
applications of these two areas of study. 

The greater part of the book is devoted 
to fluid dynamics, which is the subdivision 
of fluid mechanics concerned with the 
forces acting on the fluids. Starting with 
the partial differential equations of motion, 
using both the usual notation and the 
vector notation, the authors demonstrate 
some of the solutions to these equations, 
such as those for nonviscous flow and 
laminar pipe flow. The discussion of con- 
duit turbulent flow is centered around the 
universal velocity profile obtained from 
Prandtl’s mixing-length theory. From an 
introduction to boundary-layer theory im- 
mersed body flow is developed and is 
followed by an important chemical engi- 
neering application of immersed body flow, 
that is, flow on the shell side of heat ex- 
changers. 

The approach used throughout this 
section is one of presenting the theory 
briefly and then justifying or criticizing 
the theory with substantial experimental 
results. It is presumed that a reader inter- 
ested in detailed, rigorous solutions of the 
applicable equations may refer to more 
theoretical references such as Schlichting’s 
“Boundary Layer Theory.” 

Since the heat transfer section builds on 
the concepts and the developments de- 
scribed in fluid flow, and since only forced 
convection transfer is discussed, this section 
comprises only the last third of the text. 
General equations are developed and 
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examples solved for the case of heat trans- 
fer through laminar films. Turbulent flow 
heat transfer is first discussed in terms of 
empirical correlations and then in terms of 
the analogy between momentum and heat 
transfer and for cases of immersed body 
heat transfer. Although the discussion of 
the empirical correlations does not require 
the previous fluid flow developments, dis- 
cussions of the analogy and the immersed 
body heat flow rely heavily on the uni- 
versity velocity profile and Prandtl mixing 
length developed earlier in the text. A 
section on liquid metals is also included, 
ostensibly to illustrate low Prandtl Num- 
ber heat transfer and because of current 
commercial interest, but also to fulfill a 
need for discussion of this new field in a 
textbook. 

Perhaps the greatest limitations to this 
book, especially for teaching purposes, are 
the topics omitted, such as compressible 
fluids and radiation. Some of these other 
topics might feasibly be included if some 
of historical-developments discussions were 
condensed, especially in the area of turbu- 
lence. where only an approximate solution 
to the theory is currently available. Another 


limitation is the treatment of the terms 
which contain the phrases “boundary 
layer.”’ Since terms such as “laminar 
boundary layer,’’ which is not a “boundary 
layer’ at all but rather the “boundary 
to the laminar sublayer,’’ are included, 
there is a need for either revised termi- 
nology or precise description of the inter- 
relation of all the “boundary” terms used. 
Perhaps boundary-layer theory could have 
been presented before rather than after 
the discussion of conduit flow and laminar 
and buffer layers. 

Nevertheless this book is an excellent 
basis for a course on fluid dynamics and 
heat transfer. It is clearly written; its 
continuity is strong, and its development 
proceeds smoothly. It is the first book on 
fluid flow suitable for chemical engineering 
needs. The authors are also to be com- 
mended for filling the gap between the 
rigorous detailed treatment of fluid flow 
and the empirical approach of forced con- 
vection heat transfer. As such this book is 
a welcome addition to the engineering 
literature. 

JoHN A. TALLMADGE, JR. 
(Continued on page 108.) 
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Recent Advances in the Engineering Sciences, 
Proceedings of Conference on Science and 
Technology for Deans of Engineering, Purdue 
University, September, 1957, McGraw-Hill Book 
Company, Inc., New York 1958). 257 pages. 
$4.75. 


With the rapidly developing science and 
technology of today there is an increasing 
demand for engineers having an educational 
background built on a more solid founda- 
tion of mathematics and science than is 
provided by the usual engineering cur- 
riculum. This demand is being met in part 
today by men whose first training is in 
mathematics and science and who later 
develop the required interest and back- 
ground in engineering and in part by men 
who start their education in engineering 
school and later acquire interest and back- 
ground in mathematics and science. It has 
been proposed that the education of these 
men might be better accomplished by a 
program which recognizes from the be- 
ginning the duality of interests. The con- 
cept of the engineering sciences arises 
naturally from the demand for such a 
program, and the general nature of the 
engineering sciences can be surmised from 
the requirements noted above. Because 
the concept, which has been adopted in 
several institutions, is of interest to many 
schools and because it is still in its forma- 


tive stages the conference which is the 
subject of this book was held. 

The basic plan of the conference in- 
volved first the selection of seven topics 
which might be regarded as engineering 
sciences. Two speakers were then selected 
for each topic, one to present a survey of 
the field and the other to discuss the impact 
of this field on engineering education. The 
selection of topics should not be taken as a 
definition of the fields of engineering 
science, either by inclusion or omission. 
It will be apparent that some of these 
topics might well be combined into more 
general headings and that some areas have 
not been included. The particular areas 
which were chosen for this conference are 
automation and automatic control; oper- 
ations research and systems engineering; 
thermodynamics; mass, momentum, and 
heat transfer; nuclear engineering; solid 
state physics and engineering materials; 
and computer development and application. 

The articles vary considerably in depth. 
In general however they are written for 
an engineering audience without specialized 
training in the various topics. Most engi- 
neers will find the surveys of the various 
fields to be of interest. Also of interest to 
engineers in practice and in education will 
be the authors’ opinions as to trends in 
engineering education. 


CHARLES A, WALKER 
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Pasadena 1, Calif.—Richard P. McKey, Dist. 
Mgr., 465 East Union St., MUrray 1-0685. 

Dallas 18—Richard E. Hoierman, Dist. Mgr., 
9006 Capri Drive, Diamond 8-1229. 

Birmingham 9, Ala.—Fred W. Smith, Dist. 
Mgr., 1201 Forest View Lane, Vesthaven, 
TRemont 1-5762. 


point of production... 


When the design, the engineering and the construction 
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work are completed, Stearns-Roger delivers a complete 
project. The plant is at the point of production to run far 
into the future, efficiently, economically. 


Stearns:Roger 


THE STEARNS ROGER MFG CO DENVER COLORADO 


DENVER * HOUSTON 


EL PASO 


SALT LAKE CITY 
Stearns-Roger Engineering Co. ¥ Ltd. Calgary 
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